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MaTeMaTH9IeCKHNIA MUP

Bceepoccunckas Kondepennus «MaTemaTuka u
obmecTBo. MaTemaTmieckoe obpa3oBaHIe Ha
pybexe BEeKOB»

OBPAIEHUE BCEPOCCUNCKON KOHOEPEHINU « MATEMATUKA ¥ OBIIECTBO.
MATEMATUYECKOE OBPA3OBAHUWE HA PYBEJKE BEKOB»

AyBHA, «PATMUHO», 18-22 CEHTABPA 2000 rOo1A

1. M1, yaactauku Beepoccunckon Kondepennuu no Maremarudeckomy o0paso-
BAHUIO, C YOBJIETBOPEHUEM OTMEYAEM B KAYECTBE ONHOIO M3 BAXKHEUIINX TOCTUKE-
unu Hamen Koudepennun cam (akT ee mpoefeHua. Mbl caumTaeMm, 9TO MON0OHBIE
KOH(MEPEHIINN MOMXKHBI CTaTh PETYAAPHBIMU. TeM caMBIM MBI HE TOJBKO BO3POXKIa-
eM TPALUIUIO POCCUUCKOTO MATEMaTUYeCKOrO 0OpPA30BAHUA HAYAJIA XX BEKA, HO U
COMEUCTBYEM 0OJee YCHemHoMy ero pas3puTuio B XXI Beke. OdUeHb BaXXHO, 9TO B
uammern KoHdepeHuu NpuHAIn yIacTue pabOTHUKN MATEMATUYECKOTO 0Opa30BaHUA
BCEX YPOBHEM — OT HAYaJbHOU M IO BLICIIEN MIKOALL. MBI BCce ogHa ceMbs, y HAC
obmue mHTEepech u obmue 1mean. Mbl y6ex JeHBI, ITO KA9eCTBO MATEMATHIECKOTO
00pa30BaHUA CTPAHBI — OJWH U3 BAXHEUINX GaKTOPOB, OMPENEIAININX YPOBEHDL e
SKOHOMUYECKOTO U OOIIECTBEHHO-MTOMUTUIECKOTO pa3BuTusa. MBI cumTaeMm, ITO Ma-
TeMaTuIeckKoe 00pa3oBaHue ecTh 0Jaro, Ha, KOTOPOe UMEET IPaBo JI00H YeJ0BEK, U
06A3aHHOCTH OOIIECTBA TPEIOCTABUTD KAXKIOU JUIHOCTH BO3MOXKHOCTH BOCIIOIB30-
BATHCA DTUM TIPABOM.

2. MBI cuuTaeM LeIeCOOOPA3HLIM CO3IAaTL OOIIECTBEHHBLIM OpPraH, MOCTOSHHO
JIENCTBYIOMINU MEX 1y KOHGEPEHINAMEA U U30UPAEMBbIN HA 0OYE€PEIHON KOH(MEDEHIUN.
ODTOT OpraH TPU3BAH HE TOJBKO UCHOJHATH PyHKIUM OPrKOMUTETA, HO U CJAEIUTH
33 U3MEHEHUAME, IPOUCXOAAMMMY B HAIeM OOIIeM K MaTeMAaTUIeCKOM 0O0Da30BaAHNAN
7 TMOMOTATh PACIPOCTPAHEHUIO JAydmux nocTmxkerun. Crenyer n00MBATLCA, 9TOOBI
MHEHHE 3TOT'0 OpraHa YUYUTBLIBAIOCH PYKOBOAUTEMAMHU TOCYIAPCTBA TPU TPUHATUN
PEIIeHNN, 3aTPArUBAIOIINX UHTEPECH POCCUUCKOIO MATEMATHYECKOrO 00PA30BAHMUA.
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3. Muorue HefaBHUE PENICHUA U MPOEKTH PYKOBOIUTEICN 00PA30BAHNA BHI3HIBA~
0T y HAC Cepbe3Hoe 6eCTOKONCTRO. [Ipex e BCero, bTO mepexo Ha IBEHATIATHAIET-
Hee of0ydeHre, 3aMeHa KOHKYPCHOI'O DK3aMeHa eIMHBIM TecTOM. MEI onmacaeMcs, 4T0
OHM HE TOJBKO He GYAyT CIToCOGCTBOBATEH Pa3BUTHIO oOpasoBanus B Poccun, Ho, Ha-
060pOT, MPUBEAYT K CHWKEHUIO €r0 YPOBHA. Upe3MepHOe yBIeUeHHEe PAa3HOT'O poja
HEIIPOAYMAHHBEIMI WHHOBALKWAME, HEPA3YMHOE KONWPOBAHUE WHOCTPAHHOI'O OIBITA,
3aBBIMIEHHASA OLEHKA NOCTUXKEHUU B 061acTH 0OPA3OBAHUSA 3aMaTHBIX CTPAH, HEIO-
OIlleHKAa COOCTBEHHLIX, 3a0BEHNE HAIMOHAILHBIX TPAJAUINN, PedOPMUPOBAHUE PAIN
pedOpMUPOBAHNA — TAKOBBI HEKOTOPBIE HAOJIIOAEMBIE CErOIHA TEHISHIINN, CO3 1A~
IOLMe BHYTPEHHEE HANPIKEHUE B POCCUICKOM MAaTEMATUIECKOM (M HE TOIBKO MaTe-
MaTUYeCKOM) 06pasoBanuu. Pa3Bas CI0KUBIIENCs CUCTEMbL 06Pa30BaAHUA TAUT YIPO-
3y [JiA HAIIMOHAJILHON GE30MACHOCTY CTPAHKI, YTO MOXKET TMPUBECTH K HEOOPATUMEIM
mocneacTBuAM 1us cyzxeb zaponoe Poccun.

4. Mo canTaem HeoOXOAMMBIM, YTOOLI uHpoOpMalua o Hamed Kondepermnuu, o
OPUHATHIX €10 PEIleHuAX [OIUIA 10 BCEX yumTenen u npenogasarencu Poccum, no
YUIEHBIX W MPOCTHIX JIOOUTEICN MATEMATUKU W PACCIUTHIBAEM Ha OOJIee MUPOKOe
U AKTUBHOE yYaCTHe MATEeMATHUIECKOU obmecTBeHHOCTH B pabore OprkoMurera u
Oy oymux KoH(epeHun.

5. Mer o6pamaemcs KO BCEM MIKOIBLHUKAM U CTyAeHTaM Poccum, m3ydarommm Ma-
TEeMATUKY, HE3ABUCAMO OT WX YCIEXOB W OTHOIIEHWA K Hen. [loBephTe HAM, MBI 3a-
6oTuMCs 0 BameM OyIymieM, O BallleM HHTELIEKTYAIbHOM U [aXKe IICAXUIECKOM 310~
poBee. Ilmoxoe maremarmaeckoe o6pa3soBaHUE, HU3KAsA MATEMATUYECKas KyJbTypa
B XXI Beke MOTyT CTaTh CEpPBE3HBIM MPENATCTBAEM HE TOJBKO HA MYyTH PA3BUTUSI
CTPAHBI, HO ¥ B MOCTUXKEHUU YCIEXa B XU3HU, 3HAYATEIBLHO OTPAHUYUTE CBOOOMY
auanoctu. I Haobopot, xopoinee mareMaTrndeckoe 06pa30BaHMe, MATEMATUIECKAS
KYJbTypPa MOI'YT 3aIIATUThL BAC OT MHOTOYUCAEHHBIX OMACHOCTEN, TASIIUXCA HA Iy TH
BAIIIEr0 PA3BUTUA, TIOBEICUTH BAIlU IMAHCH HA CAMOPEAIU3ANNIO B BHIOPAHHOW TIPO-
deccun.

6. Muorue noxaaaer Koudepennun 6puium nocesmessr npobaeMaM MEPeXona OT
mkoasl K BY 3y. Mel npekpacHo IOHUMAEM Te COIUANILHO-AeMorpaduieckue npobie-
MBI, 0 KOTOPBIX 3a00TATCA PYKOBOJAUTENN OOPA3OBAHUSA, 3HAEM U3 MEPBHEIX PDYK BCE
HEMOCTATKYM KOHKYPCHOTO DK3aMEHA B ero TPAJAUIUOHHON (POPME, HO BCE ¥kKe Ormaca-
eMCsl, 9YTO er0 3aMEeHA Ha eJUHLIM TeCT, 43 U IPOCTO HA TECTUPOBAHME (IPU 3TOM
OOBITHO UMEIOTCA B BULY CAMbIE IPUMUTUBHBIE (DOPMBI TECTUPOBAHAA) MOKET UMETh
CaMBI€ TIeYaIbHbIE TOCJAEICTBUSA [JA HAIIIEr 0 MATEMATHYE€CKOT0 0OPA30BAHUS B IIEIOM,
[PUBECTH K OOBAJIBHOMY CHUMXKEHUIO €0 YPOBHA U [aXKe K COLUAJLHOMY HAMPSKEHIIO
1 yBenrdeHuo u 6€3 TOro 3HAYUTENBHOIO COMUAIBHOIO PACCIOEHNS B 06PAa30BaHU.
Ha 1o nckaThs HOBBIE TEXHOJIOT UM, COYETAOIINE TOCTOMHCTBA U TPATUIINOHHOTO K33~
MEHA ¥ TECTOBBLIX (POPM OIEHKU KAIeCTBA 3HAHUS.

7. MbL canTaem, 9TO MaTEMATUKUA-IIPOECCUOHAILI TOMKHEL H0Jee aKTUBHO U Pe-
CYJSAPHO 33aHUMATHCA IPOobaeMaMy MATEMATUYIECKOI0 0OPA30BAHNS, IPAKTUIECKAMU
7 HayyHbIMU. [IprMepoM B DTOM MM MOT'YT CAYXHUTH MHOTHUE BHIJAIONINECA MaTe-
MaTuku Poccum OTaleHHOr0 U HegaBHero nporuoro. [logoxnTeasHo onennBas ne-
srenpHOCTH KOMUCCHE O HIKOIBHOMY MATEMATHIECKOMY OOPA30BAHUIO OTIEJCHUSA
maremaTtukn PAH, Mur Bce xe cumTaeMm, uTo poas PAH B Bompocax o6pasoBanus,
VYIUTHIBASA MHTENIEKTYAIBHBIE, TTONUTUYECKAE U AIMUHUCTPATUBHLEIE BO3MOXHOCTHU
PAH, moria 6ol 6LITh 3HavnTeIbHEE. BaxXHo, 9T00Bl B BOnpocax 00pa30BaHus Mpo-
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(beccroHaNTLHBIE YUEHBIE U TPENONABATENN YCTAHOBAIN PABHOMPABHOE AP THEPCTRO:
YUIUTHCA APYT y APYTA U YIUTH APYT APYTA JOJKHEL M YICHBIE-MATEMATUAKH, U YIUTE-
J MaTeMaTuku. Mbl moraraeM Takixke, 9TO BKIA IeIArOMIIECKON HAYKYU B IIKOJIBHOE
00pa30oBaHMe 3HAYUTEIHLHO MEHBINE, YeM BKJIAJ OOINEeCTBA B PA3BUTHUE 3TOU HAYKWU.
Mu1 nmpusbiBaeM MaTEMATUKOB 00J€€ aKTUBHO OCBAWBATEH HOBHIE TIPEIMETHEIE 00J1a-
CTU NPUIOKEHUU MATEMATUKY U AKTUBHO OOMEHUBATLCS 3HAHUAMU C KoJieramu. Mot
OPOCUM PYKOBOAWTENIEU O0OPA3OBAHUA BCEX YPOBHEU Pa3BUBATH nudPepeHnrpoBaH-
HBIM TIOAXO0J K O0YUEeHUI0 MATEeMATUIeCKAM AUCITUILINHAM YIAIUXCA U CTYA€HTOB, B
0cOOeHHOCTN OyAYIINX SKOHOMUCTOB U TYMAaHUTAPUER.

8. Mur Gamarogapum pykoBoacTso Mexnyunapoauoun Komuccuu no MaremaTtute-
cxkomy O6pazoBanuio (ICMI) 3a MopajbHyI0 U MaTepPUAIBHYIO HOIIEPIKKY HAIIEH
KOH(EPEHIINY U HaTeeMCsa Ha OyaAyiee 601ee TECHOE COTPYIHUYECTBO C DTOM KOMUC-
cuern. B cBs3u ¢ 3TUM cuMTaeM NOJAE3HBIM cOo3aaHue B Hamen crpane 61opo ICMI. Mot
ob6pamaemcs k Ucnoakomy ICMI ¢ npocs60u akTUBHEE NPUBIEKATH K COTPYAHUAYE-
CTBY yHUeHLIX U mpenogasaTenen u3 Poccun. Bricokas kpaindukanms HAINUX CIIEIA-
AJINCTOB B 00JACTU MATEMATUIECKOT0 00pa30BaHua OyIeT CONeNCTBOBATE PA3BUTUIO
MaTEeMaTUYeCKOU HAYKHU U 00PA30BAHUA B MUPE.

9. Ceroans B 06IIECTBE CKIAIBIBAETCA UCKAXKEHHOE U [AXKe HETATUBHOE IIPENCTa-
BJEHUE O MATEMATHUKE U MATEMATHYIECKOM 06pasoBannn. K COXATCHUIO, MATEMATHYIE-
CKOe COOOIIECTBO MAJIO 3aHUMAETCsA OOMIECTBEHHON IIPONAraH 0l MATEMATUIECKOTO
3HAHUA, CO3AHUA, KAK TENepb NPUHATO IOBOPUTH, MOJOKUTEILHOIO (UMUIKAY Ma-
TEeMATHUKH! B OOIIECTBEHHOM CO3HAHUU. JTO, 6E3YCIOBHO, OIMOKA, KOTOPYIO HATO UC-
mpaBiATh. U 1e1aTh 5TO MBI JOMKHEBI COOOIIA, BCE BMECTE U KAXK BN B OTIeIHHOCTH,
B MEpY CBOUX BO3MOXKHOCTeN. B 5101 cBA3u MBI X0Teau 66l 06paTUTHCA K POCCUUCKON
obmectBennocTu u npeacrasureasm CMU. oxkanyucra, He GouTeCh TPEIOCTABIATD
MaTEeMaTUKaM, YIeHBIM U YIUTENAM, dPUPHOE BPEeMA U Ta3eTHOE MPOCTpancTBo. Cpe-
[¥ HUX MHODO MHTEPECHBIX JIOAeH, KOTOPLIM €CTh 9TO CKa3aTh OOIIECTBY U KOTOPBIE
MOT'YT 3TO CHEAATD.

10. Heo6x0 1Mo BEPHYTH TpaJUNUOHHBIN A8 POCCHN BEICOKUU CONUAILHBIN CTa-
Tyc npodeccun yuurens, npenonasarens BY 3a, ygenoro. Heob6xonqumo craduabuoe
SBOMIOIUOHHOE PA3BUTHE CUCTEMBI 0OPA30BAHUS, BHUMAHUE K HEU U TOAEPKKA CO
CTOPOHBI OOIIECTBA U I'OCY JAPCTBEHHOU BJACTH, OU3HECA, AKTUBHASA IIO3ULINAS HAY THO-
MeIATOTUIECKON OOIIECTBEHHOCTY, COMUIAPHOCTD B OTCTANBAHUN TPUHIIATAATBHBIX
MO3UIINN.
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PEmEHNE BCEPOCCUNCKON KOHOEPEHIIUNA « MATEMATUKA U OBIIECTBO.
MATEMATHUYECKOE OBPA3OBAHUE HA PYBEXKE BEKOB»

AYBHA, 18-22 CEHTABPs 2000 rona

Mg, mpecTaBUTE N EAANOTMYECKON U HAYYIHON OOIIECTBEHHOCTH, COOPAINCH B
rof, oobasaenubin FOHECKO rogom MaTeMaTuku, 9TO6BI 06CYAUTH TPEBOXKHOE CO-
CTOAHNE POCCUUCKOTO MATEMATUYECKOTO 00paszoBanusa. Paspan cucTteMsr 00pa3oBa-
HUsI TAUT YIPO3Y HALUOHAJBHOU GE30MACHOCTHU CTPAHBLI, PA3BUTUIO I'DAXK TAHCKOTO
001IeCTBA, MOJIEPHU3AMNYN DKOHOMUKM, ITO MOXKET MPUBECTU K KATACTPODUIECKUM
MOCAeACTBUAM s HaponoB Poccuu.

Cnobanuzanus u yCaOKHEHNE SKOHOMUYIECKUX U COMUATBHBIX IPOIECCOB TPEOYIoT
BBEICOKOT'O YPOBHfA JOTMYECKON W MATEMATHIECKON KYJLTYPHI OOMIECTBA B IMeaoM. B
DTUX YCJIOBUAX MOJIUTUKA, HANPABIEHHASA HA YMEHBINECHNE POJIU U BECA MATEMATUKN B
CHCTEMe IIKOJBHOTO U BY30BCKOI'O 0OPAa30BaHUSA, IPEACTABIACTCA PA3PYIIUTEALHON.

B xopeHHOM yJIydINeHNN HYXKIAeTCA CUCTEMa MOATOTOBKM yumTenen. Hezamen-
JUTEJBHO CIeAyeT NPENIPUHATH LIAMM, COOCOOCTBYIONIME BO3BPAILECHUIO NOJKHOIO
yBaxKeHus K MPOPECCUsAM YUUTENS MIKOJALL U MPENOJABATENs By3a, MOBBIIIEHAIO WX
COLMATBHOTO CTATYCA, PE3KOMY TMOBBIIIEHUIO HBIHENIHETO YPOBHS 3aPILIATH YIUTE-
JIEH, IPenogaBaTeaell By30B, BCeX Apyrux paboTHukop obpasosanusa. HeoGxomumo
TAKXKe CHUBUTH HANOJHAEMOCTD KJIACCOB, HAUPY3KY HA YYUTENsd, VIYIIIATH CHAOkKe-
HUE yIeOHO-MEeTONUIeCKON JUTEPATYPON.

Kondepenrus o6cy quna mianupyeMble paguKalbHbIE MEPHI, CYIIECTBEHHO MEHSIIO-
1€ BCIO CUCTEMY 00pa3oBaHus B cTpaHe. Mbl BBICKA3BIBAEM OMACEHUE, YTO BBEICHUE
12-meTHEr0 OOyHEHUSA M BCEOOIIEr0 TECTUPOBAHUA KAaK OCHOBHOT'O CIOCOOA OIEHKH!
3HAHUU YYAMUXCA HEOOPATUMO YXYIIMIUT YPOBEHb MATEMATUIECKOTO 00PA30OBAHUS B
Poccuun.

[IpeanonaraemMoe BBeIEHWE CUCTEMBI TECTUPOBAHUA ABIACTCA HEd(DPEKTUBHBIM
cnocob6oM permeHus TPoGIeMbl YHUPUKAINNA BBIMYCKHBIX U BCTYIUTEAbLHBIX DK3aMe-
uoB. [lo nanueiv FOHECKO, equucTBeHHAS U3 PA3BUTHIX CTPAH MUPA, B MAKCAMAJb-
HOU CTemeHu mpuMeHswoomaa »Ty cuctemy, — CIIIA — maxoauTca Ha OJHOM U3 TO-
CIEHUX MECT [0 KAYeCTBY MaTeMaTu4ecKoro obpasosauus. B Poccun ver mexanus-
ma, koropei B CITA u pasBuThIX cTpaHAX KOMIEHCUPYET HEMATUBHBIE MOCAENCTBUA
HEJIOCTATKOB CUCTEMEI 0ODA3OBAHMUS.

Mgpr y6exaeHbl, ITO COXPAHEHHE KAadeCcTBA OOPA3OBAHUA HA [MOJKHOU BBICOTE
SBJISAETCA HEOOXOMUMBIM yCAOBAEM >(PPEKTUBHOIO PABBUTHUA CTPAHBI U 00€CIedeHns
ee 0E30MaCHOCTH.

Kondepenrmus nocranopaser:

1. O6paruThea ¢ mpocsbon k [pesugenty Poccunckon deneparum: paccMOTPETh
BOIIPOC O BO3MOXHOCTH 3HAYUTEIHHOIO YBEJUYEHUs 3aPAOOTHOU IJIATHI U MEHCUN
paboTHUKAM roCygapcTBeHHon cdepnl 06pa30OBaHA.

2. O6parutscesa k I[IpaBurenascrBy Poccunckon Peneparuu ¢ npocsbou

a) MPOBECTU HE3ABUCAMYIO DKCIEPTHU3Y C MPUBJICICHUEM IIMPOKOTO KPYT'a CIIEIH-
ATMCTOB M OOMIECTBEHHOCTH COCTOSHUA OOPA30OBAHUA B CPETHEN IIKOJE HA MPEeIMeT
1e1eco06pa3sHOCTH epexona K 12-1eTHen 1KoJe;

6) paccMOTPETh BONPOC O HENOMYCTUMOCTH COKPAIIEHUA YUCJIA IaCOB HA MaTe-
MATHUKy KaK B IIKOJE, TAK U B By3aX;
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B) OPraHM30BATh U3JaHUE MACCOBHIMU THPAKAMU HECKOABKUX BAPUAHTOB [EIIe-
BEIX 0A30BBLIX YUCOHUKOB A CPEIHEN W BBHICIIEN IMIKOJBI, TOAIEPXKATEL U3JAHAE Me-
TOAUYECKON JIUTEPATYPHL A YIATENCH U MATEMATUIECKUX XKYPHAJOB;

') IIpU BHECEHWHU TIPOEKTOB 3aKOHONATENIBHBIX M HOPMATUBHEIX aKTOB B 061aCTH
00pa3oBaHMA B 00A3aTEABLHOM MOPAAKE TPAKTUKOBATL UX OOCYXKACHUE C MPUBJICUIE-
uuem Poccunckon Akaxemun Hayk, Poccunickoun Axagemun O6pasoBanus, HAYIHBIX
00LIECTB, IKOJILHON U By30BCKOK OOLIECTBEHHOCTH, CPEICTE MACCOBOU MH(MOPMALIAL;

1) CTabUIM3UPOBATH IIKOJLHEIE W BY30BCKHE yIeOHBIE TUIAHBI M MPOTPAMMEI TI0
MaTeMmaTuke Ha H— 10 1eT;

e) DOBEeCTU J0 CBELEHUs OPraHOB OCyAapcTBeHHON BaacTu Poccunickon Pegepa-
Y HACTOSIIAN JOKYMEHT.

3. O6parutsca k Tocynapcteennon [lyme denepansroro Cobpauusa Poccunckon
Denepanun ¢ npocrbaMu:

— paccMOTpPETh BO3MOXKHOCTH BHECEHUS MONPABOK B (epepanbubie 3akoHBL «O6
ob6paszoBanumy, «O meHcmoHHOM obecnedenHumy, «O GIOIKETE) ¢ IMETbI0 CYIIECTBEHHO-
O MOBBLINMIEHUA KAYECTBA 00Pa30BaHUA. B 9aCTHOCTH, TIPEAYCMOTPETh yYBEIUYUCHUE
3apIIAT U HNeHCUN yIUTENeH U IPernoiaBaTelel, a TaKKe BKIYEHNE B IeHCUOHHBIN
CTaX BPEMEHM, HOCBAIIEHHOI'O MOBBIIIEHUID KBATU(PUKAIIMYA U YXOAY 33 NeThMU;

— IIPY 3aCAYIINBAHUY TPOEKTOB (heIePATHHBIX 3aKOHOB, KACAIOIINXCA MpobaeM 06-
pa3oBaHusa, NPAKTUKOBATL npusiedenue Poccunickon Axanevmun Hayk, Poccunckon
Akagemun O6pasoBanus, NIKOALHON U BY30BCKOU OOIIECTBEHHOCTH.

4. O6paTUTHCA K PYKOBOJUTEIAM OPTAHOB BJIACTH Cy0BeKTOB dDeepannu ¢ npoch-
60U 00CYUTH BO3ZMOXHOCTHU DEATU3AIAY TPeIokennn Koudepenmn.

5. Ilpocurs pykosoxcTBo Poccuiickon Axanemuu Hayk u Poccunickon Akanemun
OO6pa3oBaHus OPUHUMATEL YYACTUE B PErYJAPHOUN SKCIEPTHOU OUEHKE YIEOHBIX TPO-
rpaMM, CUCTEM TPOBEPKU KAdeCTBa 3HAHUN, pedopM 0GPA3OBAHUA U T. 1.

6. O6paruTbcsa kKo BceM paboTHukaM obpasosauus Poccunickon Pepepaunuu c
npockOou 06CyAUTE pemenus KoHpepeHuu 1 TPUHATEL YIACTHE B UX PEATU3AIIUN.

7. Cozgats Ha ocHoBe OprroMuTeTa KoHepeHnu obmecTrerrylo KoMuccnio mo
MaTeMaTuIecKkoMy oOpasoBauuio. [lopyunts KoMuccun moaroToOBATE MPEAI0XKEHUA
0 cosmauuu Poccumickon Accommanuy MaTEMATHKA U MATEMAaTHUIECKOIO 00pa3oBa-
HUSI.

8. Cekperapuary Koudepenrun:

a) moAroTOBUTH IMybaukauuio TpyaoB Kondepennuu,

6) omy6auKOBaTh CIUCOK y4acTHUKOB Kondepennuu,

B) TIPEIOCTABIATE OTEIeCTBEHHBIM U nHOCTpaHHEIM CMU BO3MOXKHO Gosee moJ-
HyI0 nHpopManuio o pabore Kondepenmnn.
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Kpyrabih ¢Tog 18 CEHTABPA 2000 oA
«AKTYAJILHLIE IPOBJIEMBL MATEMATUYECKOI'O OBPA3OBAHUSA
(KOHUENIWU, CTAHAAPTHI, 12-JIETHEE OBPA30OBAHUE )»

IIpeacraprenne o ToMm, Kak OBLIO OPraHU30BAHO OOCYXKIEHME HA 3TOM KPYIJIOM
CTOJe, MOXKHO MOJYInTh n3 nmucbMa B. M. TuxoMupoBa K y-acTHUKaM KOH(DEPEHIINN
(mpuMepHO TaK BCe U GBLIO MTPOBEAEHO).

loporue npysbs!

ITo gaBHEMY mepBOHAYANBHOMY ILIAHY MHE IOPYYIAJ0CH IPOBEIEHIE STOIO0 IIEPBOTO
BCTYIUTEILHOIO KPYIVIOTO CTOMa. K COXATeHU, 3TO 0OKA3a/10Ch HEBO3MOMKHBIM II0
COCTOSTHUIO MOEro 3/70POBbsA, ¥ MHE XOUeTCS KPATKO PACCKA3ATh, KaK s IIaHUPOBAT
[IPOBEEHNE 3TOr0 KPYrJaoro croja. BeiTe Moxker, 310 nomoxer Bawm ycnemuee ero
OPraHu30BaTh.

A mpexmonaran BBEIIBHHYTH s OUCKYCCHU ABA BOIPOCA — OYEHb BAXKHBIX U
AKTUBHO BCIOAY OOCY XK IAEMBIX:

1) Pasymen Jm mepexof K ABEHAIIATAICTHEN MIKOJE, MpeaaaraeMbin cendac Mu-
HUCTEPCTBOM 00pA30BAHUAT

2) PazyMmeH Ju Tepexojl HA eJUHBIN OOMEroCy1apCTBEHHBI TecT (BMECTO BCTY-
OUTENbHBIX 3K3aMEHOB)?

Meanio Kougepenmnunu spasercs, 6€3yCaI0BHO, 00CYXK IEHIE OCHOBHBIX IPOO/IeM CO-
IepXKaHWsI, CTAHIAPTOB 0OpasoBanus u T.mn. Ho MHe mpeacTaBiaseTcs pa3yMHBIM 00-
CYIWTh DTU IBA BOMPOCA, HA KOTOPHIE B MPUHIIAIE MOXKHO MOJYYUTEH OTBET OT BCEX
yaactaukoB Koudepenuuu (0OHM — 5TU OTBETHL — IO CYTH OGUHADHEL).

OTU BOIPOCH BECHMAa CJOXKHBL ¥ HE JOIMYCKAT OTHO3HAYHOrO oTBeTa. [lenb kpyr-
JIOO CTOJIa HEe B TOM, YTOOBI JOOUTHCA € IMHOAYIINA, HO YTOOBI 0003HAYUTE TO3UITUA
YYIaCTHUKOB HAIEr0 COBEIIAHWA W BBICAYIIATH BAXKHEUIINE apPTYMEHTH 32 U TIPO-
TuB. I moTOMy (HECKONBKO pa3 A OPOAENLIBAM 3TO, U, KAK CIUTAI, — C YCIEXOM) A
npemaoxkui Oul caeayomee: IlycTh Ha COENMANTBHOM JUCTE B JIEBOU €10 YACTH KAXK IBINA
YYIaCTHUK KPYTJIOTO CTOMA [0 JUCKYCCUU BHICKAXKET CBOE MHEHUE B OTHOU U3 I€THIPEX
BOpM: «1a», «HET», «<MUKC» (¢1a» ¢ OCOBOPKAME, IPU OCYIIECTBAMOCTH ONPEICIEHHBIX
YCIOBUW) WU (HE 3HAION.

AnkeTupoBanue [oaKHO OBITH GE3YCIOBHO AHOHUMHBIM.

OCHOBHBIM TIPUHIMAIIOM NOAOOHBIX NUCKYCCUU JOJKEH OBITH MPUHIKAN CBOOGOIHL.
IMycTh Kax ABIA, KTO X04eT, CBOOOAHO BEIPA3UT CBOE MHEHUE, ONUPASICH HA CBOM JUY-
HBIM KU3HEHHLIU OTHIT, HO OCO3HABAA MIPU 3TOM CBOK OTBETCTBEHHOCTH 3a OyayIlee
HAIlled TPOMECCUr U MaTeMaTUIeCKOro 00pa3OBaHus.

3arem Havasach Obl quckyccus. fl npeanonaran, 9To B KAYECTBE ABYX MEPBLIX BhI-
CTYHAMINX IOKHEL OBITH IBOE YYACTHUKOB, IPUIEPXKUBAOIINXCSA [IPOTHABOMIOIOK-
HBIX TOYEK 3peHus. [locae BOMPOCOB K HUM €CTECTBEHHO MPUCTYIUTE K OTKPHITOMY
IUCTIYTY.

31eCh BAXKHEUIINM YCIOBUEM ABIACTCA YBAKEHNE K T€IOBEICCKOMY JOCTOUHCTRY.

Bo Bcex MeponmpuATHAX, TOCBAMIEHHBIX TPOOJIEMaM MaTEMAaTUIECKOT0 00pa3oBa-
HUs, B KOTOPBEIX MHE NOBOIIIOCH NPUHAMATEH yYACTHE, OMIYIIAJOCH IyBCTBO €JUH-
CTBa, HO He yOEeXEHUN W TOYEK 3DEHUA (HE HYXKHO CTPEMUTHCA K BO3BPATY B MPO-
1ILJI0€, KOT A BCE MOAHUMAIN PYKHU OJHOBPEMEHHO — MCTUHA HE PEIIAeTCA MeTOIaMu
[OJIOCOBAHMUA ), HO 1yBCTBOM OOLIEN KPOBHOK 03a609EHHOCTH 33 HAILy HAYKY, 38 Halle
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Oynyee, 3a Cyas0y HAIAX A€TEH W BHYKOB. M MyCTh [eJbI0 BEICTYNAKOMMX (peraa-
MEHT NOJKEH OBITh BECbMa JKECTKUM) OyIeT He YHHKEHHE CBOMX OITOHEHTOB, HE
yIOpaKHEHNE B CApKa3Me M OCTPOYMUU, HO XKEJIAHUE BHIIBUHYTH COLEPKATEJILHBIE U
rayOOKMe apryMeHTHl B TIOJb3Y WU MPOTUB PACCMATPUBAEMOrO BOMPOCA.

[uckyccun nOMKHBL OBITH OCPAHUYEHB! OOIIUM PETIAMEHTOM (CKaxKkeM, 45 MUHYT
HA BOIPOC), 9TOGBL BECh KPYIVIBIE CTOJX B CBOEH O(MULUAILHOU YACTH IJIUICA OKOJIO
nByx dacos. [lo 3aBepuieHnn quckyccun s ObI MPEIJIOKUT 3AHOBO OTBETUTh B IIPABOU
YACTH AHKETHI HA T€ K€ CAMBIE BOMPOCH U TOTOM CIATH AHKETHI [ 00paboTKU. JTH
NAHHBIE, KAK MHE MPEeJICTABIAETCA, OKAXKYTCA aTeKBATHBIM BEIPAXKEHUEM TOTO, ITO
U CJeNyeT HAa3BIBATH OOIIECTBEHHBLIM MHEHWEM, C KOTODPHIM HEOOXOIUMMO CUMTATHCSI
JIONAM ¥ OPraHU3ALXAAM, IUIAHUPYIOMUM pedOopMUPOBAHKE CUCTEMBI OOPA30BAHUA.

Pasymeercs, 5T0 TOIBKO MO TIPENJIOKEHNE, KOTOPBIM BB MOXKETE BOCIOJIB30BATE-
€A WIN MOUTH KAKUM-TO APYruM myTeM. B 1o6oM ciaydae xenaio BaM yCrexa.

B. M. Tuxomupos

Torm Kpyrjoro cToJiA

Nrorn nmoacYeTa aHKET, CHIAHHBIX YIYaCTHUKAMU KPYTJVIOTO CTOJAa, TAKOBHI:

12-TIETKA

ma  HeT mix He 3Hal0 Bcero
nepen oocyxkaeauem 11 96 14 7 128
nocae o6CyX IeHus 9 107 8 4 128

EanHbI 3K3AMEH
na Her mix mesmalo Bceero
nmepen o6cyxaenmem 24 81 16 9 130
ocae 00Cy X TeHus 22 88 14 7 131
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Jlazaps Aponosud JIIOCTEPHUK 1 TEOPHUs
DKCTPEMyMa

B. M. TuxomMupos

B nmocregnui geHb mO3anponuioro roga UCIOJHUIOCH CTO JIET CO OHSA POXKIEHU
BBIJAIOIIEr0CA MATEMATHUKA U 3aMeIaTeAbHOro denoseka — Jlazapsa Apouosuua Jlio-
CTEPHUKA.

JI. A. JlrocTepHUK pOAMICA B HEGOJIBITIOM TIOJBCKOM TOPOAKE 3AyHCKa Bousa, 6iua
Jlomsu 31 nexabpsa 1899 rona. B magane [lepron MUpOBOU BOWHBI, XKeasd U30ETHYTh
HEMELKOU OKKyNalwy, OH ObL1 BeIHYyXKaeH nepedparsca B Cmonenck. (Cécrprl ero
ocramuce B [loabme u noru6au Bo Bropyio Muposyio BouHy.)

Jliocrepuuk nocrynun B CMOIEHCKYI0 FUMHA3UIO (B KOTOPOU PAHEe yUUICA U KO-
Topyio B 1913 rony sakomuuma Ilasen Cepreesmu Agsexcanapos). B 1918 roay, mo
okondanun CMOJEHCKON CpemHed MKOJbI (TaK CTala WMEHOBATHCA TMMHA3WA), OH
mocTynaer B MOCKOBCKMI YHUBEPCUTET HA (PU3UKO-MATEMATHIECKAUN (PAKyIbTET.

Jlazaps Aponosud JlrocTepHUK TpuHALIEKAT K OIeCTAIeR mesne yaeHukos Hu-
xoaaa Hukonaesnya Jlysuna.

Ero cryaenveckue TOABI COBNAIUM C TOU TOPOW HAIIEH CTPAHBI, O KOTOPOU
I1. C. Anekcanapos nucan Tak: «To OBLIM TOABI HEOOBIYANHOTO TIOABEMA U YBICTCHUA
BHE3AIIHO OTKPHIBIIAMUACS HOBBIMU TBOPYECKUMHI BO3MOXKHOCTSAMHU, 'O ABI II0 JIXHHOI' O
[BETEHUS [ MHOTMX MOJOIBIX JIOAEH, BIEPBbIe BKYCUBIIUX PALOCTH TBOPIECKOTO
COTIPUKOCHOBEHUA C HAYKOU. Majo HanaéTca B MCTOPUN MATEMATHKH EPUOIOB CTOIb
COPAYEro HTY3MA3MAa, KAaK HAYAJI0 MBAMIATHX r0J0B B MOCKOBCKOM YHUBEDCUTETE,
KOr'Ja B CTOJIb KOPOTKUM CPOK, OYKBAJIBLHO B HECKOJIBKO JIET, BOZHUKJIA OOJBINAL HAY I~
Has [IKOJA, B 3HAYUTENBHON CTENEHN ONPENeNUBINAsA PA3BUTUE MATEMATHKY B HAIIIEH
CTpaHe U Cpas3y BHIBUHYBINASA AR DA BEAAMOMIMXCA yIeHbIXy. O THIM 13 Hauboaee
SPKUX NPEICTaBUTENeN B 3TOM paAxy Obur Jlazaps Apounosuy JliocTepHuk.

Ilo oxomvanum Yuusepcurera (1921 r.) Jlazaps ApoHoBUY OLLI OCTABIEH OpU
HEM B KAa4deCTBE (HAYYHOI'O COTPYAHUKA 2-r0 paspszar. B 1922r. om cramoBuTcs
acnmpanToM MHCcTHTYyTa MaTemaTnky u Mexanuku MI'Y.

B 1924 r., 6yayum acnupanToM, Jlazaps ApoHOBUY BIEpBLIE BHICTYTIAET C JOKJIA-
noM Ha MOCKOBCKOM MaTeMaTHIeCKOM OOMIECTBE U CAAeT B MeYaTh NepBYI0 HAYIHYIO
padory. Jlazaps ApoHoBud 063 1AM 3aMeYATENBHBIM 1yBCTBOM 10Mopa. [Tocae cBoero
mepBoro xpokiana Ha MockoBckoMm MaTemaTudeckoM O0mecTBe, OH ObLI IPUHSAT B Hje-
HBEI 3TOr0 OOIIECTBA, W TOTAA XKe eMy OBLT BPYYEH KU OT CHENUAJIbLHOTO TyaJIeTa,
KyZa IOMYyCKATUCH JUIh 4ieHbl OOmecTsa. «ITO ObLT TEPBHIN 3aKPBITHINA PACTIPENe-
JUTENb B MOEU KU3HW», — Tak 3akmiodaer Jlazaps ApOHOBUY 3TOT 30U301 CBOEU
KU3HU.

Ero «Bumyckuas acnupauTckas paboTtay «[IpsaMbre MeTOAB BAPUAIMOHHOTO UC-
qucaenusy (1926 r.) no npencrasaeanto MacturyTa MaTeMaTukn u Mexanuka MY
Harpaxgaercsa npemuent Hapkomnpoca. B 1927 rony Jlazaps ApoHoBud cTaHOBUTCs
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npusaT-gotneaToM MI'Y 1 HaumHaeT IMTATH TaM CBOU MEPBBIE CHEINAJLHBIEC KYDCHI.
B 1928 rony on yuacTByeT B padoTe Mex 1yHApOTHOTO MaTEMATUIECKOTO KOHTPECCA
B Bomonbe, rae BoicTymaer ¢ gokaagoMm «Tomosorumdeckue MeTOabl B audpdhepeHin-
ambHOU TeoMeTpumy. B ToMm xe 1928 rony on m3bupaeTca Ha JOMKHOCTH MPOodeccopa
Huxeropoackoro I'ocynurepcutera. Ho Tam ou mpopaboTan HEAOATO.

B 1930 roay Jlrocrepuuka uzbuparoT Ha nomxHOCT npodeccopa MIY (B 3panun
mpodeccopa, a OMTHOBPEMEHHO U B CTETIEHN MTOKTOPA (PU3UKO-MaTEeMaTUIeCKUX HAYK,
oH yTBepxkaaerca B 1935 rony ¢ obpasosanueM B Hamen ctpade BAKa).

[MMupora mayuusix uarepecos Jaszaps AponoBuva ObLTa HEOOBIKHOBEHHOU: XU(-
depeHIATBEHBIE YPABHEHUA, TONOJOI U, BAPUAIIMOHHOE UCINCIEeHNE, (PYHKINOHAIb-
HLIM aHaIu3, DeOMETPUsA, BLIYUCJAUTENLHAA MATEMATHKA, ClIeNUalbHble (DYHKIUYM U
MHOroe apyroe. Jlrocrepruk ObLT U reoMeTpoM, U aHAIUTUKOM. [l ero mareMaru-
YECKOT'0 CTUJIA XapaKTEPHO ABUXKECHNEC OT MPOCTOro K CJIOXKHOMY, B OCHOBE rZLB.JIéKI/IX
0GOOIIEHNN ¥ HETO BCETa JeXKAIA MPOCTAA MOIEb.

O mekoTOpHIX PabOTaX MO TEOPUU SKCTPEMyMa, B YACTHOCTH, O €r0 UCCIENOBa-
HUAX B BAPUAIIMOHHOM MCYUCICHUU U MO METOAY CETOK MBI gaJjiee TIOTOBOPUM ooaee
MOAPOOHO.

060 BCéM DTOM OH BHOCJIEACTBUM CKA3AJI B CTUXAX:

«fI cTam paboTaTh B HampaBJIEHBAX
Torga B Mockse coBceM He MOIHEBIX —
Bapuarnmonaom ncunciensu,

3amavax B YACTHBIX NPOU3BOAHBIX. . .
A meTon ceTok pasBuBau.»

B 20-e — 30-e roget Jlazaps AponoBuu (coBmectno co JlbBom Ienpuxosudem
[TaupensManoM) CO3MaET COBEPIIEHHO HOBYK) MAaTEeMATHYECKYH 00JACTH — TOMO-
JOTWYECKUE METOAB HEJWHENHOTO aHanmsa. Jlazapb ApPOHOBMY BBOAUT HOBBLIW TO-
MOTONUYECKUU WHBAPUAHT — KaTeropuio, u B pabore, cosmectuou ¢ JI. . [uu-
PEeIbMAaHOM, YCIEMIHO [IPUMEHAET 3TO HOHATHE K OLEHKE YHCIa KPUTUIECKUX TOYEK
TIaIKOU (PYHKIIUU Ha TIAAKOM MHOro0Opasun. UTOroM mX MCCIefOBAHUN ABUIOCH
permenue kiaaccuieckou npobiaemsl Ilyankape o Tpex reofe3nveckux, U 3TOT Pe3yib-
TaT BOLIEI B YMCJIO BHICIIMX MUPOBLIX NOCTUXKEHUN HAIero Beka B maremaruxe. (06
2TOM HATMPABJIEHNUN PACCKA3BLIBAJIOCH B Halen coBMecTHOU ¢ B. B. Ycnencknm craThe
o JI.T. lllaupensmane, omyOIMKOBAHHON B MpEABIAyIeM HOMepe «MaTemaTudeckoro
[IPOCBELLEHU» . )

IIpearoennsie uccaegopanus Jlazsapsa AporoBuda OBLIN TOCBAIICHEL TEOPUHU OOBIK-
HOBEHHBIX UM GEPEHINATLHBIX YPABHEHUN (MM OBLIM TIOJYYEHBI 3aMedaTeIbHBIE Pe-
3yJAbTATHL 0 KAYECTBEHHOMY IOBEICHUIO0 COOCTBEHHBIX (DYHKIIUN HEJUHEUHBIX 33129
tuna [Mrypma-Jluysuins), GyHKINOHAIBLHOMY aHAIN3Y (IOKA3AHHAA UM TEOPEMa O
KaCATEJBHOM MPOCTPAHCTBE JEXKUT B CAMOM OCHOBE COBPEMEHHOU TEOPUU DKCTPe-
MAaJIbHBIX 33134, 06 3TOM Takke NOUAET pedb nanee), reoMerpun (OOLIEU3BECTHBIM
cTaio ero o600IIeHne KIacCuIecKoro nepasenctsa bpyuuna—Muukosckoro 06 06b-
€Me BEKTODHOU CYMMBI BBIMTYKJIBIX TeJ Ha CAy9al TIPOU3BOJBLHEIX MHOXKECTB).

C 1934 ropa Jlazappr ApoHOBMY, HE NPEKPAIIAS CBA3UM C MEXMATOM, CTal pabo-
Tate B Marematnueckom Uucturyre um. B. A. Crekmosa AH CCCP. B rogw Bon-
HBI TIOT €0 PYKOBOACTBOM TaM BHIMOJTHAINCH CIEI-UCCACIOBAHUA 0OOPOHHOTO 3Ha-
venus. B gacTtaocTH, uMm 6buir paspabOTaHBl U BHEADEHBI TAOJIUILI, IO3BOISIOMIAE
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MITYyPMAHAM CAMOJETOB OBICTPO OMPENENATE M0 AAHHBIM MPUOOPA TOJOXKEHUE CAMO-
aéta. [na peanmsanyy 5TOU pabOTHl TPEOOBAINCH BLIYUCACHUA OOJBIIOIO 0OBEMA.
OTO NPUBEIO K HEOOGXOAMMOCTH CO3[JAHUA U COBEPIIEHCTBOBAHUS BBIYUCIUTEIbHBIX
cpencts. JI. A. JlrocTepHuK TposABUI rry60KOe TOHNMAHNE TEPCIEeKTUR PA3BUTHA TTPU-
KJTaTHOU MaTeMaTuku. HekoTophie ero yUeHUKU U COTPYAHUKU YBEPATH MEHSA, ITO
CAMU TEPMUHBI (BBIYACAUTENBHAS MATEMATAKAY U (BBIUACIATENLHAS TEXHUKAY OBLIN
BrepBLie ynorpebaens Jlazapem Aponosudem!

B 1942 roay Jlazapem ApoHoBrYeM Gblia B KpATYANIIUN CPOK (ITO OBLIO 00y CI0-
Baeno opranamu HKB/T) pemena 3agada 0 COCTaBAeHUN TAOJIUILL 1A ONPENeJCHNA
KYPCOBOI'O YIJIa U PACCTOAHUA — HEOOXOAuMbIe 1A NuiaoTa cBénenus. OHu 10 BOU-
HbI BBIMUCJSAUCH JOCTATOYHO CI0XKHO. B pazpaGoranHon Tabaune 1mo KOOpIUHATAM
HAYAIBHOIO W KOHEYHOT'O TYHKTOB CPa3y ¥Ke ONPEeNeIAINCh MyTEBble YIJbl U NJINHA,
TpU CIAEOBAHNHN TIO Teofne3nydeckon. /[l aToro ase GpyHKIMYU TPEX MepeMeHHBIX Obl-
JIA IPEJCTABACHBI, KAK CYNeprno3unuu GyHKIUN ABYX MEPEMEHHBIX — OJHA TOYHO, a
IPyras ¢ JOCTATOYHON CTEMEHBIO NMPUOINKCHU.

Jlazape AponoBuu 6but1 u3bpan wien-koppecmongerTroMm AH CCCP B 1946r., B
TOM Ke TOAy OH ObLI YIOCTOEH 3BaHua Jaypeata CTAIMHCKOU MPEMUN — BHICIIIETO
OPEMUAIBHOIO OTJIUYKS B T€ BPEMEHA.

B nocaepoennsie 40-e roanl, KOrga pasBepHyJIach paboTa Mo CO3AaHUI0, KAK TOrAA,
HazbiBaau, «oTedecTeeHHbx AITMy (aBToMaTwIeckux mudposwrx Mamus), JI. A. Jlo-
CTEPHUK CTAJ 3aBEAYIONM OTAeaoM WHCTUTYTa TOYHON MEXAHUKN U BHITUCIUTEIh-
wou Texuuku AH CCCP. Ou 6bun ogaum u3 uaunuatopos orkpuitus 8 CCCP rako-
0 MHCTUTYTA, TaK¥Ke Kak u co3fauua B8 MI'Y u B HEKOTODPHIX IpyTUX By3axX HAIen
cTpanbl Kadeap BEYUCIUTENBLHON MaTeMaTuKu. Jlazaph ApOHOBUY aKTUBHO 3aHAICA
COBEpIIIEHHO HOBBIM [JISI TOI'O BPEMEHU KPYroM MpOOJIeM, CBA3AHHLIX C IPOCPaMMU-
posauuem. Baarogaps nemy 8 CCCP nosiBuiack nepBas HaydHAs CPYIIa 110 paboTe
HA BBIYUCIUTEIBHBIX MAIMHAX, & 3aTEM M TEPBasA COBETCKAs KHUTA IO MPOrpPaM-
muposanuto (JI. A. Jlrocrepuuk, A.A.A6pamos, B.U. llecrakos, M. P.Illypa-Bypa
«Pelenre MaTeMAaTHYIECKUX 33039 HA ABTOMATHYECKUX MUQPPOBLIX MaluHax», M.:
Mszn-so AH CCCP, 1952). Jlazaps Aponosud asuica u nepebim B8 CCCP aekTopom
O KypPCY MPOrPAMMUDOBAHUS.

B 50-e - 60-¢ rogw1 y Jlazaps ApoHOBUTA MPOUCXOJUT HOBBIA TBOPIECKUN BIJET —
U nosBseTcs GrecTAmui nuka ero pabor (coBmectuoix ¢ Mapkom Mocudosuuem
Bumukom) 1m0 acCUMOTOTHYECKIM PA3I0KEHUAM PEIICHUN YPABHEHUN ¢ MAIBIM apa-
MEeTPOM, 3a1a49aM ¢ 6apbepaMu U ¢ OBICTPO MEHSIOIIMMUCA TPAHUIHBEIMY (DYHKITUAMY,
[0 BO3MYIIEHUIO HECUMMETPUIECKUX MATPUIL U OIEPATOPOB.

Orpomuyio poasb ceirpant JI. A. JllocTepHuk B cAMOU UCTOPUU MEXAHUKO-MATEMa-
Tuaeckoro dgakyabrera MIY. On 6bL1 mepBeIM, KTO TpoYea Ha GAKYILTETE KYpPC
JEKIN 10 (PYHKIMOHAIBLHOMY aHAMU3Y W OTKPBUI TI0 HeMy (cOBMecTHO ¢ AGpamMom
Nesexuunosuuem Ilnecaepom) mayuno-uccaegoBareanckuil cemunap. Buecre ¢ Mu-
xamioMm AsekcanapoBuyeM JIaBpEeHTHEBBIM OH KOPEHHBIM 06pPa30M MOIEPHU3UPOBA
VHUBEPCUTETCKUN KYPC BAPUAIMOHHOTO ucuucienusa. O HUM U3 TEPBHEIX OH OOBABUI
baKyIBTETCKUN CEMUHAD TIO BHIYUCIUTEILHOU MATEMATUKE — €IIe [0 OPTraHu3alnn
COOTBETCTBYIOWEN Kadeapsl, NPpodeccOpoM KOTOPOU OH BHOCAeACTBUM paboTan (40
nepexofna Ha kKageapy OIIY — ob6mumx mpobaem ynpasieansa). OH ke OpraHu3oBal
3aTeM CeMUHApP M0 MATEMATUYECKUM BOMPOCAM YIPABJICHUA MPOU3BOACTBOM. [loba-
BUM, YTO OH OBbLI MEPBBIM 3aBeaylommM Kadeaporn QyHKINOHAILHOIO AHAAN3A MeX-
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mata MI'Y, ObLT cpeau OpraHmsaTopoB MEPBBIX MOCKOBCKUX MIKOTBLHBIX MAaTEMATH-
YECKUX OJUMIINA, TIEPBLIM OTBETCTBEHHBIM DETaKTOPOM JKYPHAIA «YCIeXW MAaTeMa-
Tuvyeckux Hayky. Cpenu yuenukos Jlazapsa AponoBuya 20 1OKTOPOB HAyK U OKOJO 50
KAHIUIATOB HAYK.

C npuxomom Ha xadenpy OIIY Jlazaps ApoHoBuUd cpasy ke CTal 9ATATHL HA HEU
CTIeNMATbHEBIE KYPCHI U BECTHU HAYTHO-UCCICA0BATEILCKIE ceMuHaphl. UMeHHO Ha pTON
kadeape OH 3aHAICA pa3pabOTKON HOBOI'O HAYYHOI'O HAIPABAEHUS — BEPOSTHOCTHBIX
METOOB B TEOPHUU CHeNUANbHBIX GpyHkuui. Hezanoaro no cBoer KOHYMHBL UM ObLIA
OMyOINKOBAHA OCHOBOTIONATAOINIAA CTAThA U B DTOU 00JACTH.

C 1969 roga nog pepakuuen JI. A. Jlroctepauka Ha mexmaTte MI'Y craam BBIXO-
ouTh cOopHUKE TPyIoB u3 cepuu «MaTemarndeckue BOMPOCH yIPABIEHUS [IPOU3-
BogcTBOMy. Cepus BOBHUKJIA B CBA3M C PAGOTON OJAHOMMEHHOI'O CEMUHAPA MO ero
PYKOBOACTBOM, HO B JAAJLHENIIIEM BKIKYNIA B CBOU KPYT WHTEPECOB U IPYTHUE UCCIEe-
noBauus, nposogusimecs Ha kadgeape OITY. Beero 6bu10 u3gano aeBaTh cGOPHUKOB
STOU CEepUHU.

IMocaenume roast ceoen xku3nu Jazaps AponoBud nposén Ha Kadeape o6ImuX mpo-
6aeM ympasaenusa. /1o 3Toro o paGoTan Ha Kadeape BHYUCIUTEIEHON MATEeMATUKH,
KOTOpas MOCJHE OPTAaHW3AINN HOBOI'O YHUBEPCUTETCKOrO (pakynbTera — Boramcan-
TEJILHON MaTeMaTuKu u KubepHeTuku, nepenia Tyaa. Ho Jlazaps AponoBud me mo-
JKeJIAJ PACCTABATBLCA C MEXMATOM U U3 Beex Kadeap mexMara Beiopaa kadeapy OITY.
A Bcerma BocmpmHMMAN 3TO, KAK TOAAPOK CYABOHL.

Jlazape ApoHOBUY, Kak W MHOTHE €r0 BEIWKWE CBEPCTHUKU, GBI JETeHIAPHOU
durypou. IIpo HEr0o MOKHO GBLIO YCABIIATE MHOT'O CMEIIHBIX PACCKA30B. acTo Jio-
ou OOATCA MOKA3ATHCA CMEITHBIMY, U, KAK MPABUIO, DTO CBUAETEILCTBYET JUOO 00
OTPAHUYEHHOCTHU UX JUYHOCTH, JUO0 O TOM, YTO OHU MPEUCTIOJHEHBI HETOOPOKeaa-
TenbcTBa. CBET/Iasg JUIHOCTDH BLHICBEYUBACTCS JydaMu oMopa. Bor aBa mpumepa u3
x)u3uu Jlazaps Aponosuya.

O guax et Esrenvu Muxannosud Jlanguc, 6yy4uu cTyAeHTOM, NOJXKEH OBLT CIATH
cnernkypc Jliocrepuauky. OHM BCTpEeTUINCEH B Ha3HAYEHHOE BpeMs, JIlocTepHuK 3a1a
BOIIPOC M Kya-TO BHIMIE]T. BCKOpe OH BEPHYJICA, HO HE HAYA JK3aMEHa, a CTaJ Pa3ro-
BapuBaTh ¢ Jangucom o maremaruke (Jlanauc 661 AKTUBHBIM yYaCTHUKOM MHOIUX
CEMHUHAPOB). DTO NJIWIOCH OKOJO daca. Haxoner, JIFOCTEPHUK HETEPIEIUBO MOCMO-
Tpen Ha Yackl u ckazanx: «Hy kymga we om mpomaa?y. «KTo-To momxen mogoutu?y —
cupocut Jlagauc. «Hy xonewHo, rae e TOT CTyIeHT, KOTOPOr'O MBI ¢ BamMu DOMXKHEL
OBLIN 3K3AMEHOBATH .

B 1975 rony Jlazaps ApOHOBWY BHIIET Ha TIeHCHD. Kak-To HE3aI0IT0 10 3TOTO
OH OTpeeIng TOT MOMEHT, Korjaa mnpodeccop MI'Y nomken BRIXOAUTL Ha MEHCHIO.
Meorue 3HaQOT, 9TO 1 TOTO, 9TOOBI OTKPBHITH HAPATHYIO ABEPH I[VIABHOI'O BXOJA
MTI'Y Tpebyrorcs nHemanbie yeuus. Jlazapb ApOHOBIY MOLTY TUI KAK-TO, 9TO TIPOdec-
cop MI'Y MoxeT paGoTaTh JUIIBL O TOCO MOMEHTA, KOTa OH caM 6e3 TIOCTOPOHHeN
MIOMOIIY MOXKET OTKPHIBATEL DTY MBEPh.

Jlazaps Aponosuu Jlioctepuunk ckonyaucs 23.07.1981.

B namars o mvem B centsatpe 1999 rona xadeapa OIIY, cosmectno ¢ MU PAH u
Mex nyraponusiM BaraxoBeiM 1eHTpOM, nposeau B Bapmase u Benaeso (6ams ITo-
3HAHN) MUHU-CUMIIO3UYM, TocBAmeHHsn 100-neTuo co auA poxgenusa Jasapa Apo-
HoBu4a JlrocTepHuKa.
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A Temepb KOCHEMCA HEKOTOPHIX COOCTBEHHO MATEMATHIECKUX TEM B TBOPUECTBE
Jlazaps AponoBuua JliocTepHuka.

JI. A. JliocTepHUK CTOAT Y UCTOKOB NPAMBIX METOAOB M METONOB CETOK B YUCJEH-
woM anagnuse. Eme B 1924 rogy OH NepBLIM OPUMEHUI METO[ KOHEUHBIX PA3HOCTEn
IJIA OKA3aTEeabCTBA CYNIECTBOBAHUA PEIIEHNN YPABHEHUN C YACTHBIMY MPOU3BO [HBI-
mu (ypaBuenun Jlamiaca) B KpuBoauHenHbIX 06aacTsAX. «MHe nokasanocs ecrecTBeH-
HBIM, — MAIIET OH [0 3TOMY NOBOAY B CBOMX BOCIOMUHAHWAX, — PACCMATPUBATH
BAPUAIMOHHBIC 32291 KaK MPEIEJbl COOTBETCTBYIOMNX 3a4aY A4 (HyHKIUN, 32 1aH-
HBIX B KOHEYHOM dmcJe TOodYeK. Toraa, Hanpumep, yciaoBue JKoOU mMOMOXKUTEIBHOCTH
BTOPOU BapUAIUKU BO3HUKAET, KAK mpepenbHoe mis ycaosus CuiabBectpa. Ilockomn-
Ky B aCHHPAHTCKYIO IPOrPAMMY BXOIWIO TOKA3aTEIHCTBO CYIIECTBOBAHUS PEIICHUS
sagaun [upuxne mis miaockoro ypapHenus Jlamraca, s mompo6oBaa JA0KasaTh DTO
TOpeneqbHEIM epeXoOM OT COOTBETCTBEHHON «CETOYHON 33a49M» U OBLT MaXKe yIu-
BJIEH, 9TO TAKOU «I'PYOBINY METO HOKA3BLIBAJ TEOPEMY B «TOHKUX» CAyYasiX — NaXKe
KOT/]a TPAHUIIA HE COMEPKUT KOHTUHYATBHBIX KOMIOHEHT». OT 3>TOU paGoThl MOTA-
HYJICA CJI€]1, OIy TUMBIN U B HAIK THU. TOraa e COCTOAMNCH TI0 O TBOPHEIE HAY THBIE
koHTakTH Jllocrepruuka ¢ [leTposckum, npuBeamue k nepsou myoaukanun Asana Te-
OprueBU4a.

3aKII0YUM HAIIl PACCKA3 CIOXKETOM:

METOA HbIOTOHA, TEOPEMA OB OBPATHON ®YHKIIUUA U TEOPEMA
JIIOCTEPHUKA

CBoOu OCHOBHBIE OTKPBHITHA B 061acTH MaTeMaTudeckoro ananusa 1. HeioTon co-
BEPIIWI B HAYAJE IIECTUAECATHIX MOMOB CEMHAIIATOrO CTOJETHS, KOTAA €My OBLIO
OKOJIO MBAIATH JeT. B 9acTHOCTH, OH HAYYWICA pelaTh ypasHenus f(x) = y, rae
f — oyuknus oguoro nepemenHoro. CBou METON OH NPOULIIOCTPUAPOBAT HA TIPU-
Mepe pemterus ypasaenua x° — 2¢ = 5 (cm. B kuure U. Hoioron. MaTtemaTtuaeckue
pa6oTer. M-JI, W3 1-B0 Texuuko-TeopeTuydeckon aureparypsl, 1937, ¢. 9). B xadecTse
HAYAIBHOrO Npubamkerus HBIOTOH BHIOMpAET YUCIO 2, Najee MOJAraeT T = 2 + p
1, IOJCTABIAA B NCXOJHOE YPABHEHNE, IPUXOIUT K HOBOMY: p° + 6p® + 10p — 1 = 0,
«y KoTOoporo, — numeT HploToH, — creayeT onpeesuTs KOPEHb p, 9T00BI mpuba-
BUTH ero K mepsoMy peayasrary. Orciona (mperebperas p® + 6p mo matocTu) mveem
npubausurensHo 10p — 1 = 0 wnm p = 0.1. IlosTomy s numy B pesyasrare 0.1 u
mosarao 0.1 + ¢ = p; 5T0O BeIpaXKeHWe s HONCTABIAK, KAK W PAHBIINE, U [IPA HTOM
noayuaeTcs ¢° + 6.3¢% + 11.23¢ + 0.061 = 0». Copepmms emé ogHy uTepanmo, Heo-
TOH TIOMYYaeT Takoe mpuoamkenue: x ~ 2.09455147. (Ha camom mese oTBeT Takowm:
2.094551481. .., T.e. HooTOH BBIMECINI KOPEHB C TOYHOCTHIO IO BOCBMOI'O 3HAKA
nocJe sanaron!)

B nmamem pparmenTe no cyTu gena nsnoxes Meton HeloTOHA pernenns ypaBHeHusA
f(z) =y, cocToAmuu B TOM, YTO NOCJAE BHIGOPA HAYATLHOTO TPUOINKEHUA To TAJIEE
npuMeHseTcs uTepaTuBHas nponeaypa: Tri1 = o + (f'(zx)) "y — f(zk)), kK =
=0,1,2....

Poar, koTopyio cyxmeno 66110 cHIrpaTs MeTony HeioTOHA B MCTOPUM MaTeMaTu-
KU, COBEPINEHHO UCKIYINTE bHAA. OIHO U3 BAXHEUINX TPUIOKEHUN €r0 — I0Ka-
3aTeILCTBO TeOpeMbl 06 06pATHON (U HEABHOU) QyHKIUU.
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Coopmyaupyem Teopemy 06 06paTHON (YHKIUA B CAMOM MPOCTEUIIEM (OMATH-
TaKW — ONHOMEPHOM) CIYYae.

TEOPEMA 1 (OB OBPATHON ®YHKIWW B OJHOMEPHOM CJYYAE). [Tycmo
f — dynrxuyus 0dnozo nepemenno20, onpedeiénnas 6 OKPECHOCTIUY WYk, PAEHASL HY-
a10 8 nyae, nenpepeieno duddepenyupyeman 6 oxpecmuocmu wyan npuuém f'(0) # 0.
Toz2da natidémea maxoe wucao § > 0, umo das sobo2o wucaa y maxoeo, wmo |y| < 4,
cywecmeyem eduncmeennoe pewenue x(y) ypasnenua f(z) = y.

leomeTpuveckas cyTh HOKA3ATEIBCTBA DTOU TEOPEMbI U300paKEHA HAMU HA PU-
CYHKEe, & aHAIUTUIECKOE COIEPKAHNE U300PAKEHHOTO COCTOUT B IIPUMEHEHUN MOOU-
Puyuposanmnoeo merona HeroroHa:

20 =0, wpp1 =2+ (f'(0) "y — flzx)), k>0,

DTOT pe3yabTaT €CTECTBEHHO mpunucaTh camomy HeroTomy. [IBymMepHbe 0606-
IIIEeHNA DTON TEOPEMBI TOABMIUCEH Julih B XIX Beke, B kKoume XIX Beka u B mepBoM fe-
cATWIETH X X CTOJIETHS 3TA TEOPEMA [IOLY IUIa MHOIOMEPHOe pasBuTue, a B 1934 ro-
ny Jlazaps Aponosud JlrocTepHUK Haid GeCKOHETHOMEPHOE 0000IIIEHNE 3TOU TEOPEMBI.
Ono 6110 OMyOINKOBAHO B XKypHate «MaTematudeckuu c6opauk» (JI. A. JlrocTepHuk.
O6 ycaoBubIX sKCTpeMyMax (yukuuonatos. Mareu. ¢6. T.41, Ne3, 1934, ¢. 390 — 401.)
Cuauana Mbl chOpMyaUPyeM NpaMoe 0000ImeHne TeopeMbl 1, a 3aTeM, B Ka4eCTBe
TIPOCTOTO CAEMCTBUA M3 HETO, BRIBEAEM CaM pe3yabTaT JliocTepHuka.

TEOPEMA 2 (OB OBPATHOW ®YHKINNA B BECKOHEYHOMEPHOM CJIYYAE).
Hyemv X vY — 6anazosvt npocmpancmea, U — oxpecmuocmo wyan 6 X, F: U —
Y — omobpancenue uz X ¢ Y, F(0) = 0, nenpepeisno dugdepenyupyemoe 6 okpecms-
nocmu wyan, npuuwém F'(0) omobpancaem X na 6cé Y. Toeda wnatidémea maxoe
d >0, umo das awbozo y €Y makoeo, umo |ly|ly < 08, cywecmsyem pewenue x(y)

ypasnenus F(x) =y maxoe, umo ||z(y)||x < Klly|ly (daa nexomopotd xoncmarmo
K >0).

IlomsaTme GanaxoBa MPOCTPAHCTBA O0OOMIAET MOHATHE KOHEIHOMEPHOT'O E€BKJIU-
IOBa MPOCTPAHCTBA. HBIHE CTYNEHTHl YHUBEPCUTETA 3HAKOMITCS C 3TUM HOHATHEM
HA MEPBHIX Kypcax, OHO (M Havajga Teopud OGAHAXOBHIX MPOCTPAHCTB) CTAIN TEMNEPh
abCOMIOTHO OOMIEenpuHATHIMEA. A B ToM ganéxoM 1934 roay Teopuu GaHAXOBHIX TIPO-
CTPAHCTB UCIOJHIIOCH BCEMO JUIIL ABA [Oa. ABTOPOM Teopuu OBLT 3aMeYaATeIbHBIA
moabckun maTemaTuk Credan Banax, koropein B 1932 rogy ony6ankoBaa CBOU 3HA-
menuThin Memyap «Théorie des opérations linéairesy (Teopusa TUHENHBIX OmEpanui),
B KOTOPOM BAJOXKWUJI OCHOBLI TEOPUM, CTABIIEN OTHOU U3 CYHIECTBEHHBIX COCTABHBIX
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JacTen (PYHKIIMOHATLHOTO aHAIN3A. SHAHUA IT0 TeOpUN OAHAXOBBIX MPOCTPAHCTE B TE
rogael B MOCKBe Yepmaiuch U3 IBYX DK3EMIUIAPOB 3ToW KHuru. OquH NpuHAIIeKAT
Ilnecuepy (u noromy, BeposaTuo, 6bl1 gocryned Jliocrepuuky ), gpyrou — Koamoro-
pomy. opasureasno, uto Jlazaps ApoHOBHY Tak OBICTPO CyMeT W3BJAEYL U3 HOBOU
TEOPUU CTOMb (PYHIAMEHTAILHBIN PE3yIbTAT.

[MIkonbuuK, He BJAALEIOIIAN MOHATHEM OAHAXOBA MPOCTPAHCTBA, MOXKET CIYATATD,
uT0 X — DTO, HaTIpUMeEpP, TPEXMepHOe, a ¥ — ABYMEpPHOE TPOCTPAHCTBO C €BKJIN-
nosou HOpMou. [Ipm mOKazaTenbCTBE UCTIOMAB3YIOTCA TOJBKO CAMEBIE OOBLIYHEIE CBOU-
CTBa HOPMBL (B OCHOBHOM, HEPABEHCTBO TPEYI'OJIBHUKA) ¥ OUH BAXKHEUINUN [IPUH-
[T TUHEMHOTO aHAIN3a, (T. €. Teopuu GAHAXOBBLIX MPOCTPAHCTB), 8 UMEHHO, TEOpeMa
Banaxa 06 o6paTHOM omepaTope, KOTOPYIO MBI CHOPMYJIUPYEM B BUIE TEOPEMBI 0
npasom obpamuom: nycmv X u Y — 6banazosvr npocmpancmea u A: X — Y —
aunetinbil, nenpepuienubili onepamop, omobpaxcaowut X wa 6cé Y, moeda cywe-
cmeyrom onepamop R: Y — X u xonemanma C > 0 maxue, umo ARy =y Vy € Y
u |R(y)|lx < Cllylly. (JltocTepHUK, eCTECTBEHHO, NCIOAB3YET TOT (HAKT, HO CCHUIA-
ercsa mouemy-To He Ha Bamaxa, a ma Xaycmopda, He yKa3blBas NATHL €ro paboThI;
UCTOPUKAM MATEMATHUKUA PA3yMHO PAa300paThCs, YTO 53TO 32 paboTa M KAK OHA CBS-
3aHa ¢ Teopemon Bamaxa.) A Temepb mpuBeAEM JTOKA3ATEILCTBO TEOPEME 2.

HOKABATEJBCTBO. /loka3aTenbCTBO TEOPEMBI OCHOBLIBAETCS HA TOM K€ MOIU-
dummposannoM MeTone HeloTona:

20 =0, k41 =zr+ Rly— F(a)), k>0,

rae R — oneparop, npasbimn o6patueim K F’'(0). Ocraérea mokasaTh, 9TO [1Jd Ma-
JBIX Y METOJ WTepaluil CXOAUTCA K pernennto z(y) ypasuenusa F(xz) = y. Ilpu srom
6€CKOHEYHOMEPHEIA CIy9all HUCKOJILKO HE CIOKHEE OJIHOMEPHOTO.

O6osmaunm F'(0) = A, Torza ARy = y u ||Ry||x < Klly|ly Vy € Y. Buibepem
qucao § > 0 cToas MaasiM, 9T06b 0TOOpaxenue F' GbUIO HenpepbIBHO- quddepeHim-
pyeMBIM B d-OKpecTHOCTH Hyaa u u3 ||z’ < § u ||z|| < § BBITekano GBI HepaBeHCTBO

|F(2") = Fz) — A’ —2)|| < %Hx’ — =],

é
Mycrs |ylly < K Torga ||z1||lx = [|[Rylly < Kllylly < 6/2 < §. Ilo nagykuuu
mokaxeM, 49T0 ||z,|x < ¢ mua Bcex n € N. Hycrs saementer {2y }}_; obragaror
stuM ceorcTBoM 1 1 < k < n. Torga B cuny Toro, uto y — F(zg) — A(xg+1 — zx) = 0,

Oy TAEM:
|zg+1 — 2kl x <
< K|y —F(zi)lly = Klly — F(z) —y + F(op—1) + A(zg —zp1) |y <
K 1 1 1
< ﬁ”xk —Zp1|x = §||$k —2p-1]x < Zﬂxkq —2pallx < < 2—k||9€1||X
OTcrona B CUly HEPABEHCTBA TPEYTOJBHUKA Oy IeM NMETh

HmnHX = H«Tn_l'n—l +Tp_1—...+25 — 21 +.T1||X g( —I—...-‘rl)HJ;lHX < 4.

27’l—1

Wrak, x, ompememeHLI a1 BCEX N M, KaK JErKO MOHATDL, 3Ta MOCIENOBATETLHOCTD
ABasieTcs nocaegoparensuocteio Komm. 3uauur, x, — z(y) upu n — oco. Beugy
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1)
roro, 0 ly — F(ay)|ly < s morysaen, 1m0 Fla(y)) =y n [2(y)]x < 2o |x <

<2K|lylly- O

S3AMEYAHUE. Ecau 661 MBI HaYaIM CBOM UTEPATUBHEBIN IIPOLECC HE C HYJs, a C J0-
CTATOYHO MAJIOTO &, MBI IPUILIN OB K DJIeMeHTY ¢(z, y) Takomy, 9to F(z+¢(z,y)) =
=y mmpn sTom [p(z, y)llx < Clly — F(z)[y.

Teneps chopmMyaupyeM n mOKaxKeMm TeopeMy JIOCTepHUKA O KacaTeJbHOM TPO-
ctpaucTie. [Iycts X — HOpMUpOBaHHOE TPOCTPAHCTBO U M — HEKOTOpOE ero moj-
MHOXKECTBO. DJEMEHT & HA3BEIBACTCA Kacameavhubim K M B Touke T € M, ecm cy-
mecTByeT orobpaxkenue r: [—1,1] — X rakoe, yro Z + tx + r(t) € M Vt € [-1,1]
u ||r(¢)|| = o(t) mpm ¢ — 0. MHOXeCTBO KacaTelbHBIX BEKTOPOB K M B TOuke T
o6o3naaercsa T3 M. Eciu 5T0 MHOXECTBO ABIAIETCA MOATPOCTPAHCTBOM X, TO OHO
HA3BEIBAETCA KACAMEADHBIM NPOCTPARCME0M KO MHOXKECTBY M B TOUKE T.

TEOPEMA 3 (JIFOCTEPHUKA O KACATEJBHOM NPOCTPAHCTBE). ITycms X wu
Y — banazosvr npocmpancmea, U — oxpecmuocms mouwku T w F: U —Y — omo-
bpaxcenue, nenpepvisno-duddepenyupyemoe 6 U, npuuwém F'(Z) omobpascaem X na
6cé Y. Toeda ecau M ={z € X | F(z) = F(z)}, mo Tz M = Ker F'(Z).

[TOKABATENILCTBO. He orpamwaus cebs B obmmoctu, camraem, 910 7 = 0 m
F(0) =0. Oycrs « € ToM. Torga 0 = F(0) = F(tz + r(t)) = tF'(Z)x + o(t), orxyna
cpasy caenyer, uto F'(0)z = 0, r.e. ToM C Ker F'(0).

C npyrou cropousr, eciu x € To M, To, moaoxus r(t) = p(tx,0), nonyaaem F (tx+
+r(t)) = F(tx + ¢(tz,0)) = 0 (a spauur, tz +r(t) € M), u npu >ToM

Ir®)llx = lle(tz,0)[x < K|F(tz)lly = K[[tF'(0)z + o(t)[y = o(?)

1.e. Ker F'(0) C TyM. Teopema gokazana.

IIpoucxox feHne 3TON TEOPEMbI, TTO-BUANMOMY, CBA3aHO ¢ padoTon JI. A. JlrocTep-
Huka coBMecTHO ¢ M. A. JIaBpeHTheBBIM HAL YI€OHUKOM 0 BAPUAIIMOHHOMY UCUUCIE-
auio. O 6bu1 u3gan B caenytomem roagy (M. A. Jlaspentses, JI. A. Jliocrepauk. Ocuo-
BB BapuanuosHoro ucauciennsa. M-JI.: OHTU, 1935, . 1, 2.) Jlasaps ApoHoBuY ABHO
YKa3BIBAET B CTAThE, YTO OJHOWN U3 LEJEU CTATHU ABIAIOCH BKIIOYEHUE BAPUAIUOH-
HOI'O MCYUCJAEHUs B OOILIYIO CXEMY TEOPHUH SKCTPEMyMa B (PYHKIMOHAJBLHOM AHAJIU3E.
Ho moduemMy-To B caMOM yIeOHUKE TEOPUA YCIOBUM SKCTPEeMyMa GhLIa MOCTPOEHa TPa-
JIUIVOHHBIM Ty TEM, 6€3 TPUMEHEHUA METOJ0B (PYHKIMOHAILHOTO AHAIN3A.

Korga cnycts copok naTh jeT Mul ¢ Baagumupom Muxamnosudem AJeKceeBBIM
HAMUCAIN HAIN YIeOHUK MO ONTUMATLHOMY ympasaenuto (B. M. Anexcees, B. M. Tu-
xoMupoB. Ourumansuoe ynpasaenue. M.: Hayxa, 1979), mbr nozapumu ero Jlasapio
Apomnosuuy. Coycrsa mekoropoe Bpems (korga B. M. Anekceesa yxke He ObLIO B XKu-
Boix) Jlasaps AponoBud BApyr mozsoHWAI MHE. OH TOGIArOTApWI 33 MOAAPEHHYIO
KHUTY ¥ CKa3aJ C HEKOTOPBIM CMYIIEHUEM, YTO HE MOJ03PEBAT O TOM, YTO €ro TeO-
peMa MOXKeT JieUb B OCHOBAHUE OOIIEN TEOPUU SKCTPEMYMA.

Cxopee Beero, Jlazapbs ApOHOBKY JyKaBUI HEMHOTO, KOHEYHO, OH HEYTO MON00HOE
(IIOI03PEBAY , HO YTO-TO, HABEPHOE, OTBJIEKJIO €0 TOT A OT OCYIIECTRICHU IIUPOKON
[IPOrpaMMEL MOAEPHU3AMUN TEOPUU SKCTPEMANBHBIX 33439, a MIOTOM OH IO03a0BLI O
CBOUX 3aMBICIAX.

A Teopema JliocTepHUKA HBIHE — OAHA U3 CAMBIX HUTUPYEMBIX €0 TEOPEM.
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O6rIKHOBeHHBIE TuddepeHnaIbible YPaBHEHNAA B
npobaemax ['manbepra

Axkamemux PAH A. A. BoaunGpyx

Cpenu 3uaMeHnToIX npobaeM ['mibbepTa, cHOPMYIUPOBAHHBIX UM HA MEXKIYHA-
poguaoMm maremarmueckoMm kourpecce B Ilapmxe B 1900 roxy, mee mpobuemsr,
16-a (Tounee, BrOpas eé 4acTh) U 21-51, OTHOCATCA K AHATUTUIECKOU TEOPUU OOLIK-
HOBEHHBIX Au(hepeHInaabubIX ypasHeHun. UCcTopusa X MCCIeI0BAHNA CTAAA OJHON
U3 UHTEPECHBIX CTPAHUIl B PA3BUTUM MaTeMATHKU XX crojgerus. O6e HEKOTOpPOe
BpPEMs CYMTANUCH PEIIEHHBIMY, U B PelleHnu 00enx ObLIM HAUIEeHBl omubKu. Jlums B
80 —90-x rogax OBLIO MOAYUEHO permenue 21-u TpobIeMbI U YACTUTHOE PO IBUKCHUE
B 16-u, KoTOpasa M0 CHX MOp BCE eIé Jajteka OT CBOEr0 OKOHYATENBLHOTO DEIICHU.
B sTont 3ameTke pacckasbiBaeTcs 06 UCTOPUU UCCAENOBAHUSA YKAZAHHBIX NPOOJIEM U
006 UX CBA3KM C HEKOTOPBIMU APYTUMU UHTEPECHBIMU 33 1aYaMU COBPEMEHHOU MAaTe-
MaTUKH.

Bropas wacts 16-u npobaembr ['uas6epra GopMyaupyercs CIeayomuM 06pa3oM
(cm. [Hi)):

Hcenedosamsb 60npoc 0 MAKCUMAALHOM YUCAE U O PACTLOAOHCEHUY NP EDEALHBIT Y-

06 Ilyanxape das Juddepenyuaivnozo ypasnenus nepeozo nNopAdxa u nepeot

cmenenuy 6uda

o2 (1)
dx X

2de X, Y — yeavie payuonasvubie Gynkyuu n-i cmeneny omuocumesbro x,y.

Yro Takoe npenenbubiu muka? [Modemy »Ta 3agada 6ouia Braodena [unnbepToM
B yucao ero 23-x npobmem? B dem e€ smauenme m BaxkuocTh? Huxke MBI mocTapaemcs
OTBETUTH HA DTU BOIPOCHL.

[lenas panronanbHas GYHKIIAA N-U CTENEHU OTHOCATEABHO &, §f — DTO MHOTOWICH

— 1,0
P(z,y) = > aijx'y’
i20, j>0, it+j<n
OT JBYX NEPEMEHHEIX, Y KOTOPOro X0Ts Obl OAMH 13 KO3(M(MUINEHTOB a;; IpH i + J =
= n orauven ot uyqad. [Ipu n, paBHOM Hy./I10, TaKas PYHKIIUA ABAACTCA MOCTOSHHON,
nosToMy ypasHeHue (1) B 5TOM cliydae IPUHUMAET BUJ

Wk kemr
dx ’

O61riee permenne MoCAeIHET0 YPABHEHU JETKO HAXOAUTCA, 5T0 § = kx+¢, rie ¢ —
IPOM3BOJABHAA NOCTOAHHAA. HanoMumm, 9T0 pemenns guddepeHnnatsHoro ypasme-
HUs, U300paKeHHBIE HA IUIOCKOCTH (Z,%), HA3BIBAIOTCA MHTErPAJBHBIMU KDPUBLIMA.
B paccMaTpmBaeMoM ciydae MHTErpalbHBIE KPUBBIE ABISAIOTCS MPAMBIMA, KOTOPHIE
3AIOMHAIOT BCIO IIOCKOCTD U HUT'ZE He mepecekaorcs (cMm. puc. 1).
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y=kxr+ec

Punc. 1.

B Takmx cayuasx roBOpAT, 9TO HA ILIOCKOCTH 3aaHO CAOEHUE, IIOCKOCTD Pac-
cA0ena Ha DTU TpsAMble. BUaHO, 9TO Kaxknad MHTErpalbHAA KPUBaA OCCKOHEYHA B
06e cTopoubl. Hukakmx mpenenbHLIX IUKJIOB 30eCh HET, u npu n = 0 3a1a9u, Kak
TAaKOBOMH, IIPOCTO HE CYIIECTBYET.

B caygae n = 1 paccMOTpuM IPOCTEUIIAN IPUMEDP, KOT I3 YPABHEHUE UMEET BHI

d_y__ac

dz y
Takoe ypaBHeHUE HETPYJHO TPOUHTErPUPOBATE, TOMHOXUB 00€ €ro YacTu Ha ydr
7 BBIACIVE TOJHBIN AuddepeHITna:
ydy = —xdzx, d(y* +2?) =0.
O6mee pemenue mveeT BT Y2 + 22 = ¢, 1 COOTBETCTRYIOMNE HHTETPATLHBIC KDUBHIE
ABJSIIOTCS. KOHIEHTPUIECKUMY OKPYXKHOCTAMY ¢ UeHTpoM B Touke 0 (cMm. puc. 2).

Kaxnpas Takas 3aMKHyTasa MHTerpaJbHasg KPUBAI HA3BIBACTCA YukLoM. B dTOM
caydae BCA TIOCKOCTH PACCIOEHA HA WHTErPAThbHBIE KPUBBIE, KOTOPHIE ABIAIOTCS 1TU-
ki1amvu. Ho npenesbHBIX NUKIIOB 3[€Ch EIIe HEeT.

IMponycrum caydann n = 2 u nepergeM cpasy K caydaio n = 3.

2N
&

Puc. 2.
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Curenyrolee ypaBHeHUE

dy _ —z+p(l—a)y @)
dz Yy ’
y KOTOPOr'oO B YMUCAUTEIC npaBoﬁ TaCTHU CTOUT MHOI'OYJIEH CTEIIEHU TPpUN (yKasaHHon
CTeNeHb UMeeT MOHOM —umzy), 4acTo BeTpedaeTcsa B npuiaoxkerusx. OHO moaydaercs

n3 ypaBueHus Bau aep Iloas

d’z dx
W-F,U(LUQ—DE-FZL‘:O, (3)
rie t — BpeMs, 3aMeHON
dx d
Pl d—i’:—x—f—u(l—ﬁ)y,

1 TOCACAYIOMAM AEJICHNEM BTOPOTO PABCHCTBA HA Mepioe. 1103TOMY MHTEerpantbHbIC
KpUBbIEe ypaBHeHUs (2) MOXHO MHTEPOPETUPOBATH KAK TPAEKTOPUM JBUKEHUI Ma-
TepuaabHON TO4YKU ¢ Koop aunaraMu (z(t), y(¢)) B dasoBom npocrpancrse (z,y = &),
rae z(t) — pemenue ypaBHeHnA (3), a «TOUKa» 03HAYAET MPOU3BOJHYIO IO BPEMEHM.

[lns ypasHenus (3) TpeIbABATL ABHOE PEIICHWE HE YAAETCA, HO IMyTEM Kade-
CTBEHHOI0 €0 CCAENOBAHMA MOXKHO IIOKA3aTh, YTO CPEAU PEIEHNN 3TOr0 YPABHEHUA
UMEETCA POBHO OHA 3AMKHYTasA TPACKTOPHUA — OUKA. DTO IOYTH OKPYKHOCTE Pa-
IWyca 2; «MOYTW», MOTOMY UTO OHA UyTh-4yTh mpogedopMuporasa. ledopmanma
3aBUCAT OT 3HAYEHWA MAPAMETDA [, BXONAIIETO B ypaBHEeHHe. Bce ke oCTalbHBIE
pemienus MOryT ObITH ONUCAHBL clegyiomuM o6pa3oM (cM. puc. 3): BoiGepeM HEKO-
TOPYIO0 TOUKY z HA HOPMAJIN K DTOMY HUKJAY ¥ PACCMOTPAM MHTETPAILHYIO KPHUBYIO,
IPOXOJAILYIO U€pe3 BTy TOUKy (Ha PUCYHKE 3TO KPUBadA, U300paKeHHAA TE€PHBIM).
OTa MHTErPATbHAA KPUBAA YK€ ABIACTCA HE3AMKHYTOU: OHA IIPOKPYIMBAETCA BOKPYT

Punc. 3.



O6bikHOBEHHBIE qu(DEepeHuaIbHbIe ypaBHeHusa B npobaemax [ uan6epra 23

IIMKIA I CHOBA TIePECeKaeT HAITY HOPMAIb B HEKOTOPOH Touke 6(z)'), pacmomoxen-
HOU OMMXKe K IUKIY, 9eM TOYKa z, W Tak ganee. To ecThb, MHTErpaibHad KPUBAA C
TeYEeHNuEeM BPEMEHN HAMATHIBAETCs HA IWKJ TAK XKe, KAK O€CKOHEYHO NJIMHHAS HUTH
HAMATHIBAETCA HA KATYmKy. U mobas 1pyras uHTerpaibHas KPUBAasg B OKPECTHOCTH
STOr0 NUKJA, CKaXeM, n300pakeHHas CephIM, BeleT ceOs1 TOYHO TaKUM XKe 00pa3oM:
HE [IEPEeCeKasCh HU C IUKJIOM, HU C HPeALIIYIIed MHTErPaIbHON KPUBOU, OHA TOXKE,
KaK HUATBH, HO YK€ IPYroro [[BeTa, HAMATHIBAETCA HA HAII IWKJI.

[IpyruMu cioBaMu, BCE MHTErDANbHBIE KPUBBIE, PACCMOTPEHHLIE B OKPECTHOCTH
YKA3aHHOrO [UKJIA, C TEIEHUEM BPEMEHU CTPEMATCA K DTOMY IIUKJIY, HEOTDAHUIEHHO
K HEMY TIPUOIMKAACHL. BOT mOYeMy TakOU UK HABKIBAETCA NP E0e.abHbILM.

IMouemy ke 3amajda 0 TpeIETbHBIX MUKIAX TTPEACTaBAAET Takou uaTepec? [ouemy
ona, ObL1a BoLAeaeHa [MaL0epToM B OTAENIBHYIO Ipobiemy?

Kpome gucro BHyTpumMaTeMaTHiecKOU MOTHBALUK (334a4y O NPEIENbHBIX LU-
ki1ax ['minbepT cBA3LIBAEeT C 3aJaden O YUC/Ie OBAJOB alrebpanmvecKon KPUBOU, KO-
TOpas COCTABJAET MEPBYI 9acTh 16-1 Mpo6aeMbl), YPE3BEYANHO BAXKHBEIM ABIACTCA
TO, YTO 3Ta 324292 OKA3LIBAETCA HATPAMYIO CBA3AHHOU C HETOCPEACTBEHHBLIMY TIPU-
JIOXKEHUAMHU MaTeMaTUKu. PacCMOTpUM DTy CBA3b HA IPUMEPE TOI'O XK€ yPABHEHUS
Bau zep ons, koTopoe 9acTO BO3ZHUKAET B PA3IMIHBIX 33 1a49aX (PU3UKKU U TEXHUKU,
Tak, HATIPUMED, YKA3aHHOE YPABHEHME OTMUCHIBAET PAa0OTy MPOCTEUINEro JaMIOBOTO
TeHepaTopa.

Ha mpakTuxe TpefyeTcsa, 9TOOBI 3TOT NPUOOP TEHEPUPOBAT HEKOTOPBIU ITUKJIN-
YECKUU PEXUM, 3aBUCAIIAN OT BPEMEHU {. ITOT NUKINIECKUN PEKUM U300PaKAETCsA
HA IWIOCKOCTH (&, Yy) 3AMKHYTOU TpaeKTopuen, T.e., uukiaoM. K coxasenuio, npaxkru-
9eCKYM HEBO3MOXKHO 33,1aTh HAYAJIbHEIE YCIOBAA PAGOTHL mpubopa (TO ecTh, BHIOPATE
HAYAJIBHYIO TOUYKY Ha MHTErDAJILHOU KPUBOK YPABHEHUs) TAK, YTOOHL IIONACTh B TOY-
HOCTHU Ha DTOT IUKJI. BO3HUKAaET €CTEeCTBEHHBIN BOIPOC: €CJAU MBI 9y Th-IyTh U3ME-
HUM HAYAJBLHBIE YCJAOBUA, T.€. PACCMOTPUM TOUKY, JEKAIIYI0 HA OJU3KOU KPUBOW,
CKaXKXeM, Ha YePHOM TPAEeKTOpuu (CM. puc. 3), TO Kak OyaeT padoTaThb mpubop, 9TO
oH OyeT reHepupOBaTL !

CoOTBEeTCTBYIOIINY PeXUM PAGOTHL B 3TOM CAydae He Oy [eT MePUO[UIECKAM, TeM
HE MEHee C TeYeHUEM BPEMEeH! OH Oy 16T HeOrDAHUYEHHO NPUOAAKATHCS K IEPUO JUIe-
CKOMY, T. €. IUKINIECKOMY pexuMy. Takon pexuM pabOTHI, TAKOU MPEeIeNbHBIN TTHK
HA3BIBAETCA Ycmotiuusbim. SICHO, UTO pelieHne BOIPOCA O CYIIECTBOBAHNH TIOMOOHBIX
[UKJIOB OYEHb BAYXKHO [ TPAKTUIECKUX MPUIOKEHUN, N (PU3UKYU U TEXHUKU.

B pazo6pannoM ypaBHEHUN UMEETCS e[UHCTBEHHBIN OpeAeIbHbii uka. Ho duncio
TAKUX [MUKJIOB MOXKET OBLITH U OOJBIINM, CTAI0 OLITH, OOILIINM MOXKET OLIThL U IHCIO
BO3MOXKHBIX YCTONYMBLIX (M HEYCTONYMBLIX) TEPUOAUIECKAX PEXUMOB. [loaTOMY BO-
IPOC O YUCJIE TPEAETbHBIX UKJIOB YPABHEHUs, 00 UX YCTOMYUBOCTH TAKKE ABIACTCSA
YPE3BLIYANHO BAXKHLIM [JsA [IPUIOKEHUN.

B 1920-x rogax u3BecTHBIN (DPAHIY3CKUN MaTeMaTuk [ionak omybauKoBand pa-
60Ty, OCHOBHOU PE3yJbTAT KOTOPOU CTAJ 3HAUNTEILHEIM MPOABUKEHNEM B PEIICHUN
16-1 mpo6aemMBl. A MMEHHO, OH J0KA3aJ, UTO KGHCI0E KOHKPEMHO 634MOE YPasHe-
HUE PACCMAMPUBAEMO20 TMUNG UMEEM AUULL KOHEUHOE UYUCAO NPEIEAVHBIT YUKAOS.

1) Oro6paxkenne J, cTaBamee B COOTBETCTBUE TOUKE Z, M3 KOTOPOH BBIXOJUT TPACKTODHA, IEp-
BYIO IIOCJIe BO3BPAIIEHNA TOYKY IIepeCedeHnsa TPAEKTOPUY C HOPMAJBIO, HA3BIBAETCA 0MOOPAHCEHUEM
nocaedosanus Iyankape; ndydeHue CBOUCTB DTOr0 0TOOPAKEHUA UIPAET BAXKHYI POJb B MCCIEN0-
paHuu 16-u npo6aeMel ['manbepTa.



24 A. A. Boaubpyx

[ronaxk He MOMYUMI OIIEHKY JJIA YNCIa TAKUX IUKJIOB, TEM 00Jee PABHOMEPHOU OIIEH-
KU, TO €CTh OIEHKW, BEPHOW [ BCEX YPABHEHUU 7-U CTENEHW, UTO, COOCTBEHHO,
U cocTaBisgeT cyTh npobiaembl. OH IOKa3aa JUIb KOHEYHOCTH TAKOO YUCAA JJA
KaXKJOT'0 KOHKPETHOT'O YPABHEHUA, HO W 3TO OLLT OYEHbL BAYXKHLIU, HETPUBUATILHBIN
pe3yabTarT.

Caenyromien 3aMeTHON BeXOU B uccaeqoBaHuu 16-u mpo6JeMEl CTAIA 3aMEYATeNb-
Has pabora Ilerporckoro n Jlanauca, npeacrasrennas B 1956 roay Ha Bceecorosrom
Cbe3lle MAaTeMaTUKOB B MOCKBe, B KOTOPOU ObLTa aHOHCUPOBaHA TpebyeMas OIEHKA
s Beex 3uadenuu n. Ho, kK coxanenuio, 3Ta paboTa 0Ka3aaach OIUOOIHON, U MONPa-
BUTH €e Tak 4 He yjganock. Hecmorps ua 310, padora llerpoeckoro u Jlanauca oka-
3aJa GOMBINOE BANAHNE HA PA3BUTHUE BCEM AHAJUTUYECKOU Teopuu AuddepeHnaib-
HBIX YPaBHEHUN OIar01apA TEM 3aMeYaTelbHEIM HETPUBUAILHBIM METO4aM, KOTOPHIE
OBLIM B HEU NpeIoXKeHbl s uccaegoBanus 16-u npobaemsr ['unbbepra. B wacTuo-
CTH, B 3TOU paboTe OLLIN 3aJ10KEHLI OCHOBLEL TEOPUM AIre0pPanIeCKUX KOMILIEKCHBIX
CIOGHUN, KOTOPAA 3aTEM WHTEHCUBHO PA3BUBANACD YCUIAAMU HAIIUX U 3apPyOeKHBIX
MaTEMATHUKOB.

Ipouwto Beero 10-15 ner, v BHUMATEABHBIN AHAINU3 IOKA3A, ITO U B KIACCAYE-
ckom paBorte [lronaxa umeerca omudka. Utak, rae-1o B 70-X T0aX BHIACHUIOCH, ITO
B 16-11 mpo6JaemMe NO-CyIIeCTBY HE CHEJAHO NMPAKTUYECKU HUYero. KCTh MHTepecHbIe
[IOXOABL, MHTEPECHLIE UAEU, HETPUBAANBLHASA UCTOPUs, HO HET PEIIeHNs.

" BoT coBcem HemaBHO, B Hadade 80-X TofoB, B paboTax NBYX YUEHBIX — Ha-
mero maremaTuka . Wabsuenko u gpanmysckoro marematunka Kana Jxana —
OBLIO HAMAEHO AOKA3ATEILCTBO pesyabrara [lonaka 0 KOHETHOCTH YUCIA MPEeIeib-
HBIX NIUKJIOB AJs KaXJI0T0 KOHKPETHOTO ypaBHeHUsA. TeM caMbIiM OBLTO TOKA3aHO,
uTo pabora [lromaka MoxeT OBITH TOTpamJeHa. /Joka3aTeabCTBO B TOM W IPYTOM
Caydae OKazaloCh 04eHb HenpoCThM (MabAlleHKo npu 3TOM HOJAB30BAICSH, B OCHOB-
HOM, FeOMEeTPUYEeCKUMEU METONAMU, & JKAIb UCIOJIb30BAJ, MO MPEUMYIIECTBY, aJ-
re0panvecknil A3bIK) W 3AHAIO [EJB TOM. UTO K€ KAcaeTcsa OCHOBHOU YaCTH
npobaeMbl, a UMEHHO TOH, KOTOpas, cOOCTBEHHO, u ObLia chopMyauposBana [uwib-
6epToOM, TO OO CUX MOpP PEIIeHUs 3TOU 3a4adu HeT. JTa mpobiemMa NpencTaBisi-
€TCs YPE3BBIYANHO MPUBJIEKATENBLHON NI UCCICAOBATENEH, OJATOAAPA TPOCTOTE U
€CTECTBEHHOCTH €€ (POPMYJAUPOBKM M HETOCPEACTBEHHBIM CBA3AM C TPUIOXKEHUSI-
MU. AKTyalbHOCTH €€ — O4YeBHMIOHA, TeM He MEHee OHA BCEe €IIe XKIET CBOEro
perenus.

k) ok ok ok ok ok

Caenyromas 3a1a4a, ABIAIOMAACA IPEIMETOM HAINEr0 PaccMoTperus — 21-g mpo-
oaema ['masGepra. McTopus nccaejoBalmsa 3TOM TPOOIEMEL TAKKE OKa3a1aCh JOBOIb-
HO 3aMyTAHHOW, B 9eM-TO JaXe MOXOXKeN HA UCTOPUIO UCCIeI0BaHus 16-1 mpobaeMel.
Dopmynupyercs 21-a npobaema creayomumM 06pa3oM:

Hoxazamb, umo eceeda cywecmsyem aunetinoe duddepenyuasvnoe ypasrnenue

Pyrcos020 muna ¢ 23a0aHHBIMY 0COOBIMU MOYKAMU U dannotli 2pynnot monodpo-

MU

CaegyeT OTMETUTD JOBOJIBHO JKECTKYIO 6e3aIbTEPHATUBHYIO (POPMYIUPOBKY DTOU
mpobaeMbl: [MIL0epT He CTABUT BOTIPOC O BO3MOXKHOCTHY CYIIIECTBOBAHUA YKAZAHHOTO
YPABHEHUA (HATIPUMED, CYULECTNEYEM UAU HEM. . .), & TPOCTO GOPMYIAPYET COOTBET-
CTBYIOIIYIO TEOPEMY CyIIeCTBOBAHMA.
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Bonpoc o mocTpoernu pyKcoBOro ypaBHEHUS ¢ 3aJaHHOU MOHOIPOMHUEN PACCMAa-
TpuBaiaca emé b. Pumanom B 1856 roay, mosTomy 5Ta mpobaeMa (M e€ pasauydHbie
MOAU(UKALUY) 9aCTO Ha3bIBaeTCsA npobaemon Puvana — Muanbepra.

Ncropuieckn paccMaTPUBAIUCh Pa3iInyuHbie BApUaHTH 21-u npobaemsr ['manbep-
Ta (cM. xomMernTapun Ha crp. 591 B [Hi]). HauGosee HeTpuBHAIBHBIM U BasKHEIM
UL TPUJIOXKEHUH OKA3AJICA BAPUAHT MPOOGJIEMBI, CPOPMYIUPOBAHHBIN IS PYKCOBBIX
CUCTEM JUHENHBIX u(hEPEHITNATLHEX YPABHEHUN, KOTOPBIU U CTAHET MPEIMETOM
HAIIIETO JAJBLHENIIEr0 PACCMOTDEHMUS.

dykcoBon cucTeMon JUHENHBIX IupdepeHInalbHbLIX YPABHEHN HA3LIBACTC CH-

cTeMa BUIA
n

el O E1 (4
dz L~z — q ’
=1

rae z — KOMIVIGKCHBIM apryMEHT, y — HEM3BECTHAS KOMILUICKCHO3HAYHAA BEKTOP-
dyHKIMA p nepeMeHHbX, a By, ..., B, — marpunst pasmepa (p X p).

Toukn z = ay,...,an, B KOTOPLIX 3HAMEHATEIN KO3(P(PUINEHTOB CUCTEMBI 00pa-
MATCA B HYJb, HABBIBAIOTCA 0COObIMY MOYKAMY YDABHEHUA.

Hedgopmansno rosops, ¢pykcoBa cucTeMa ypaBHEHUN — DTO CHCTEMa JUHEHHLIX
OOLIKHOBCHHEBIX IU((EpeHINATLHEX YPABHCHNN HA KOMILTEKCHOH TIOCKOCTH C TIPO-
CTENIUME OCOGEHHOCTAME (3HAMEHATENN KO3(D(PUIMEHTOB CUCTEMBL UMEIOT HYJIA MU-
HUMAJILHO BO3MOXKHOI'O, IIEPBOrO NOPAAKA B OCOOBIX TOYKAX).

YT0o6B NOHATHL, 9YTO TAKOE IPYTNA MOHOAPOMNHU, PACCMOTPHUM CICAYIONIANA TPO-

CTOU IpUMEP.

YpaBuenue
dy _ y
dz 22’
rae y — OOBIYHAA CKAJIAPHAA (PYHKINSA, ABIAETCA ypPaBHEHUEM (PYKCOBOTO THUIA, B

KOTOPOM 0COO0HM TOYKOU ABIAeTCA TOUKa z = 0, a MaTpuna K0>pQPpUIueHTOB nMe-
et pasmep (1 x 1) m copmagaer ¢ uucaoM 1/2. Pasymeercs, 5TO ypaBHEHUE JETKO
pemaetca. Q0mee pemenne UMeeT BUI i = /2.

Kax Xopomo u3BecTHO U3 Kypca KOMILIEKCHOTO aHaIu3a, (GYHKIUA \/z ABIAETCA
MHOTO3HaYHOU (pyHKImen. Tak, HATTPpUMED, B TOYKEe 2z = | OHA MOXKET MpPUHUMATH
nsa 3Hadenusa: +1 u —1. PaccMoTpuM mpaByio MOJYMAOCKOCThH U BHIIGAUM TaM TO
perienue, KOTOpoe B Touke z = 1 npunumaet 3Hadenue +1. O6o3na4uuM 3T0 pelenune
gepes (v/z)y. PaccMoTpuM Tenepb OKpYKHOCTh EJUHUIHOIO PAIUYCA C IEHTPOM B
0cobon Touke z = 0 ¥ MOCMOTPUM, KaK MEHAETCS HAIE PElIeHNe TPU PO TOTKEHIN
BJOJb 3TOU OKPY2KHOCTH IIPOTUB 9aCOBOU CTPEJIKH.

HanomumM, 9T0 KaxXn0e KOMILIEKCHOE 9HCIO 2, JEXKAIIEE HA €IUHATHOU OKPY K-
HOCTH, MOXKeT OLIThH 3aNMCAHO B BUAE 2 = COS@ + iSin, Tae ¢ — yroia, KOTOPHIN
COCTABJIAET PAAUYC-BEKTOP IHMCIA Z C OCBIO L-OB; BTOT yTrOJ HA3LIBAETCA GP2YMeEH-
MOM KOMILIEKCHOT'O 9UCAA Z. B »TuX 0603HAYEHMAX HETPYIHO BBEIIUCATL 3HAYEHUE
(V/Z)1+ Ana amcaa z, TexKAIMEro HA BEPXHEH MOMOBUHE OKPYKHOCTH PAJOM ¢ IucaoM 1.
A umenso,

(Vz); = cos ? 4isin?.
2 2

To ecThb A TOTO, 9TOOH HauTH (1/2)4, B JAHHOM CIydae HALO MPOCTO PacCMo-

TPETh PAIUYC-BEKTOP C MOJOBUHHLIM 110 OTHONIEHHIO K 34 IAHHOMY YIJIOM B OTMETHTE
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Puc. 4.

COOTBETCTBYIOLIYIO TOYKY HA eJUHUIHOU OKpyxkHOCTH (cM. puc. 4). [lonyuennsir o1-
BET HETPYIHO TPOBEPUTEL. BO3BemeM BHIpaXKeHUE COS 5 +1 sin % B kBaznpaT. Bocmoab-

30BABIINCH M3BECTHLIMY TPUTOHOMETPHUYECKUME (DOPMYJIAMHU M TeM, uTO i = —1,
TMOYYUM B TOYHOCTH COS (¢ + 1 8in (o, 9TO 1 Tpe6OBAIOCH TOKA3ATh.

[JapanTe mOCMOTPUM, KaK MEHACTCA 3HaUICHUE (1/Z) 4, KOTAa TOYKA 2 TepeMenta-
eTCs BAOJb HAIlE OKPYKHOCTH IIPOTUB YACOBOU CTPEIKU. B Touke i yroa ¢ mis
paanyc-BeKTOpa, M306paKaoNnero Incio i, pases 7/2. IlosToMy 4711 COOTBETCTBYIO-
wero 3HaveHuA (1/Z)4+ yroa pagmyc-BeKTopa Toukm Oyaet pased w/4. llogcrasum B
dopMyiIy mis Gucia z BMecTo yrua /2 yrox w/4, moxyamm (Vi) = /2/2 4 iv/2/2.

Korga Touka 2z B npouecce aBumxkenus nobupaercs no TOYKA —1, apryMeHT 4u-
cla Z CTAHOBUTCA PABHBIM 7. JHAYUT, COTIACHO Toi ke dopmyrte, (v —1)p = i,
MOTOMY 9TO YHCIO ¢ APTYMEHTOM 71/2 Ha eNUMHUIHON OKDPYXKHOCTU COOTBETCTBYET
TOuKe ¢, 1 T. 4. Korga Todxa z BO3BpAIIaeTCAa B TOYKY 2 = 1, OHA IPOXOAUT YO,
pasubii 27. [oaTOMY, COrIACHO HAIIEMY NMPABUAY MBI JOJKHBI B3ATH Yo 27, pas-
IeIUTb ero TOMOJaM, TOJYYUTh YrOJd 7, PACCMOTPETH COST + $SIN7T U MOMYyYIUTH
3HaveHne, paBHoe —1.

Tem cameiM HaImre pernenue, Oygy<u NPONOJXKEHHBIM B TOYKY 1 BIOJIB OKPYIKHO-
CTH, IPUHUMAET 3HadeHue, pasuoe e 1, a cosw + isinm = —1. [pyrumu ciaoBamu,
PO IOJKEHHOE HEMPEPHIBHO BI0L OKPYKHOCTHU eIVMHUYHOT O PANYCA HAIIE DEIleHne
(v/z)1+ mepexonut B pemenue, papaoe —(1/2)4. B Takux crydaax roBOpAT, 9TO TOU-
ka 0 ABIsgeTCa MouKol 8eMEAECHUA LJIA HTOIO PELIEHNsA, & IIPO CAMO PEIIeHne — <ITO
oHO semsumcs B Touke 0, mpu 5TOM 4Ynucia0 —1, XapaKTepu3ywIllee 2TO BETBICHUE,
HA3LIBAIOT MOHOOPOMUET YPABHEHUA B TOYKE HOMb.

B cayuae ¢gykcoBon cucTeMbl ypaBHeHun (4) 06IIEro Twuma HyXHO TPOJOIKATEH
HE OJHO PEeIleHUe, a CPa3y BCIO CUCTEMY He3aBUCHMBIX pemenui. OHU TakkKe Kak-
TO TPEOOPA3YIOTCA TIPU TAKOM TPOLOIKEHUN BOKPYT OCOOOW TOYKU: YMHOKAIOTCA
HA KOHCTAHTHI, K HUM NMPUOABIAITCS APyTrue pemenus. 10, Kak mpeodpasyoTcsa pe-
IIeHUs YPABHEHUs NpU 00X0ne O0COO0U TOYKH, U XAPAKTEPUIYETCS MOHOIPOMUEH.
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B o6mem caydae 5T0 yke He 0JHO YmMcao (Kak 5TO OBLIO B paso0pAHHOM MpPUMEDE), &
HEKOTOpAs IUCAOBAS MATPHUIIA.

Bounee rouno, ecau (e1(z),. . ., ep(2)) — Ga3uc B IPOCTPAHCTBE PELICHUI CHCTEMEL
(4), pacCMOTPEHHOU B OKPECTHOCTY HEKOTOPOU HEOCOGOU TOUKU Zg, TO OCJIE aHAJIN-
TUIECKOTO MPONOIKEHUA BIOJb TIETIN ¢;, OOXOIAMEN 0COOYI0 TOUKY @i, 3TOT OA3ZUC
BHOBB TIEPEXOJUT B HEKOTOPHIH Gasuc (BooOmre roBops, Apyrou) (e)(z),...,en(2))
[IPOCTPAHCTBA, PEUIeHUN TOU ke caMou cucTeMbl. [locTosuuas matpuna G;, CBA3LI-
BAIOIIAA OTU NBa 0A3UCA, U HABBIBACTCA MaAmMpuyet Monodpomuy cucteMsr (4) B TO9-
Ke a;.

O6o3naunym wepes Gy, maTpumy MoHogpoMun Gasuca (e1(z),...,ep(2)), coorser-
CTBYIOLIYIO AHATUTUIECKOMY PO AONKEHUIO B0 IPOU3BOJIBHON IETAN § C HAYAIOM
B TOYKE Zg, HE TIPOXOAIIEN Yepes3 0co0ble TOYKM. B MpoOCTpaHCTBe BCEX MeTenb Ha
KOMILIEKCHOU TUIOCKOCTHU C BHIKOJIOTHIMU OCOGBLIMU TOYKAMU MOXKHO BBECTHU OTepa-
U0 yMHOXKeHUs (IIOC/IeL0BATEAbHBIN 06X0 OBYX HeTeab-coMHO)uTenaen). Ecau me-
TIM PACCMATPUBATL C TOYHOCTBHIO [0 HENPEPLIBHOU 1edOpPMAIUE, HE 33JeBAIOIIEN
0COOBIX TOYEK, TO DTa OTEPAINA TPEBpAIIaeT MHOXKECTBO eTedb B rpynmny. Tem ca-
MBIM [PEBPAIIAETCSA B IPYNIY X MHOXKeCTBO Marpull (7, OTHOCHTEIBHO OIEPALIMN
OOBLIYHOIO MATPUIHOIO NPOU3BEACHUA. JTa I'PYIINA HABBIBACTCA 2pYynnot Monodpo-
muy cuctembl (4). HeTpyaHo mokasaTh, 9T0 €€ 00Pa3YIOMUMU ABIATCA MATPULIBI
mMouoapomuu G, . .., Gy, VIOBIETBOPAIONINE ANIPUOPHU €INHCTBEHHOMY COOTHOIICHUIO
G1Gs - ... Gy, = I (rge uepes I o6o3naveHa eJUHUYHAA MATPULA).

Nrak, rpynna MOHOAPOMUM YPABHEHUS XapaKTEPU3yeT TO, KAK NPeobpasyoTcs,
BETBATCA PEIICHUsa Tpu 00xone ocobbix Touek. OHa 3a4aeTCA KOHEIHBIM HaOOpOM
YUCJAOBBIX MATPUI], KAXKIaA U3 KOTOPBIX COOTBETCTBYET CBOEU 0COBGOU TOUKE.

BosuukaeTr ecTecTBEHHBIM BOIPOC, KOTOPBEIM MOXKHO Ha3BaTh OOPATHOU 3aladen
MOHOApOMuHA. PaccMoTpuM HAGOD TOYEK HA KOMILIEKCHOU IUWIOCKOCTU U COOTBETCTBY-
oIy a0CTPaKTHBIU HaGop Matpuil (1, ...,GE,, YIOBIETBOPAIOIINAN COOTHOIIEHNIO
G1Gs - ... -Gy, = I. CopammBaeTcsi, BCerja I CYyUIECTBYET cucTeMa pyKCOBOTO THUMA
MMEHHO C JAHHBIMU OCOOBIMU TOYKAMHU U C JAHHOU I'PYIIIOA MOHOADPOMEE, KOTOPAas
OTIpeNeNACTCA 3ATAHHBIM HAOOPOM MATPHUIL!

Nwmenno 5Ty o6paTHyio 3a1a4uy u ¢popmyaupyet [unsbepT B cBoen 21-u mpobiaeme.
IMpuvem, popMyaupyeT B UMIOEPATUBHOU (POPME, CIATAA, ITO DTA 334344 00A3aTeb-
HO JOJKHA UMETH TOJOXKUTEIHHOE PEIIeHUe.

Kaxkosa moTuBupoBka paccmarpuBaemon 3agauu? [loyemy ona uarepecua? C dem
oua ceasana? Cam [misbepT mumer 06 3ToM coBceM HeMHOro. OH JUIL OTMEYAET,
YTO pElleHre YKA3aHHOU MPOo6IeMbl IPUAAI0 Obl 3aKOHYEHHLIN BUL AHAIUTHIECKON
TEOpUU JUHENHBIX Au(dEPEeHInATbHBIX YPABHEHUA. 10 eCTh, OH BBIABUIAET YUCTO
BHYTPUMATEMATHIECKYI0 MOTUBUPOBKY. HO, Kak »TO 9acTo OBIBAET ¢ mpobieMaMu
IMuas6epTa, chOpMyIUPOBAHHEIE JaXe B TAKOM Y3KOCIEIMATLHOM CMBICAE, OHU BIIO-
CIEICTBUAU OKA3BIBAIOTCSA BAXKHBIMU U /IS BCE MATEMATUKH B IEJIOM, U [ €€ TIPUIO-
KeHuu. MBI BEpHEMCA K DTOMY BOIIPOCY YyTh MO3XKe. A Tenepb MOrOBOPUM HEMHOI'O
00 UCTOpUYU UCCAENOBAHUA DTON TPOBIEMEL, KOTOPAA B 9eM-TO NaxKe §oJee 3amyTaHa,
YeM UCTOpUs, CBA3aHHasA ¢ 16- mpobaeMon.

Yxe B 1908 roay saMedaTenbHBIN I0OrocaaBckui MmatemMaTuk [liemens, paboras-
mmn 8o PpaHnuu, onmyOIMKOBAT paboTy, B KOTOPOU TPEIBABUI MOJOKUTEILHOE
pemenne 21-n mpobGmemer manbepra (cM. [Pl]). OaeramTtHas pabora Ilremens,
ONMPABINAACA HA UCIOJL30OBAHUE TEOPUM WHTErPANbHLIX ypaBHeHun Dpeironabma,
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OBLTA YMCTOW TEOPEMOU CYIIECTBOBAHUA W AABAJIa TIOJIHOE PEIeHNE TOCTABJICHHOU
3aa9N.

O HAKO HEMCCIeTOBAHHBIM OCTABAJCA BOIPOC O BO3BMOXKHOCTH AATOPUTMUYIECKO-
0 MOCTPOEHUsA (PYKCOBOT'O YPABHEHUS IO 3AJAHHBIM OCOOBIM TOYKAM W MATPHUIAM
MOHOAPOMUY (BaXKHAA M7 TPUIOKEHUN 33,1492, ABIAIIMIAACA €CTECTBEHHBIM DA3BU-
THEM UCXOIHOU nocTaHoBku ['minbepra). Cpenu pesyapTaToB, MOLYIEHHEIX B 3TOM
HANPABACHWUHN, CJIEIYET MPEXK e BCErO OTMETUTH BIIAOIIYIOCI pA60Ty HAIIErO COOTe-
vecTBerHnka Jlammo- lanunesckoro, koTopsin B 1928 rogy permmi 3aa4dy A/ CIydasd,
Korga Bce MaTpuibl (G; OJIM3KN K €IVUHUYHOU MATPUIE, TO €CTh MJIA CIydas, KOraa
BETBJEHUsA OYCHb MaJbl, U KOT'JA PEIIeHUsA IIOYTH HE BETBATCH.

Curenyrolee 3HAYUTENBHOE MPOBUIKEHNE B PEIIEHUM 330a49d 00 aIrOpUTMUYe-
CKOM TIOCTPOEHUN (PYKCOBOU CUCTEMEI 10 JAHHBIM MOHOAPOMUY OBLIO cAenano B 1972
rofy TOLIAHICKAM MATeMATUKOM [eKKepCcOM, KOTOPBIA MPEeIbABUA AITOPUTM IIO-
CTPOEHUs YPABHEHU [Js MATPUI pasmepa (2 X 2), u3 KOTOPOro, B 9aCTHOCTH, CJe-
JOBAJIO, 9TO [ CIy9as CUCTEMBI ABYX ypaBHeHun 21-a mpobJeMa Bceraa mMeeT TOJI0-
KUTEIbHOE pellenre (IT0 HOATBEPK AAI0 pe3yabraT Iliemens B pasmepHOCTH ABA).

B o6mmem, nocae padorer [laemensn uccaegosanus B oouaactu 21-u npobaemsl I'uin-
fepTa TPOABUTAINCH, HO HE CJAUIITKOM MHTEHCUBHO. B KAKOM-TO CMBICTE, 3Ta 3a0a4a
OKa3AJACh HA HEKOTOPOE BpeMs Ha nepudepun pa3sBUTUS MATEMATUKHA.

Onnako nocie oTKpeITUA B Hadajte 1970-x rogoB MeTOma M30MOHOAPOMHLIX [e-
popmarmin®) aHammTHUECKas TeopuA ANGPEPEHIMATEHEX YPABHEHNH TOIYIAIA HO-
BBIM MOIIHBIA UMITYJBC K CBOEMY DA3BUTHIO.

Okaszajnoch, 9TO MHOTME HEJIUHEUHBIE YPABHEHHUS MAaTEMAaTU4eCKOU (DU3MKUA MO-
ryT OLITH OPOUHTEPIPETUPOBAHBI KAK YPABHEHUS MW3OMOHOJPOMHBIX XedOopManun
CUCTEM JUHENHBIX AudpepeHImaIbHbIX ypasHeHun. B kadecTse mpuMepa MOXKHO TTPU-
BECTHU 3HAMEHUTOE YPABHEHUE, ONKCHLIBAOIIEE MOBEICHNE TIA3MBI, MO NUpUIUPOBAH-
Hoe ypasHenune Kopresera ne dpusa, HEKOTOpBIE M3 PEIIEHUEH KOTOPOI'O BBHIPAXKA-
I0TCs ¥epe3 pelenus ypasHeHm# ommcanHoro tuma (cMm. [Al]). Ilpm sToM BaxkHyO
THOOPMAIIAIO O TIOBENCHUN PEIICHUN D TUX HETUHENHBIX YPABHEHNN MOYKHO TOJYIUTh,
UCCJAeqysI COOTBETCTBYIOMINE U30MOHOAPOMHBIE 1eOPMAIUY JUHEUHBIX CUCTEM U, B
9aCTHOCTH, PYKCOBEIX cucTeM auddepeHnualbunX ypasuenun. Ho, 9To6n mocTpo-
UTH U30MOHOAPOMHOE CEMENCTRO, HAMO BHAYAIE PENUTh OOPATHYIO 3a7ady TEeOpUn
MoHOIpoMuHM, 3anady Pumana — ['manbepra. Tak sTa nmpobiemMa BHOBL OKa3aJaach B
[EHTPE BHUMAHUA MHOIMX MATEMATUKOB.

Bosuukia HOBasA MOIIHASA MOTMBUPOBKA [/ U3YUEHUA DTOW 3aaYu, TMOABUIOCH
MHOT'O HOBBIX MHTEDPECHBIX PafoT O »Tou mpobiaeMe. B KOHIE ceMUIECATHIX TO-
noB B Ilapuxke nadan paboTarh CeMUHAP 3HAMEHUTHIX (DPAHIY3CKUX MATEMATHKOB
B. Manwrpanxa, A. lyanu, Byte ne MouBens (mocaeqHuu O¥eHb XOPOIIO M3BECTEH
1 KaK MATEMATWK, YCIEITHO PabOTAIMA B 00JACTH TEOPETUIECKON (DUBUKH), HA
KOTOPOM MHTEHCUBHO M3y4aJach YKa3aHHasd npobaeMaTuka: 3agada Pumana — [uib-
6epTa, B30MOHOIPOMHBIE NedOPMAIIUH.

OgHOBpeMeHHO y HAC B cTpaHe paboTat cemuuap B.U. Apmoasga u 0. C. Uiabsa-
IIIEHKO, KOTOPBIN 3aHUMAJCA MOXOXKEN TeMATUKON. W mMOYTH OJHOBPEMEHHO B HAYTATE
BOCBMUIECATHIX [OMOB U T€, U APyrue 06HAPY KUK Npobessl B JokazaTenbcTse [Lie-

2)B paboTax amMepuKaHCKUX MaTeMaTHKOB Puamky n Hpioana, a Takke ANOHCKUX MAaTE€MaTUKOB

Caro, /3um6br 1 MuBsbI.
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mens (cm. [Al]). Okasanock, 9TO ero A0Ka3aTelbCTBO HE ABIAETCA MOJAHBIM. He To,
9TOOBI OHM HAULTM OMUOKY. .. OmmMOKM Kak TakOBOU Bpone Owl He ObuIo. Bruta 06-
HapPyKeHa JaKyHa B pokasareiabcTBe. eno B Tom, uro [lremens Brawane mocTpomn
CUCTEMY JUHENHBIX Au(hePEeHInATbHBIX YPABHEHUN € 33, TAHHBIMUI OCOOBLIMU TOUKAMHI
7 MOHOApPOMUEN B GoJiee TMUPOKOM KJIACCE, 9€M DTO TpeOoBantoch B npobaeme ['min-
6epTa, B KJIACCE CUCTEM C TAK HABLIBAEMBIMU PE2YAAPHbIMU 0COOIMY MouKamy (T. e.
B KJIACCE TAKUX CUCTEM, BCE PElIeHrs KOTOPBIX UMEIOT He 6oJee, 9eM CTEIeHHOU POCT
B 0COOBIX TOYKAX). 34T€M OH MPUMEHUJ K TIOCTPOCHHOU CUCTEeMe HEKYIO TIPOLEAYDY,
€ TIOMOIIBI0 KOTOPOU MpeoGpasoBal eé K cucTeMe, pyKCOBOU BO BCEX TOYKAX, KPOME
OIHOU, ¥ 3aKOHYMI CBOE NOKa3aTeILCTBO caeaymmen ¢ppa3on: «A Tenepb, I1eUCTBY
TOYHO TaK 2Ke, IPUBeLeM Hallly CUCTeMY K (PyKCOBOU U B mocaennen Touke.» Oguako,
OKa3aJ0Ch, YTO BOCCTAHOBUTL Ty MPONYINEHHYIO YaCcTh TOKA3aTEIHCTBA HE TAK-TO
npocto. Bo BcskoMm caydae, cnesaThk 3TO IOAT0 HAKOMY HE YAaBaJOCh, HECMOTPS HA
TO, 9YTO y BCeX 0€3 UCKAIYEHUs MATEMATUKOB, PAOOTABLIMX B >TOU 001aCTH, OLLIO
IIOJHOE BIIEYATJEHNE, YTO PACCMATPUBaeMas MPOOIeMa TOMKHA PEIIaThCA MOJOKU-
TeJBLHO, KaK 5TO U OBLIO chopMmyaupoBano ['manbepTom.

Tewm 60s1€€ HEOXK M AAHHBIM OKA3aJI0CH osiBJIeHue B KOHIe 1989 rona koHTpupumepa
Kk 21-i npobaeme T'manbepra, nonyuennoro asropoMm (cum. [Bol]). Oxaszanock, 410
chOPMYIUPOBAHHOE B HEM YTBEPKIEHUE B OOIIEM CIydae HEBEPHO, M ITO HA CAMOM
nese He 8CAKUE OAHHbIE MOKOOPOMUL MO2YM ObIMb PEGAUZ0BAKbL CUCTEMOT PYKCOBLIT
ypasHeru.

IMocTpoeHHBIN KOHTPIPUMED OTHOCATCSA K CAYHUAI0 YETHIPEX 0COOLIX TOYEK U Ma-
TpuIaM MOHOApoMEUM pasMmepa (3 X 3). DTO mepBad pasMEpHOCTb W MUHUMAIBHOE
BO3MOYXKHO€ KOJMYECTBO OCOOBIX TOYEK, MPU KOTOPHIX TAKOW MPUMED B TPUHITAIE
Bo3MoxeH. CaM mpumMep TOBOJBLHO CJOXKEH [ U3J0XKEHU: MCKOMAas MOHOIPOMHUS 3a-
TaéTCsA B HEM HEABHO, B BUIE MOHOADOMUHN HEKOTOPOU CHCTEMBI YPABHEHUHU C PEry-
JIAPHBIMU OCOOBIMHM TOYKAMMU, & 3aTEM JOKA3BIBAETCSA, UTO YKA3aHHAA CUCTEMA yPaB-
HEHWU HEe MOXKeT ObITh mpeobpasoBana kK gykcoBou. K Tomy ke OKasbIBaeTCs, ITO
3TOT KOHTPIPUMED HECTAOWIeH B CIeAyIOmeM cMbeIcie. Ilpu nouru aob6oM MaaoM us-
MEHEHUY TONOKEHNA OCOOBIX TOYEK (C COXPAHEHUEM MATPUI] MOHOIPOMHUH, T.€. IPU
U30MOHOIPOMHON neOpMAaluy TOCTPOCHHON HePYKCOBOUM CUCTEMBI), HOBBIE NAHHBIE
MOHOApOMUM (OTIMHYAIOIIMECS OT UCXOAHBIX JIMIID II0J0XKEHUEM OCOOBIX TOYEK) yiKe
MOTYT OBITH PEATM30BAHBI B KAUYECTBE MAHHBLIX MOHOIPOMEUM HEKOTOPOU (PYKCOBOU
CUCTEMBI.

lopasno mpomie BEINIAAAT COOTBETCTBYIONIMA KOHTPIPUMED B PA3MEPHOCTH |e-
THIpe. 30eCh MOXKHO 0GOUTUCH TPeMs OCOOBIMU TOYKAMU U TPEMs MATPUIAMU MOHO-
apomun. PaccMoOTpuM cHenuanbHBIM TUM TPYIN MOHOAPOMUHN, KOTOPHIN B TaJbHEN-
meM Oya1eM HA3HIBATE B-Monodpomued.

I'pynna mono gpoMuu HazsiBaeTcs B-MoOHO IpOMEEn, eciin HAGOP MATPUIl MOHOAPO-
MUY TIPUBO UM, U €CJIU XKOPAAHOBA HOPMAIbHASA (POPMA KAXK JOU U3 MATPULL MOHOAPO-
Mun G; COCTOUT POBHO M3 OTHOU KO NAHOBOU KICTKN. HamoMHuM, ¥TO HAGOP MATPUITL
HA3BEIBAETCA TPUBOAUMBIM, €CJIN ¥ DTUX MATPUIl €CTh 00Illee MHBAPUAHTHOE HMOANPO-
CTPAHCTBO, OTJIMYHOE OT HYJEBOI'O IPOCTPAHCTBA u 0T Bcero npocrpauncrea CP.

OxaspIBaeTCA, YTO UMEET MeCTO clegymmee yreepxkaerue (cu. [Bo2]):

Ecau B-monodpomus moxcem 6Gbimb Peasuzosana Kok 2pynna MowoopomMuy we-
Komopotl Pyrcosot cucmemvl, Mo NPouU3BedeHUE COGCMEBEHNBIT 3HAUEHUT MAMPUY
Gi,...,Gy monodpomuu doaxcno pasnamvcs edunuye.
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PaccmoTpum MaTpuiibt

1100 3 1 1 -1 -1 0 2 -1
01 10 -4 -1 1 2 4 -1 0 1
Gi=lo 01 1|"“= 0o o 3 1|°%=| 0o 0 -1 o
00 0 1 0 0 -4 -1 0 0 4 -1

U IPOM3BOJIBHEIA HAGOD TOYEK a1, dz, A3.

3amerum, uro G1 - Go - G = I, marpuna G MoxeT ObITh npeobpasoBaHa K
marpure Gy, a Mmatpuna ('3 MOXeT OBITH NPEOOPA3OBAHA K KOPJAHOBOU KJIETKE C
coGCTBEeHHBIM 3HAUeHUeM — 1. /[encTBUTENbHO, 111 MaTpullkl (G uMeeM

1100 30 0 0
= ~lo1 10 _1]-6 3 -3 4
S GS=10 g 1 1| 52_3 00 1 —-1]°
00 0 1 00 -2 3
a mua MaTpunsl G moaydaem
-1 1 0 0 0 16 4 3
. 1l 0o -1 1 o0 164 0 0 0
Sy GsSs = 0 0 -1 1]° 53—6_4 0 0 0 —4
0 0 0 -1 0 0 —16 —12

Y matpun G, Ga, s umeercs o6iee MHBAPUAHTHOE IIOAIPOCTPAHCTBO PA3MeEp-
HocTH ABa. CTano 66T, HAGOP PACCMATPUBAEMEBIX MATPHUIT YAOBICTBOPAET OMpeIee-
umio B-momoapovuu. Ho mpouseenenne cCOOCTBEHHBIX 3HAUECHUN DTUX MATPHUI] PABHO
—1 # 1. 3uauuT, HAGOP HTUX MATPHUI] HE MOKET OBITH MOHOIPOMUEN HUKAKOU (PYKCO-
Bou cucteMbl. To ecTh, yxazannbie danmubie MOHOOIPOMUY DOCMABAAIOM KOHMPNPUMED
x 21-1 npobaeme 'uabbepma.

MeToa, KOTOPBEIM yIaI0Ch NPUMEHUTL K pemenuto 21-u npobaemer 'manbepra,
TPUIIET YaCTUIHO U3 AATeO0PandecKON TeOMETDPUU W ObLT WHUIMUPOBAH PadOTaMu
X.Pepas, T. Jleseasta, II. [lennus u gpyrux 3amedaTelIbHBEIX MATEMATAKOB, paboTaB-
umx B 3Tou obaactu. Ero cyTe cocTouT B TOM, 9TO yAa€TCA CBA3ATL MEXIy COOOU
ACUMIITOTUKHA PEIeHn PYKCOBOU CUCTEMBI B OCOOBIX TOYKAX M MHBAPUAHTHI HEKO-
TOPOTO TOJOMOP(PHOTO BEKTOPHOTO PACCIOCHUA, TOCTPOCHHOTO TI0 UCXOJHON MOHO-
IpOMUM, a 3aTeM MPUMEHUTH K 3anade Pumana-T'uan6epra xopoio pazpaboTaHHbie
anre6po-reOMeTpUIeCKNe METOIBL.

IMoayyuennoe oTpuaTEILHOE PEIIeHNe POOIEMBI HE O3HAYAO0, 9TO UCCIEI0BAHMSI
B DTOU OOJACTH TIOJIHOCTHIO 3akoHueHBl. CKopee, 3TOT Pe3yabTAT MOCTABAI MACCY
HOBBIX MHTEPECHBIX M BAXKHBIX [ MPUIOKEHUU BOMpocos. HanpuMmep, kak onucatsb
TOT KJACC I'PYNI MOHOAPOMUU, KOTOPHIE BCE XKe MOI'YT OBITH PEAIU30BAHBI (HyKCO-
BeMu cuctemamu? Ha 3T0T Bompoc Takike yAatoch HOLYIUTH OTBET (XOTA U HEIOJ-
1)) |

3uadenue npobaem [mabbepra COCTOUT €IIe U B TOM, YTO IPU PEMICHUNA KX IO
73 HUX 00A3ATEIHHO BO3HUKAKT HOBLIE MHTEPECHBIE METOILI U UIEU, KOTOPLIE MOTYT
OBITH MCIIOJB30BAHLI [IPU PEIIEHUN APYTUX 3a4a4.

3)Tak, HampuMep, aBTOPY ¥ HesapucuMo B. KOCTOBY yaaloch IOKA3ATh, YTO MIOOLIE JAHHEIE MO-
HO,Z[pOMI/II/I C HerI/IBO,E[I/IMbIM HaGOpOM ManI/IH MOFyT GI)ITL peaJII/I3OBaHI)I B Ka4deCTBE JTaHHBIX MO-
HOIPOMUM HEKOTODPOU (pyKCOBOM cucTeMbl, cM. [Bo2].
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Tax 1 METOMHI, Pa3BUTHIE PU permennn 21-u TpobaeMsl, yIaI0Ch TPUMEHUTS A
UCCIeNOBaHUA 0COOBIX ToUeK ypasHerun [lennese. (Ypasuenus Ilennese — 510 Te 6
3HAMEHUTHIX YPABHEHUU MATEMATUIECKOU (PU3UKU, PEHIeHUs KOTOPBIX BBICTYNAIOT
B KQ9YECTBE HOBHIX CTENWAJbLHLIX (DYHKIMU, Yepe3 KOTOPLIE BHIPAKAITCA PEIIeHUa
MHOTUX HEJINHEAHBIX TU(DEPEHIMATLHBIX YPABHEHWN. )

Y1anoch DOLyYUTH HEKOTOPBIE HOBBIE PE3YJIALTATHI, CBA3AHHBIE C TEOPUEU BEK-
TOPHBIX PACCJIOEHUN, UCCIEI0BATEH PACCAOCHUE C IOMOIIBIO ACCONUAPOBAHHOTO C HUM
ypasuerusa. OTMETUM TaKXke Pe3yJIbTaThl, CBA3AHHLIE ¢ HOPMAILHOU (GOPMOU ypaB-
HEHUA B OKPECTHOCTU 0COG0U TOUKM, TIOAYUEHHEBIE ¢ TIOMOIIBI0 YIOMAHY THIX METO0B.

JpyruMu caoBamMu, KaK DTO 9YaCTO CAyUIAETCa ¢ npobaemamu ['mianbepra, 21-10
npobaeMy, KOTOpas eCTECTBEHHBIM 00pa30oM IMOMEIIAeTCsAs B pa3ges OOBIKHOBEHHBIX
nudepeHInATEHBIX YPABHEHUT, MOXKHO CMEJO IOMECTATD B Pa3eJbl U MaTeMaTHuIe-
ckon qusukuy, u anrebpandeckon reomerpun. OHa OKa3anach TECHO CBA3aHA C DTUMU
001acTAMU MATEMATUKU.

B saxaiodenue 3TOU 3aMETKU A OBI XOTET TTOPEKOMEHIOBATH YUTATENAM — Y-
TeJaAM, CTYJEeHTAM UM IIKOJLHUKAM — TPOUNTaTh nokaan ['minbepTta «Mamemamu-
ueckue npobaemvry (cm. [Hi]), ocobenno mepByio ero 4acrb, KOTOpas HAIKUCAHA 3a-
MEYATENAbHBIM MOHATHBIM A3BIKOM, U B KOTOPOU T'OBOPUTCA O HEAAX MATEMATUKU, O
TOM, KaKUM JOMKHO OBITH MAaTeMaTHIeCKOe MOKa3aTelbCTBO. l[IpouuTarB »TOT 10-
KJIAJ, IPOHUKHYBIIUCH €00 CTUMYJAPYIOMIXM 1YyXOM, MOXKHO IOHATH, I0YEMY OH OKa-
3aJ TAKOE BJAWSHUE HA PA3BUTHUE MATEMATHUKNA XX CTOJIETHUA.
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Kak mMaTemaTuku N3Yy9ar0T Xa0C

Axanemux PAH f.T. Cunan

B asrycre 2000 roga A moaydmn nNpuriamieHre BHICTYIUTH C NUKIOM XeApH-
KOBCKHUX JEKIUE Ha 3aceganumu Maremarmieckon accommanum Amepukm. Aynm-
TOPUA COCTOMAIA M3 MATEMAaTHKOB, IPENOLAIOMINX B PA3IMIHBIX YHUBEPCUTETAX
CIIIA, mpodeccnoHanbHBIE MHTEPECHl KOTOPHIX PA3HOPOAHBI W, KAK PABUIO, Ja-
M€KW OT TE€MATHKY NAHHBIX JEKIWY. DTOT TEKCT IPEenCTABIAET COOOM BBEIEHUE
B MaTEeMAaTHYEeCKYIO TEOPHIO Xaoca u 00Jee MIM MeHee COOTBETCTBYET (aKTHUde-
CKOMY COJEPXKAHUI0 TPOYNTAHHBIX JEKINN.

JIEKIINA 1. XAOC U BECHOPALOK. 'MIIEPBOJIMYIHOCTD

B Tevenune mocienHux TpUALATH — COPOKA JET TEOPUs Xa0Ca CTajla BeCbMa IIO-
myJaApHON. B MH000M KHWXKHOM MaraswHe, TAe €CTh HAYIHBIU OTAeN, CErOMHA MOXK-
HO HAUTU MHOXECTBO KHUI, B KOTOPHIX O0BLACHAETCA, 9TO TaKOe XaoC. JTO CBUIE-
TEILCTBYET O TOM, 9TO Xa0C — MHTEPECHOE U COAEPKATEILHOE ABJICHUE, IPUIEM He
TOJBKO [IJIA MATEMATHUKA, HO W I (PU3UKA, UHKEHEPA, SKOHOMUCTA, CIEIUATUCTA,
pPabOTAONIET0 B PA3HLIX 06IACTAX TPUWIOKEHUN HAYKH.

Ha camom zmene To, 9TO HEIHE 30BETCA Xa0COM, CYLIECTBOBAJIO B MATEMATHUKE 3a-
IOJrO 10 HAIIKMX JHEH IO uMeHeM >proauwdeckor reopun. OqHako (pU3UKU HE MOIJIK
MCTONB30BATE 3THU CJIOBA, NOO TEPMUH «3PTOJUTHOCTE) HATOMUHAJI UM 3PTOAUIECKYIO
TUMIOTE3y W OCHOBAHUA CTATUCTUYECKOU MexaHuku. COTIacHO MUPOKO PacIpOoCTpa-
HEHHOU B TEOPETUYECKON (PU3UKE TOYKE 3PEHUs, XKU3HL YeJI0BEIECKas CIMUIIKOM KO-
pPOTKa, YTOOKI TPATUTE €€ Ha 000CHOBaHUA. HACKOMBKO 5 3HA0, CIOBA, « e TEPMUHUPO-
BAHHBIA XAa0C» OBLIN BIEPBHIE MPOU3HECEHBI HONee TPUALATH JeT HA3a[ POCCUUCKUAM
dusukom YuprkoBLIM 1 HOKOMHEIM IpodgeccopoM PopaoM — pusukom u3 Texmoo-
IUYEeCKOr0 MHCTUTYTa mrara [IXopoKuid. ITOT TEPMUH IOHATOOMICA IOTOMY, ITO
B T€ T'OJLI MOABWJIOCH MHOTO PE3YJbTATOB, OTHOCAIINXCA K dPrOAUIECKON TEOPUU U
€€ TIPUJIOKEHUSAM.

Teopus BEpOATHOCTEN TAKXKe U3ydaeT xaoc. Kasuno, azapTHLIE UIPBL, KAPTHL —
KJTaCCUYECKUE TTPUMEPHI Xa0Ca, HO DTO — HeJIeTePMUHUPOBAHHEIN xaoc. Teopus xa-
0Ca UCTOAB3YET METOBl 1 OCHOBHBIE PE3YILTATH TEOPUN BEPOATHOCTEN, HE ABJIAACD,
OIHAKO, €€ 4acThio. B Teopuu BEepOATHOCTEN BCET[a IPEAINOIAral0T, YTO UMEETCs
CAyYaUHLI MEXAHU3M, IEIAOMMHA NCX0ALI CTATUCTUIECKUX SKCIEPUMEHTOB HeIpe-
CKA3yEeMBIMU, U [eIh TEOPUM — U3YYaTh CTATUCTUKY OyIYIErO PA3BUTHUA U JeIaTh
Pa3yMHBIE TPOTHO3HI.

B Teopun xaoca meT ciyvanHOro mMexanusma. HaoGopoT, mpeanoaaraeTcs Haliu-
TMe JeTEePMUHAPOBAHHON TUHAMUKY, TeTEPMUHUPOBAHHBIX 3aKOHOB IBUKEHUA U T. II.
B sTOM cMBICTE TEOPHA Xa0Ca MOXKET PACCMATPUBATLCA KaK IaCTh TEOPUN TUHAMU-
veckux cucreMm. Majble myMbl, KOTOpPLIE HEM30eXKHO MPUCYTCTBYIOT B KOHKPETHELIX
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CUTyalUAX, TPUBOIAT JUIThL K dpdhekTaM 6oJee BEICOKOTO MOPAIKA MAJIOCTH. 3aKO-
HBl IUHAMUKHA OTIPEIEIAT WHANBUAAYATLHEE TPACKTOPUN ABUKEHUA; TEOPUA Xa0CA
U3y9aeT CTATUCTUIECKUE CBOUCTBA DTUX TPACKTOPUMU.

Ecan 3amana TpaeKTOPUA, MOXKHO MOCTABATL BOTIPOC, UMEETCA JU Y Hee HEKOTO-
pO€ YCPEIHEHHOE N0 BPEMEHH NOBEIEHNE. BOT TUNMYHEIE BOIPOCEL TEOPHUHU XA0CA:

a) CYIIECTBYIOT JU CpenHAa 9acToTa 3aTMeHun B Hainen Coanednon cucreme?

b) sBasercs au CoaHedHas cUCTEMa yCTOUYUBOU, MHAYE [OBOPs, OCTAHYTCSA JU
PACCTOAHUA MEXK Iy TUIAHETAMU OTPAHUYCHHLIMY B Oy IyIIem?

C) MOXKHO J¥ NIPEJCKA3BIBATH NOr0Ly !

IMocae Toro0, KAK y AAHHON TUHAMUYECKOU CUCTEMEBI YCTAHOBJIEHO CYIIECTBOBAHMUE
BPEMEHHEIX CPENHUX, Mg TUNUIHHX B OMPEIEICHHOM CMBICAE TPACKTOPUU MOXKHO
[IOCTABUTH BOMPOC 00 YKJIOHEHUAX TPACKTOPUN OT ux cpeauero nosegenus. C ToUku
3PEHUA TEOPUN BEPOATHOCTEN 3TO BOTIPOC O CIIPABEAINBOCTY IEHTPATHHON MPEIeTh-
HOM TEOPEMBI B CUTYAIUAX, KOTAA CIyIaNHOCTL (B OOBIYHOM CMBICIE CJAOBA) OTCYT-
CTBYyeT.

Yxke 5T0 npocToe 06CyXK IEHNE TOKA3BIBAET, YTO B TEOPUU XA0CA UMEEeTCs O0JIb-
IIOU mapaMeTp t — BpeMs, U HAC UHTEPECYIOT PABIUTHEIE BOTTPOCH], (hOPMYIUPYEMBIE
B BUI€ IPEIETBHBIX TeOPEM TIPH t — 00. Y IMBUTENBHBIM OTKPBITUEM TATUIECATHIX —
LUIECTUIECATHIX I'0I0B OBLIO OCO3HAHKE TOI'O, 9TO MHOT'UE SIBJICHUSA U UIE€U, CBA3AHHBIE
C Xa0COM, MOT'YT OTHOCHTHCS K CJAyYar, KOrga ¢pa3oBoe IPOCTPAHCTBO MAaJOMEDHO
7 3aKOHBI MTUHAMUKH BBIDVIAAAT BecbMa MpocTo. COOTBETCTBYIOUIYIO TEOPHUIO MHOT 14
HA3BIBAIOT MAJIOPAa3MepHBIM XaocoM. C ApYrol CTOPOHBI, UMEETCA MHOXKECTBO BaXK-
HBIX NPOOJEM, KACAIOUINXCA CUCTEM CTATUCTUYECKON MEXAHUKU C GOJBIIMM HHUCIOM
cTeneHen cBOGOARI. B pTux cuctemax aBa mapaMerpa: t — BpeMa u N — UUCIO CTe-
TeHen CBOOOAHI, U 00a CTPeMATCA K 6eckoHednocTr. O IUH U3 BaXXHEUIINX BOMPOCOB
31ech — O cTpese BpeMmenu u Heo6parumocTu. Ecau BcraTs HA TOUKy 3penus [lemo-
KPHUTA, COTJIACHO KOTOPOU OKPYKAIOMIAA CPefia COCTOUT U3 CIa00 CBA3BAHHBIX MEXK Iy
COOOM OMHAKOBHIX YACTHUI], TO MOYXKHO 33aThCA BOMPOCOM, B KAKOU Mepe OCHOBAH-
HbIe HA DTOU KapTUHE MOJEIN OTPaXKaKT HATPABICHHOCTL BpeMmenn. Kounedno, 1o
OY€Hb TPYIHBIA BOIPOC, A0 CUX MOP OCTAIIMMNACA OTKPLITHIM. [Ipusegem npumep. Ec-
JIT B HEKOTOPOM 06'BEMe UMEETCA Tas, cofepxammui 10 9acTuil, TO B IPOIEcce SBOJIO-
MM MOYXKHO OOHAPYKUTH MOMEHTHI BPEMEHHU, KOT'1a Ta3 3aHUMAeT TOJBKO TOJOBUHY
obwema. [nsa 100 gacTui BepOATHOCTE STOrO COOBITHAA [OPAa3 10 MEHBIIe, XOTsA U IIO-
goxuteabna. Heobxoqumo HaOM0O4ATH IUHAMUKY CYIIECTBEHHO JOJBIIE, IIPEXK e 9eM
mo06HOE COORITHE TPOM30UAET. MBI MOXEM BHIOPATH HEKOTOPHIU TIOPOT U CIUTATH,
YTO COOBITHE, BEPOATHOCTEH KOTOPOTO MEHBIIIE 3TOT'0 TIOPOT'a, HUKOT A He CAyIaeTCA.
Ha camoMm gese 570 — 09eHb CePBE3HBIN [IAT; HO TEOPUs ONUCHIBAECT PE3yJIbTATHI SKC-
MEPUMEHTA TOJBKO MOCJE TOrO, KAK DTOT MOPOr BHIOpPaH. 31eCh CJAeIyeT BCIOMHUTH
3HAMEHUTHIN YucaeHubn skcnepumenT Pepmu — Iacra — Yaama. Ouu oOHAPYKUINA
MOJI€/Ib, B KOTOPOU 3IPABBIA CMBICJ MPEICKA3LIBAJ MOTEPI0 MAMATH O IPENLITYIIIX
COCTOSIHUAX U CXOAUMOCTE K DABHOBECHUIO, & PEAJBHOE IOBEAEHKEe OKA3AJI0Ch COBCEM
UHBIM.

Ecan cucrema co mHOrmMm creneHaMu CBOOOLBI HAXOIUTCSA B TEPMOAWHAMUIE-
CKOM PABHOBECHH, TO DTO — COCTOSHUE IPOCTPAHCTBEHHOI'O OECIOPAIKA, TOCKOJIBKY
JOKAJbHBIE KOH(DUTYPAIINN YaCTUILl He TTOTINHAIOTCA HUKAKIM TEeTePMUHUCTCKIM 3a-
KOHAM, a MMEIOT YCTOUYMBYIO MPEIeIbHYI0 cTaTucTuky mpu N — oo. Ongaum u3
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[VIABHBIX JOCTUXEHUU TEOPUM Xa0Ca CTAN0 OTKDPBITHE, YTO GOJBIION mapaMeTp t B
IVHAMUKE UTPAET TY XK€ POJb, YTO U 6OJIBIION napaMeTp N B CTATUCTUIECKON MeXa-
HEKe. B DTOM CMBICIE I€TEpMUHUPOBAHHBLIM XA0C €CTh AUHAMUICCKUN GECIOPALOK.
CoOTBETCTBYWOIIAA TEOPUA HA3LIBAETCA B AUHAMUKE TEPMOIUHAMUYECKAM (opma-
au3moM. Huke MBI IPUBOAWM TPAMEP TEOPEMBI M3 DTOU TEOPUU, OTHOCAIUACH K
OpEIMEeTy HAIIEro 00CY K TCHU.

Ilycte z = (#1,...,24) — TOYKA d-MEPHOU pelIeTKH, z; — Ueable ducaa. lus
GOJBIIMHCTBA HALIMX 3a1a9 JOCTATOYHO paccmarpuBarh d = 1. Ho BaxkHO, 01HAKO,
“MeThb OOIIYI0 KAPTUHY i IPou3BOIbHOrO d. IIpenmomoxum, arto z € V, rme V. —
orpaHudeHHasn 06/1aCTh, U B KAXKAOU TOUKe z € V ecTb nepeMenHas o(z), IPUHUMAIO-
maa KOHEIHOE YUCIO 3HAYeHUA. TUOMIHEIM TpuMepoM ABaAeTca o(z) = £1, korga B
KaxK IO TOYKE BHIOMPAETCA ClydanHbi 3Hak. Pacemorpum dyakmuwo U(o(2); o(z'),
|z — 2’| < r), KOTOpY10 HA30BEM HOTEHIMAIOM B3aMMOEUCTBUA IEPEMEHHOU o(z) ¢
eé cocegaMu B paguyce r. 3adukcupyeMm koupurypanuio d(0V) = {o(z) | z ¢ V,
dist(z, V) < r}. Cymma

S U((2); 0(2'), 2 — /| < 1) = Ulo(2), 2 € V | 5(3V))

z€V
Ha3BIBAeTCA dHepruen koudurypanuu o(z),z € V npu rpanwdnom ycaosuu o (0V).
TToTroM Takme xkoHPUTypaunyu 6y AyT UCIOIB30BATHLCA A KOAUDPOBAHNUA TPAEKTOPUN
JAMHAMUYECKUX CUCTeM. TUNNYHBIA MprMep — TakK HasbiBaeMas (GeppOMarHUTHAS
mogens Usunra, rae o(z) =+1,r=1u

Ulo(z); o(2'), |z = 2| <1) = Z (0(2) — 0(2)? + ho(z).
2'i|z—z'|=1

Mocaenusaa cymma npu h = 0 ecTb AUCKPETHBIM BAPUAHT M3BECTHOT'O WHTETDAJIA
Mupuxie

/V(VU, Vo) dz.

OmHako BO MHOIMX OTHOIIEHHAX MOAeab V3uura gajseka oT €€ HENPEepLIBHOIO aHa-
Jora.

Bripaxenne
75(0(2), 2 € V;5(0V)) = e AUe():2€VIa(0V))

HABLIBAETCA CTATUCTUYIECKAM BecoM KoHpurypauum o(z),z € V. [Mapamerp § —
obpaTHas Temneparypa. Beegem o6o3unaxenue

EV8,80V) = Y mlo(z),2 €V;5(0V)).

{o(2),2€V}
Pacupegenenue T'u66ca B o6weme V npu rpanuanoM ycaosuu &(0V) um obparnon
TeMneparype [ — 3TO BEPOATHOCTHOE pacupeneaeHue Ha KOHpUrypanusax o(z),
z €V, rme

1
E(V|B,5(0V))

Mozxno 6e3 Tpyaa 0600MKUTE BCe IPeALLIYIIIe MOHATUA HA CIy4al, KO 1a MHOXKECTBO

p(o(2),z€V) = mg(0(z),z € V;a(0V)).
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3HaYeHNN 0 (z) GECKOHEYHO WIN [ayKe KOHTUHYAJIBHO, a moTeHiman U umeeT 6eCKo-
HEYHBIN PAJNYC B3AUMOMEUCTBUA 7. Takue BHIPAXKEHUA JACTO BOZHUKAIOT U3 TUHA-
MUKH.

Iepsbin BOMPOC — O Tpefene TUOOCOBCKOTO pACTIpeaeteHus mpu V. — oo u 3a-
BUCHUMOCTH DTOrO MPEAEIa OT MPAHUYHBIX YCIOBUU. [Ipenensl, moryaommuecs TaKuM
€110co60M, MOI'Y T OBITE OIPEIEeJEHEL C IOMOIILIO TaK Ha3LiBaeMbIX ypapuenun Job6py-
umHa — Jlbadopaa — Posaa. O cuTyanumax, KOrna 9TH MPegeisl 3aBUCAT OT IPAHUY-
HBIX YCJIOBUU, TOBOPAT KaK O CATYaIUAX, UMEIOIINX TaJIbHUN TIOPALOK; OH CBA3AH C
dazoBeiMu nepexonamu nepBoro poga. Cenvyac ecTb pa3HOOOPA3HBIE METONLI JOKA3A-
TEAbCTBA CYIIECTBOBAHUSA AAJBHEr0 MOPAAKA. B 9aCTHOCTH, HaAbHUN TOPALOK €CTh B
ynoManyTon Beime mogeaun Usunra npu d > 1, h = 0 u goctarouno 6oasmux [. Oa-
HAKO 3a1a9u O (PA30OBHIX MMEPEX0NaX AOCTATOYHO MAJEKW OT Teopuu xaoca. [Ipuyunua
B TOM, 9TO JAJBHErO MOPSAIKA 3aBEeAOMO HeT mnpu d = 1, IOTOMY YTO B DTOM CIy4dae
pactpeaerenus ['m66ca — MapKOBCKHE IENU ¢ KOHEYHOW MaMATHI0. Brnpodem, Koe-
YTO MHTEPECHOE MOXKET MPOUCXOAUTH, €CAU ' = 00. PACCMOTPUM TIpUMED TEOPEMHI,
UMEIOLIEN TPUWJIOXKEHUSI B TUHAMUKE ¥ TEOPUU XA0CA.

Mpegnonoxum, uro sanana Gpyakuus p(o(0) | o(—=1),0(=2),...,0(—n),...), yao-
BJIETBOPSAIOIAA YCIOBUAM:

a) p(a(0) | o(=1),0(=2),0(=3),...,0(—n),...) > const > 0;

b) > p(a(0) | o(=1),0(=2),0(=3),...,0(-n),...) = 1.
a(0)

Torga p(c(0) | o(=1),0(=2),...,0(—n),...) MOXKHO PACCMATDPUBATEL KaK yCIOBHYIO
BepoaTHOCTH ¢(0) mpu 3aganuou npeasicropun o(—1),0(—2),...,0(—n),... 3ana-
IUMCSA BOIPOCOM: KAK MHOIO BEPOATHOCTHBIX pacHpeneeHuil P COBMECTUMEL ¢ 3TOU
ycaosHOU BepoaTHocTho? Tlocaenuee o3znagaer, 94To
lim P(a(0),0(—1),...,0(—n)) _
none  P(o(—1),...,0(—n))

Ecau p 3aBucuT TOIBKO OT KOHEYHOI'O 4YHUCIa HepeMeHHEBIX, T.e. p = p(o(0) | o(—1),
0(—=2),0(-3),...,0(—n)), To 06branas reopus uenerr Mapkosa rosopurt, 410 P eaun-
cTBerHo. [last TOro, 9TOOB! €ANHCTBEHHOCTD MMeJa MECTO M NPU N = 00, (YHKIN
P BOJLKHA LOCTATOYHO XOPOWO HPUOIMKATECA GPYHKIMAME KOHETHOO HCJIA Hepe-

MeHHBIX. [onoxum

o b [o(=1),, - o(—n), 0 (—n—1),...)

TEOPEMA. FEcau ), o, < 00, mo P eduncmsenno.

Ecan Zn Q, = 00, TO, BEPOATHO, MOXKET MPOABUTHCA 3(PPEKT NATBHETO MOPAIKA
n P MOXKET CTaTh HECJMHCTBEHHBIM.

B samadax Teopum xaoca P o6bruuo eguucTBeHHO. Cleayiomee, 9TO HAM HYX-
HO, — DTO TaK HA3BIBAEMEIC BPEMEHHEIE Koppeaamuonnsie gyuakiun E,(o(0)o(z)) u
CKOPOCTBH WX CXOJUMOCTH K IPEeNery Ipu 2 — O0.

Teopus xaoca COCTOUT U3 IBYX OCHOBHBIX YacTer. B mepBon us Hux riaBHasA 3a1a-
98 — NOKa3aTh, 9TO HEKOTOPAA JUHAMUIECKAA CUCTEMA (MU KIACC TMHAMUIECKUX
cuCTeM) HEyCTOW4IMBa Wiy runepbonrdna. Bropas — »To Teopus, NOKA3LIBAIOLIAL,
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YTO HEYCTOUYIUBLIE TUHAMUYECKUE CUCTEMEBI IMEIOT 0COOBIE CBOUCTBA, KOTOPHIE MOXK-
HO aCCOIMUPOBATE C XA0COM.

Nnest 0 cBA3M HEYCTOUYUBOCTY U XA0CA MPOCICKUBACTCA YKE B CTATHAX U KHU-
rax Ilyamkape (0coGeHHO B ero y4eOHUKE IO TEOPUU BEPOSITHOCTEU, A€ OH 00-
CyXKIaeT MPOUCXOXKAEHNE CAyYauHBIX cOObITHR), B paborax Apamapa, Bupkroda,
Mopca.

B Goaee Gaumskwe x HaM BpeMeHa (TpPUALATHL — COPOK JET Ha3al) 3Ta TeMa
6bL1a neHTpanbuou B padorax ¢pusukos H. C. Kpeuiosa, B. Yupukosa, I'. 3aciascko-
ro, /Ix. ®opaa u ap. B MaTeMaTuke TOMOJIOTUYECKNE ACTIEKTHI DTOU UJEN PA3BUBA-
auck C. Cmemnom, /1. Auocoseiv, M. lly6om, [Mx.enaucom u ap. Maremarudeckas
Teopus xaoca nosBuiack B paborax [I. Piosas, P. Boysua, B. Oceaenua, 1. llecuna,
MOWX W [P.

BRIBO OCHOBHEIX CBOWCTB Xa0Ca W3 HEYCTOWYUBOCTU ABIACTCA CEMYAC XOPOIIO
paspaboTaHHON MaTeMaTuIecKon Teopuer. Mur o6cyaum ee B aexiuu 3. Bo MuHOrmx
CIy9asax OCHOBHAS TPYIHOCTH COCTOUT B TOM, 9YTOOBI s JAHHOU AMHAMWYECKOU CU-
CTEeMBI [OKA3aTh JOCTATOYHO CUIBHYI0 HEYCTOUYUBOCTD. B 3TON TeKInn MBI 06CY AUM
o0IIiee MOHATHUE TUHAMUIECKON HEYCTOUINBOCTH.

IIycTs MBI uMeeM cucTeMy OOBIKHOBEHHBIX NU(M(PEPEHINATBHBIX YPABHEHIN

ddmtZ :fi(xlu"'axd): 1<Z<d7 (1)
3zecs d — pasMepHOCTD (a3oBoro npocrpancrsa. PyHkmmunu f; JOCTATOTHO MIALKIE
U peryJspHele, 9To0bl 41a aro0oro Hadaassoro ycaosusa x(0) = (z1(0),...,24(0))
cucteMa (1) mMena eamucTBeHHOE pemenve z(t) = (x1(t),...,z4(t)), ompeaenenHoe
IJIg BCeX ¢, —oo < T < 00.

Paccmorpum manoe BoaMmymmenue madaibHerx ycaoeun ¢'(0) = (27(0),...,25(0)),

z}(0) = z;(0) + dz;(0). Bexrop dz(0) = (dz1(0),...,024(0)) xapaxTepusyer pas-
Mep BO3MyIleHus. Bosmymenuoe peienne z'(t) OTKIOHSETCA OT HAYATBLHOTO De-
merus x(f) ¥ MOXKHO 3aJaTh BONPOC: HACKOJABKO BEJIWKO BPEMA f, MPHU KOTOPOM
|2’ (t) — z(t)]] = O(1), T.e. 2'(t) — 2(f) 1O DOPAAKY CPABHEMO C XapaKTEPHBIM pa3-
MepoMm dazoporo npoctparcTia? (B KOHKPETHEIX CUTYAIUAX OGBIMHO JETKO ONpeje-
JMTH TOYHOE 3HAUEHUE DTOW BeINYMHLL) JeM MeHbIIe BpeMms t, TeM Gojiee HEYyCTON-
umBa nuHaMuka. [Ipegnogoxum, aro §z(0) — 0 BOOAE HEKOTOPOrO HATIPABIEHUA U
t ~ Xln ||6z(0)|| a1s HexoToporo A > 0. KoHewuHo, A 3aBUCHT OT BEIGPAHHOTO HAIIPA-
BJEHUs, KOTOPOe HAa3bIBAETCA B DTOM Clydae HEyCTOWIMBHIM. [locaenwss dopmyna
osmagaer, uto ||6x(t)|| < eM|dx(0)||. Ognako mpaBas wacTeh 3HAMAMA TOMBKO TIPH
takwmx t u 6x(0), aTo Bermamna e*||0z(0)|| cpaBEEMa MO HOPAJKY ¢ XapaKTepHLIM
pasmepoM $azoBoro mpocTpaHcTBa. Ecam ¢ — —00, TO COOTBETCTBYIOUIEE HAPA-
BJEHUE HA3BIBAETCA YCTOMYUBHIM (TepMuHOIOrHA npegnokena Cvennom). Jucno A B
STOM BEIDAKEHUN HA3BEIBAETCA MOKazaTeaeM Jlamynosa. MHOXKECTBO BCEX BO3MOKHEIX
A HA3LIBAETCA JAMYHOBCKAM CIEKTPOM (JAHHOU TPAEKTODHUH).

Touxa z(0) HaswBaeTca rumepbommyeckoi, ecm RY = R!(z(0)) + E™ (2(0)) +
+ E®)(2(0)), rae R'(x(0)) — ogHOMEpHOE MOAIPOCTPAHCTBO, TOPOXK JEHHOE BEKTO-

HbIe HEYCTONYIUBLIMY U YCTONYUBLIMU HANPABICHUAMI COOTBETCTBEHHO. [[oHATHUA TH-
MepPHOTUICCKON HEMOABUKHON TOYKU U TEPUOAUIECKON OPOUTHI XOPOIIO U3BECTHEI
B aHaIu3e, FrUIPOIUHAMUKE, TPUKIATHON MaTeMaTuke. Teopus Xxaoca UMeeT [IeJo ¢
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obumwMu runepboanaeckumu Tpackropuamu. Cucrema (1) HazbiBaeTCa runepooaUyIe-
ckon, ecan Kax nasa Touka z(0) — runepboaudeckas. [unep6oauaHOCTD MOKET OBITh
paBHOMepHOU U HepaBHOMepHOU. COBpEMEHHOE MOHATHUE MUNepOOIMIHOCTY BBEIECHO
Anocosbim u CMemmom.

Mycts dim B (z(0)) = k, dim E®)(2(0)) = [ u 5Tu pasMepHOCTH He 3aBUCAT
ot z(0). C'-nogmuoroo6pasme '™ (r) HasbIBAETCA HEYCTOMYMBEIM MHOIOOGpPA3HEM
rouxn x = 2(0), ecmn dimT(W () = k, kacarerbuas miockocrs k [ (x) B ToUke
comagaer ¢ EW(z) u IW(z) = {y : dist(x(t),y(t)) — 0 mpm t — —oc0}. Amamormd-
Ho, [-mepHOe C'l-moamuOroo6pasme I'(*) (1) HazkIBaETCA YCTONIMBEIM MHOTOOGPa3eM
roukn ¢ = 2(0), ecin dim I'®) () = [, xacarensnas miockocts k I'(*)(z) B Touke
conagaer ¢ E)(z) u T (2) = {y : dist(x(t),y(t)) — 0 mpu t — co}. Amamormd-
HEIE ONPEIENEHN MOXKHO 1aTh B O0OJee 00IIeM CIydae MIaTKuX BEKTOPHBIX MOJEN Ha
TIAJAKAX MHOTOOOPA3MAX WM TVIATKUX MTEPANMN HA TIATKUX MHOrooGpasusx. Bo
BCEX DTUX CAyYasX UMEETCA OIHOMAPAMETPUYIECKasa rpynna npeobpasoBanun Ghaso-
BOT'O TIPOCTPAHCTBA, OOPA3OBAHHAA CIBUTAMHU BAOJIL TPACKTOpUA. Takuwe rpymnmer u
HABBIBAIOTCA JUHAMUYECKUMHA CUCTEMAMU.

YTBepxk aeHue, 9TO NPU HEKOTOPLIX JOMOMHATENLHLIX YCAOBAAX MUIEDGOMMIECKIE
TOYKM UMEIOT YyCTOWYMBLIE U HEYCTOWYMBEIE MHOIOOOpPa3us, HA3LIBAETCA TEOPEMOU
A namapa — Ileppora i TeopeMon 06 WHBAPUAHTHBIX MHOTOOODABHUAX.

Humxxe mHaM moTpebyeTcs Takike MOHATHE MHBAPUAHTHOM Mephl. HopMupoBauHas
Mepa |4 HABBIBAETCS WHBAPUAHTHOU JJIsA JAHHOU IUHAMUYECKOU CUCTEMBI, €CIN JJs
JIOO0U OrPAHUIEHHON U3MEPUMOU (PYHKIIMU P

/ (2(0)) dyu(z(0)) = / (e (1)) du(z(0)).

Mepa p abcoaroruo HenmpepbiBHa (o orHomenuio Kk Mmepe JleGera), ecau du(z) =

= p(z)dz; - ... dzy. B sTom caydae QyHKUUS p HABBIBAETCA LIOTHOCTHIO MePHI. Mbl
06CYy UM POJIb MHBAPUAHTHLIX MEp B JEKIAH 3.

JIEKIIUA 2. OCHOBHBIE IPUMEPHI T'HIIEPBOJUYECKUX
AMHAMUYECKNX CUCTEM

1. OTHOMEPHBIE OTOBPAYKEHUA. Ilycts f — onpeaerennas ua [0, 1] kycouno C?-
raagkas gyskuus, gas koropou f(z) € [0,1] npu 0 < z < 1. Takaa pyuxums no-
poxgaer utepammn 17: Ty(x) = f(x), T} (z) = f(Tj?*l(a:)). Orobpaxenne Ty —
runepboaunieckoe, ecau f'(x) > 1 npu Bcex z. DTO HEPABEHCTBO MOXKET BBHIIOJIHATH-
€Sl TOMBKO JJIA Pa3pLIBHBEIX [, MPUYEM B TOYKAX Pa3phiBa MMCIOTCA B BUIAY JCBad
W TIpaBas MpOM3BOAHBLIC. NHTEPECHO OTMETHUTh, YTO B DTOM M APYTHX CIyIaax pas-
PBIBHOCTD AWHAMUKHK HE IPENCTABIAET Cephe3non Tpynuoctu. IIpocrenmasn curya-
nus BO3HHMKAET, korga f obuajgaeT MapkKOBCKMM cBoucTBoM: orpe3ok [0, 1] moxuO
pasOuTh Ha KOHEYHOE HNMCJO MOAWHTEPBATOB [, T;+1] TaK, YTOOHI HA KAXKIOM WH-
repeane f(z;) = 0, f(zir1) = 1, T.e. Ty, zi+1] = [0,1]. ¥ runepGoanaeckoro Ty
BCETJa eCThb abCOMIOTHO HENPEPLIBHAA MHBAPMAHTHAA Mepa. B MapKOBCKOM cCiaydae
5T0 — Teopema PeHbH, OHA MOXKET OBITH TOKA3aHA TPHU MIOMOIIA TEOPEMBI U3 Tep-
Bou Jekruu. O0miee yTrepxkaenne nokasano Jleapanwe, Kemwrepom, Xodoayspom u
OPYTUMHA.
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CaMbill U3BECTHRIN CAYYall B TEOPUH OJHOMEPHBIX OTOODAKEHUN — KBAIPATUY-
meie oTobpaxenna ¢ — rx(l —xz), 0 < z < 1. 3gecs r — mapamerp, 0 < r < 4. Ot
O0TOOPANKEHUS U3YIAIUCH B TOJAOMOPGMHON TUHAMUKE, UMEIOIEH 160 ¢ UTEPALUAME
roaomopdubix pyuknun (Pary, 2Kwoamna, Kaprecon, Munuop, Jlrooud, Makmrores,
Hyanu, Xaobapa u Maorue apyrue). OHE OKA3aaUCh BAXKHBL 1A TaK HA3BIBAEMOU
yHUBepcaabHocTr PenrenbayMa, ONUCHIBAIOMIEH BOZHUKHOBEHUE Xa0Ca.

[lns xaoca BaxkHO, UTOOBI ¥ OTOOpaxXeHus ObLIa aOCOMIOTHO HETPEPHIBHASI MHBA-
puanTHasg Mepa. l[eHTpanbHBIM PE3yaIbTATOM 316Ch ABIAETCA CAEAYIOAA TeopeMa
Axobcona.

TEOPEMA. Muoxcecmso 3nauenuti v, npu xomopvix y Ty ecmv abcoamommuo ue-
NPEPLIBHAL UKBAPUAHTNHAA MEPG, UMEEM NOAOHCUMELHYW Mepy Jlebeza.

Hexasro Jloo6uu goxasan, 1ro [0,4] = C1 UCy, U s, rae 1(Cy) = 0, 1(C2) >0 n
nnsBeex r € Cy mpeoGpasosanne Ty mMeeT aGCOMIOTHO HENPEPHIBHY 0 NHBADUAHTHYIO
Mepy, a g Beex r € Cs y Ty ecTh mepuogudeckas TPAeKTOPUs, IPATATUBAIOMIA [0~
aru Bee Toukm orpeska [0, 1]. Muoxectso C's 0TKPEITO 1 BClogy naoTHO. MuOXKECTBO
3HAYEHMU 7', IPM KOTOPBIX T runep6OINTHO, IMEET IOIHYIO Mepy.

2. [IBYMEPHBIE OTOBPAYKEHUA. IlpocTennun mpuMep IBYMEPHOTO TUmepGoantde-
CKOr0 OTOOpaxKeHus — CPYIINOBOK aBToMOpduU3M AByMepHOro Topa, 1(z1,z3) =
= (amy + bxa,cxy + dxs), Toe x = (v1,72) — Touka T?, KOOpAUHATEI GEpyTCA MO
Mogayaio 1, koadpduimenTts a, b, ¢, d — measie u ad—bc = 1. OTobpaxenne T’ runepbHo-
JIUYHO, eCau COOCTBEHHBIE YUCAA A1, Ay MATPUIIEL || ab | TaKOBHL, UTO [A1] > 1 > |As].
Heycrofausbie u ycroiumseie Maoroo6pasms ' (z), I'*)(z) — npamsre, urymme
B/IOJIb HATIPABJICHUY COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIOMINX A1 U Ao.

3. CTAHJAPTHBLIE OTOBPAYKEHUs. PaccMOTpUM IepHOIWYIecKyio TIAIKyo (yHK-
nuio V(z) nepuosa 1, uMeomyo ABe HEBBIPOXKIEHHBIE KpuTudeckue Touku. OTo-
Opaskenns nBymepHoro Topa T(z1,x2) = (x],x)), rae x) = x; + kV(z) (mod 1),
xh = xzo+2) (mod 1), kK — mapamerp, HA3BLIBAXOTCA CTAHIAP THEIMYA OTOODAKEHAAMHU.
Ownn 6putn BBegennl Bb. B. Yupukosoiv u 6puranckum dusukoMm TeraopoM u mmpoko
UCTIONB3YIOTCA B (PUBUKE TIA3MbI, HETHHENHBIX KOMe0aHuaxX u T. . CTaHgap THBIE 0TO-
OpakeHua TTPU MAJBIX 3HAYEHUAX k TAI0T TPOCTENIINE TPUMEPLI TPUMEHEHUs TeOPUN
KAM (Koamoropos — Apuoasg — Mozep). B nekoropom cmebicae crangaprTabie 0TO-
OpaxkeHus SABJAIOTCS NBYMEPHBIMU AHAJOMAMHU KBAJPATUYHBIX OTOOpaxenun. Kax
TOJBKO CTAHIAPTHHIE OTOOPAKEHNA CTAIN MOMYJAPHBIMH, TOABAIACH TUMOTE3A, ITO
MHOXECTBO TUTEPOOIMYIECKUX TOYEK UMEeT MOJOKUTENbHYI0 Mepy JleGera misa Bcex
k > 0. 91a oueHn TpyaHas IpobaeMa BCE €IIe OCTAETCSI OTKPLITOM.

4. 'EOJE3NYECKUE IOTOKN HA NOBEPXHOCTAX NOCTOSHHON OTPULATEJILHON
KPUBU3HBI U APYTUX MHOIOOBPA3UAX. ITHU AMHAMUYECKUE CUCTEMBI SABISIOTCS
eCTEeCTBeHHBEIME AHAJOTaMHI IPYIHOBLIX aBToMopduamor Tor?. 3atanum Ha BepXHeH
noaymwiockoctu H = {z : Imz > 0} KOMILIEKCHOM IIOCKOCTH PUMAHOBY METDUKY
ds? = (dz* + dy?) Jy>.

Xoporto n3secTHO, 9TO H ¢ TAKOM METPUKON UMEET TayCcCOoBYy KpuBusHy — 1. Yro-
OLI MMOCTPOUTH TPUMEpP Te0Ne3UWTEeCKOTO MOTOKAa, BO3bMeM rpymmy [' = {H gg”},
a,b,c,d — menwvie u ad — bc = 1. Moxuo BeIOpaTH PyHIAMEHTAILHYIO OOJIACTD
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0
Punc. 1.

Q) = H/T, xax msobpaxeHo Ha pucyHke 1. Jlerko moacumraTts, 9T0 mIomanb ()
KOHEYHA.

[ns mocTpoeHus APYyrux NPUMEPOB HYKHO OPATH PABIUIHBIE NTUCKPETHHIE II0/-
rpynmel rpynnsl SL(2, R) nencturensubix matpui ||% 4|, zw — zy = 1.

O6aacTs () UrpaeT BAXKHYIO POJIb B TEOPUM YUCEN, TEOPUU MPEACTABICHUN, KBAH-
ToBoM xaoce. PazoBoe npocTpancTBO M reonesnueckoro noToKa — 3TO TPEXMEPHOE
MHOT'000pa3ue eAMHNIHBIX KACATEIHHEIX BEKTOPOB K (). ['eone3naeckunt moTOK — 3TO
IVHAMAYECKAsA CUCTeMa B M, TlepeMeInanas Kax bl BEKTOP € eIMHUIHON CKOPO-
CTBLIO BJOJIb ONPEIeNseMOU 3TUM BEKTOPOM €0 Ie3U9eCKOn.

leomeamdeckne MOTOKM MOXKHO BBECTH HA JIOOOM PUMAHOBOM MHOTOOGpasmu. B
clIy¥ae MHOTOOOPa3ui OTPUIATEIBHON KPUBU3HLI OHU UMEIOT OCOOBIE CBOUCTBA, PAB-
HOMEPHO CUIBHOU TUNEPOOIMTIHOCTH. Y CTONUUBBIE U HEYCTONYUBBIE MHOT00OPA3UI —
XOPOIIIO U3BECTHLIE B TUMEPOOINICCKON TeOMETPUN OOHEKTH, HA3BIBaEMEIE Opucde-
paMu. B IByMepHOM CIyduae YCTOUYUWBLIE M HEYCTOUYUWBHIE MHOTOOOPA3WA — BTO
OJHOMEpHBIE CEMEUCTBA BEKTOPOB, OPTOTOHAJBHBEIX K OKPYIKHOCTAM, KACAIOIIUMCS
npsavor Imz = 0, win eqUHUYHBIE BEKTOPHI, OPTONOHAJIBHBIE K [OPU3OHTAIBHBIM
npaMbiM. Opucdeps (B IByMEPHOM CIy9ae — OPUIUKILI) MOXKHO MOTY9aTh KaK IIPe-
JeBl OKPYIKHOCTER (CM. puc. 3).

Puc. 2. Puc. 3.

5. CUCTEMBI AHOCOBA. /luHamMu4eckue CUCTEMBI ¢ OTHOPOJHOM THIIEPOOJIMIHO-
CTBIO BCEX TPAEKTOPUU HA3LIBAIOTCA cucTeMaMu AHOCoBa (B 9€CTH POCCUICKOIO Ma-
TeMaTuKa AHOCOBA, KOTOPHIU uX BBeN). OHI BKAKOYAKOT B ce6A TPYIIOBEIE ABTOMOD-
(pU3BMBI TOPOB U UX HEIWHEWHBIE BO3MYINEHUA, TEOE3NICCKUE TOTOKN HA KOMTIIAKT-
HBIX MHOr000Pa3suAX OTPUIATENBHON KPABAZHEL I HEKOTOPEIE TPYTHE CUCTEMEL
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6. PACCEMBAIOMWE, WJIW TUNEPBOJUYECKUAE BUJJIWAP/ABL. Buimmapasr — 3To
IUHAMUIECKNE CACTEMEI, COOTBETCTBYIONINE PABHOMEPHOMY ABWXKEHUIO TOYKY TIOJO0-
XKUTEJLHON MACCHL BHyTpU HekoToponu obiactu (). Touka orpaxkaercs OT IpaHUILL
TaK, ITO YrOJ TAJCHUA PABEH YIVIy OTpaXkeHus. /[MHAMUKA TAaKOTO ABUKEHUA Pas-
peiBHA. CBOKCTBA OMIMADIA 3aBUCAT OT CBOMCTB €ro rpaHunsl 0(). Buammapa za-
3BIBAETCA TUIEPOONNIECKUM UIN PACCEUBAIONUINM, €CIU ero rpanuna 9 — BOrHyTa
(cM. puc. 4).

O

Puc. 4.

Kaxk u B ciyuae reoie3anvdeckux mOTOKOB HA MHOIOOOPA3UAX OTPULATEALHON KPH-
BU3HBI, TUTTAIHASA TOUKA UMEET YCTOUIUBOE U HEYCTOUINBOE MHOT000Opasusa. [Ipume-
PHI s ABYMEPHOr'O CIydas NMpuBeneHsl Ha puc. 5. Ocobble TOYKM HA DTUX MHOTO-
00pa3uax, UMEIoe BUI KJIOBA, COOTBETCTBYIOT TPAEKTOPUAM, KOTOPBIE B HEKOTO-
PBI MOMEHT KACAITCA PAHULEBL. B 5TUX TOYKAaX IUHAMUKA PA3pBIBHA. JHAMEHUTASA
CHCTEMAa YOPYT'O CTATKMBAIOIINXCA TBEPIBIX MIAPOB MOXKET TAaK¥XKe OBITh IpeCTaBIe-
Ha KakK OwnamapHas cucTeMa. ByHUMOBMY mOKa3aa TUIEpOOJMIHOCTH OWIIMapIa
BHyTpU cTaguoHa (craguon Bynumosu4va). Fasy us rBepabix chep u apyrum 6umiu-
apnaM mocssAmeHa Goabinas kuura non pegaxmuen /1. Caca, KoTopas HeIABHO BHINILIA
B u3naTeanbcTse lmpunrep.

Puc. 5.

7. CUCTEMBI CMEIJIA C AKCUOMOM A. ATTPAKTOP JIOPEHIA. C.Cwmena upex-
JIOXKWI PACCMATPUBATE IUHAMUYECKUE CUCTEMBI, Y KOTOPBIX CHIBHAS OJHOPO THAS [~
mepOOMNIHOCTE TOCTUTAETCS HA TPENeIbHOM MHOXKECTBE, MPUTATUBAIIEM BCE TPA-
ekTopuu. CMeWI HA3BaJA TAKAE CUCTEMBI CUCTEMAMU, Y IOBJIETBOPAIOIIAMI AKCUOME A.
Onu urpaior 60OJBIIYI0 POJIb B TOMOJOTMYECKOU TEOPUN TUHAMUIECKUX CUCTEM.

B 1962 roay E.Jlopenm npusen mpuMep CHCTEMBI U3 TpeX OOBIKHOBEHHBIX Mud-
(hepeHInaAIbHBIX YPaBHEHUE, KOTOpas 061aaeT MHOTUMEU CBOUCTBAMU CUCTEM C AK-
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cuomon A. OHa mMeeT OUeHb MTPOCTOU BUJ

d.’El
—= = —0ox1 + 023,
7 1+ 0x2,
d.’E2
—= =71 — T3 — 1T 2
dt 1 2 143, ( )
dxs
—= = —brs + x122.
o7 3+ T1T2
3xech 0,r,b — uucaoBele napaMeTpsl. E.JIOpeHI OTKPBLI 3Ty CUCTEMY NIPU UCCIe-

JIOBAHUY 3HAMEHUTON MpobaeMbl Benapa B ruapoannaMuke. OH 0OHAPY KW TIPU |U-
CJIEHHBIX PACIeTax, 9TO CHCTeMa (2) MpPU HEKOTOPHIX 3HAYEHUAX O, T,b TPOABIAET
CHJIBHBIE CBOUCTBA runepboiaudHocTu. [JecaThio rogaMu Mmo3XKe 3Ta CUCTEMa CTala
BECbMa MOILYJISIPHOU, U UAEH Xa0Ca HAYaIu NIPOHUKATE B (pusuky. [[pumepHo B 3T0 XKe
BpeMs Proonb u Takenc (PT) npeaaoxuim noHATHE CTPAHHOTO ATTPAKTOPA TPUMEHHI-
TeabHO K 1pobaeme Typ6yiaenTHocT. CTpOro rosops, cucrema (2) He y10BIETBODAET
oupepgenenuio PT, ognako ouens 6auska x nemy. O6bacuenue runepboauanoctu (2)
66110 a0 P. BuabamcoM n (HeCKOIBKO uHBEIM crioco6oM) AdpamosudeM, BHIKOBEIM,
HluasuukoesiM. Henasmo Takep mpu moMONIM KOMUBIOTEDHBIX BBIYUCJIEHUN HAIIEN
JOKazaTelbCcTBO runepboudaocTy cucremsr Jloperna (2).

8. OTOBPAXKEHUE DHO U ATTPAKTOP DHO. Baoxuosnenuwin paGorou E.Jlopen-
1a, (ppaHIy3cKut acTpoHoM M. JHO IpenToXua IUCKPETHYIO BEpCUI0 cucTeMbl Jlo-
perna (2), B YUCICHHBEIX DKCIIEPAMEHTAX JEeMOHCTPUPYIOIIYI AHAJOTMIHEIE CBOMCTBA.
Ona nmeet Busg (x1,22) — (1+ 22 —ax?, bzy), rae a,b — napameTprr. M. Berennk un
JI. Kapiecon gokasanu 3amMedaTenbHbBIE PE3YJLTATHL O IHIePOOIUIHOCTH OTOOpaKe-
HAK JHO.

9. IIOAKOBA CMEIZJIA, IF'OMOKJIMHUYECKHWE N I'ETEPOKJIMHUYECKUE TPAEKTO-
pun. Bcé 5To0 — MexaHW3MBI, TOPOXK JAIOIINE NHBAPUAHTHBIE MHOXKECTRA, COCTOAIIINE
3 TUnepOonInIeckux TpaekTopui. OOBYHO TaKme MHOXKECTBA UMEIT Mepy HYyJIb U
B HEKOTOPOM CMBIC/JE UCKIIOYUTEJNbHEL. TeM He MeHee, TDAEKTOPUU HA DTUX MHOXKe-
CTBaX OPOABJAIOT XaoTu4ueckoe nosegenue. [Ipeumymectso moakossr Cumenna, roMo-
KIMHAYIECKUX U TeTEPOKINHUIECKAX TPACKTOPUU B TOM, 9TO BO MHOTUX CAYUAAX UX
ropaszo Jerde OOHAPYXKUTH AHAJUTHIECKIMA UIN IUCICHHBEIMI METOTAMHU.

JIEKIUA 3. MATEMATUKA YCTOABIIETOCA XAOCA

13 runep601maHOCTY 1 HEyCTORIUBOCTH TPACKTOPHIL JECKO CIEAYET, 9T0 B TAKAX
CUCTEMAX YHUCI0 BO3MOXHBIX TUMOB TPACKTOPUU PACTET DKCIOHEHIMATLHO. MHOrMe
UX HUX — XA0THYIECKHE, IOTOMY 9TO OOIIee IMCI0 HEXAOTUIECKUX TPACKTOPHUU Pa-
CTET MENTECHHEE, I€M SKCIOHEHIMAALHO. TouHas popMyIMPOBKA TEPMUHOB U IIOH-
TUU, OTHOCAIIUXCA K DTOMY BOMPOCY, CBA3aHA ¢ TEOPUEN CJIOKHOCTU JUHAMUICCKUX
cucteM. MBI He OyneM 31eCh €€ 00CY K IaTh.

[leTepMUHUPOBAHHAA TUHAMUKA XAOTHYHA, €CIM OHA O0JATAET CBOUCTBAME CJIy-
YAWHBIX COOBITUY WU CIYIANHBIX SKCIEPUMEHTOR U3 Teopun BepoAaTHocTen. [lepson
OCHOBHOU TEOPEMOU TEOPUU BEPOATHOCTEN ABIACTCA 3aKOH OOJBINAX HUUCEJa O CYIIIe-
CTBOBAHUU ¥ YCTOUIUBOCTU BPEMEHHEIX cpeauux. OH MMeeT eCTECTBEHHLIU AHAJIOT



42 A.I'. Cunan

B AVUHAMUKE. A WMEHHO, OTpeaeuM A Jr60u OrpaHUYEeHHOU (PYHKIUU @ €€ Bpe-
MeHHOe cpegHee
1 u+t
lim — p(z(s)) ds = ¢(x(0))

t—oo t w

OpY yCJIOBUM, 9TO 3TOT mpefgen cymecTteyeT. OH He 3aBUCHT OT u, HO MOXKET 3aBU-
cetsb ot 2(0). Dproaudeckas Teopema Bupkroda yTBepxIaeT, YTO €CIU (i — UHBA-
pUaHTHAs Mepa, TO BpeMeHHOe cpeaHee CylmecTByeT s p-nodru Bcex Todex z(0).
Takum 06pa3zoM, MEPBLIA MAr B AHAMU3E XA0CA COCTOMT B BEIOOPE MHBAPUAHTHOU
MepHl i, OBBIYHO IUHAMWYECKNAE CUCTEMBl HMEIOT MHOTO THUIOB TPACKTOPUN: TEPUO-
IWYeCKAe TPACKTOPUHU, ACKMITOTHYECKAE TPACKTOPUN, TPAHZUCHTHEIE TPACKTODPUN
u 1. 11. Ecin Mb1 pukcupyem ji, TO MBI QUKCHPYEM HEKOTOPOE MHOXKECTBO TPAEKTOPHUN
C OJHOPOAHBIM PEKUMOM.

Ectb o0mue TeopeMel 0 CyIIeCTBOBAHUN 10 KPAUHEW Mepe OJHOM MHBAPUAHTHOU
Mepsl (04uH U3 IpuMepoB — Teopema Boromo6osa — Kpbuiosa qus IuHAMUYECKUX
CUCTEM C KOMIAKTHBEIM (ba30BBIM MPOCTPAHCTBOM ). BO MHOTUX Cay9asx CymeCcTBOBA-
HUE €CTECTBEHHBEIX MHBAPUAHTHEIX MEP CJAENYeT W3 3aKOHOB nWHAMuKH. Hampumep,
TAK HA3BLIBAEMBIE TAMUIBLTOHOBEI CHCTEMBL, FPYIIIOBLIE ABTOMOP(PU3MEL, T€0AE3MIe-
CKME TIOTOKYM Ha KOMITAKTHBIX PUMAHOBLIX MHOTOOODA3NAX, OWAINAPIE MMEIOT abco-
JIIOTHO HEMPEPLIBHEIC NHBAPUAHTHBIC MEPHI.

WseecTen obmun cnocod BEIOOpA €CTECTBEHHON MHBAPUAHTHOU MEPHI, HA3ZLIBAC-
MBI mHOTAA TpuHIUNOM Prosas. BosbMém mo6yo HOPMUPOBAHHYIO ILIOTHOCTH
p(x;0), [p(x;0)deydes - ... dog = 1. OHa mOpPOXKAAET MEpYy flo, AL KOTOPOU

% = p(q;, O) ﬂﬂﬂ aoborot > 0 n 01—‘paI'H/ILIeI'H'IOf;I ®

/ (@ () dpo (2(0)) = / ol () p(; 0) dr = / o(y)ply; 1) dy.

IlnorroCTH p(Y;t) yaOBIETBOPAET ypasHeHUo JlnyBuriisa

WIK ero aHAJIOry s caydas urepanuil. Eciu cymecTByer npeaedn

lim [ o(z(t)) dpo (z(0)) :/ap(y) ditoo (y),

t—oo

TI€E floo — TNPEIEIbHAA MEPA U [loo HE 3ABUCHT OT [ig, TO [loo — €CTECTBEHHAA MEPA.
Teopema Axo6cona u pesyabTaT Benenmkca — Kapraecoma, ymoMsaHyTHIE B MPEIHI-
OYIIEN JeKINW, TApAHTUPYIOT CYMIECTBOBAHME [l [JA COOTBETCTBYIONIAX CHCTEM.
1A TaMUILTOHOBEIX CHCTEM M APYTUX CACTEM, HA3BAHHLIX BBINIE, TPYIHOU 3a1a-
9el ABIAETCA TOKA3ATEILCTBO TOTO, 9TO [is, COBNANAET C ECTECTBEHHOUN A6COJIOTHO
HEMPEPHIBHON MEPON. JTa 3a4ada CBOAUTCA K JOKA3ATEIbCTBY MEPEMEIIUBAIOIIETO
CBOUCTBA UHAMUKY U OyaIeT 00CYKIaThCA HUXKE.

Teneps TPEATIONOKUM, UTO AJA AAHHON AMHAMUICCKOM CHCTEMBI BLIODAHA WH-
BapuaHTHaa Mepa . Teopema Bupkroda nossoaser spemenueM cpegauM @(z(0))
saBucers ot z(0). Mepa p maswsaercs sproauaeckoi, ecau ¢(z(0)) = [ ¢(y) du(y).
B sTom caygae sprogmeckas TeopeMa MPUHUMAET BUJ OOLIMHOTO 3AKOHA OOJBITNX
gucen. TepMUHOMOTUA TPOUCXOAUT M3 CTATACTUYCCKON MEXAHWKH, 4 TIOHATHE dPTro-
IWIHOCTH B HEMHOT'O MHOM Buae GbLI0 npennoxeno JI. Borbumanom.
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OO6BLIYHO O¥EHB TPYAHO MOKA3ATH, YTO NAHHAA WHBAPUAHTHAA MEPa DPrOAUIHA.
Hampuwmep, Mbr cemuac suaem Oaarogaps KAM meopum, 9T0 MHOTME TaMWILTOHO-
BBl CHCTEMBI, ONUCLIBAIOIIUE IUHAMUKY B3aUMOJECUCTBYIOIIMX YACTHIl, HE3PTOAUI-
uel. OOHAKO 071 TUOEpOOIMYECKUX NUHAMUYECKUX CHCTEM UMEETCA 00IIee paccy-
xaeHne J. Xomda, KOTOPOe YCTAHABINBAET SPTOAUIHOCTL. MBI ommInemM >TO paccy-
XKIEHNE, HO, KOHETIHO, 3TO He OyIeT HOJHBIM CTPOrEM NOKA3aTeabcTBOM. [lna mpo-
CTOTEI OTPAHMYIUMCA CIYIa€M KOMIAKTHOTO Pa3oBoro mpocrpancrsa. JocraTodno
PACCMOTPETH HEMpepBIBHBIE (MYHKINHU . PACCMOTPUM s TOYKK & €€ JOKATbHOE
ycToirunBoe MHOroo6pasme (¥ (), T.e. MAIYIO OKPECTHOCTH &, MPUHAIIEKAIILYIO
yerorampomy muoroobpasmio I'(*) (z), v()(x) € T¥)(z). Eciu cymecrsyer @(x), To
u @(y), y € ¥* makxke cymecrsyer, npuuém @(y) = @(x). Takum 06pasom, moka
Z JABUKETCA BIOJH JOKATHHBIX YCTOWYMBHEIX MHOTOOOPA3WN, BPEMEHHEIE CPETHUE B
MOJOXATENLHOM HANIPABJACHUN BPEMEHN OCTAIOTCA TEMHU XK€ CaMbIMu. [lpy nBuXKeHnn
2 BIOJL TPAEKTOPUYU BPEMEHHEIE CPETHME COXPAHAIOTCA IO OYEBUAHLIM MPUIMHAM.
OnHO U3 CIEACTBUN SPTOAUIECKON TeOpPeMEl Bupkroda yTBepX)1aeT, YTO A1 TOUTH
BCEX

lim & p(z(s))ds = lim 1 o(z(s)) ds
t—oo t t—oo t
Zt 0

u 06a mpegena CymecTBYIOT. DTO IMOKA3LIBAET, 9TO BPEMEHHELIE CPEJHUE OMHU W TE
XK€ NI MOYTH BCEX TOYEK JOKAMBHLIX HEYCTOWYUBHIX MHOTOOOpasuu. B rumepbo-
JUYECKAX CUCTEMAX MOYXKHO MEPEUTH OT HAYAIBLHOW TOYKHU K JH000U TOUKE B MAJIOU
OKPECTHOCTH HAYAJIBHOU, OBUIasfCh BIOJbL TpaekTopull (1) u JOKAILHBIX yCTOMYU-
BBIX U HEyCTOUYUBBLIX MHOrooGpasuu. [losromy Bpemennde cpeanee @(y) NOCTOIHHO
B MAaJOU OKPECTHOCTHU . Kak MpaBuio, He CAUIIKOM TPYAHO MEPEUTH OT JOKAJLHOU
SPTOAUIHOCTY K TJIOOATBHON.

J.Xond HCHOAB3OBAT 3TO PACCYKACHUE, YTOOBI AOKA3ATH 3PrOAUYHOCTH [EO-
IEe3UIECKUX MOTOKOB HA KOMIAKTHBIX MHOIOOOPA3UAX OTPUIATEIHHOU KPUBU3HEIL.
IMozguee oHO MpUMEHATOCH K cucTeMaM AHOCOBa, cHCTeMaM ¢ akcuomMon A u T. 1.
OHaKo 0Ka3aIoCh, ITO IPUMEHEHNE PACCYXKIeHMs XOmmda K PACCEMBAOIINM TUIED-
6oamueckuM Outmapaam — tpysuas 3agada (Byuumosud, Yepuos, Cunan, Muma-
uu, Cac u ap.).

IDProauyveckas TeopeMa 11 MAPKOBCKUX IETIeN YyTBEPK AT, ITO MPU €CTECTBEH-
HBIX YCJIOBUAX JI000€ HAYAIBHOE PACHPEAEICHIE CXOIUTCA K €AMHCTBEHHOMY CTAINO-
HAPHOMY paclpeneseHnio. AHAIOrOM B IUHAMUKE SBJISAETCS YIIOMSAHY THIU BBILIE TPUH-
mnn Prosss. B crywae aGCoa0THO HENPEPLIBHON MHBAPUAHTHON MEPHI € TMIOTHOCTBIO P
DTO O3HAYAET, UTO

/ o(@)ple, 1) dr — / o(@)p() de, t — oo 3)

B o6mien sproamyueckon TeOpuu MoCIeIHee CBOUCTBO HABBIBAESTCS TIEPEMEIINBAHNEM.
Koneuno, oTciona He caenyeT mOTOUeIHAA cXoquMocTh p(x,t) kK p(x). lIpocTrie mpu-
Mepbl NOKa3bIBAIOT, 4T0 Gyukuusa p(-,¢) npu 60AbMUX ¢ CTAHOBUTCSA OY€Hb HEPEry-
JAPHOU U (3) BBIMOJHAETCA BCJACICTBUE TOTO, YTO COAEPKAT HEKOTOPOE YCPENHEHNE.
Bo MHOTMX BaXXHBIX CAydasdX MpemedbHas MePa oo CUHTYIAPHA MO OTHOIIEHWIO K
mepe Jle6Gera.
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[lns TUnepGONMIECKIX CUCTEM TOKA3ATEIbCTBO (3) U CXOAUMOCTH K TPEIETy CO-
CTOAT U3 IBYX MIAr0OB, U 004 Mara MOXHO €CTECTBEHHO HHTEPIPETUPOBATE HA A3BIKE
TEPMOAUHAMUIECKOTO (hOPMAIU3MA, YIOMAHYTOro B Jekumu 1. [lepsom mar — mo-
Ka3aTeIbCTBO TOrO, UTO AMHAMEUKA MOpOkaeT Ha kaxgom I'(W(z(0)) mexoropymo
MHBAPUAHTHYO, HO HC HOPMAPOBAHHYIO Mepy. MeXaHnsM OnATL-TAKM MpOCT. Bepém
mepy JleGera ua T'(W (2(—t)) u eé o6pas ma '™ (2(0)), sarasaemeri sumamuxon. He
OY€Hb TPYAHO AOKA3AThH, ITO BO3HUKAIONIME IOTHOCTH CXOAATCA. B raagkux cucre-
Max ¢ CHJIBHON THHEpOOJAIHOCTEI0 CXOAUMOCTD DKCIOHCHITAATBHA.

BTOpO# mar coCTONT B TOM, 9TOObI MOKA3aTh, 9T cpegHee Ha motom ¥ (z) mo
[OCTPOEHHOU Mepe uMeeT npegen. IToT mwar 6onee TpyAubii. QOOBIYMHO N/ HETO HY K-
HEI CTIENUATBHBIE Pa30uennsa pa3oBOro MPOCTPAHCTRA, TAK HA3BIBAEMbIE MAPKOBCKUE
pasouenusa. Mul obcyauMm mx mo3gHee. BO3HMKAIONNE TAKUM TIYTEM MepPBI WHOTIA
nasoiBaiorcst SRB-mepamu (B wects Cunas, Prosas, Boysua).

CremyomuM IeHTPATBHBIM PE3YABTATOM TEOPUA BEPOATHOCTEN ABJIAETCA Mpe-
nenbHasA TeopeMma [aycca, OMMCHIBAIOIIAA TOBEAEHUE QAYKTYAIUN

t
% / p(z(s)) ds —

0

= [ (x)du(z). Ecin sTa npegeabnas TeopeMa BHIIOIHAETCA, TO yKA3aHHAS

v

B OOBIYHOM CMBICJTIE, HO HOPMUPOBAHHAA PA3HOCTDH

pasuocTs yopiBaeT kak Of Y Heé HET HUKAKOr'O ACUMITOTAYECKOIO PA3JIOKEHUS

t

Vil 1 [t -
0

IMEET YHUBEPCATLHOE TayCCOBO PACIPEIENeHne NMpu ¢ — 00. YHUBEPCATLHOCTEL B
IaHHOM KOHTEKCTE O3HAYAET, YTO ATO PACIPEICICHAE IOYTH He 3aBUCAT OT (0 U OT
MepH 1. Bosee TOYHO, Mepy ( MOXKHO 3aMEHMTE Ha IPOU3BOILHYI0 HEHHBAPUAHTHYO
Mepy, aOCOMOTHO HEMPEPBIBHYIO TI0 OTHOMICHUIO K /1.

B Teopun BepoATHOCTEN OpeaenbHas Teopema laycca NOKA3LIBAETCA MPHU Pas-
JWYHEIX TPEAIOIOXKCHUAX O HE3ABUCHMOCTH WIU CIa00U 3aBUCHMOCTH CIyIalHBIX
BCTUIVIH.

OKa3BIBAETCA, 3TO CBOUCTBO TAKKE BEIIOJIHACTCA I/ THIEPOOJNTECKIX TAHAME-
Jeckux cucTeM. [JaauM HEKOTOPEIE IOACHEHUA B CIy9ae OUCKPETHOIO BPEMEHH.

ITOT MOAXO] OCHOBEIBACTCA HA YMCTO MEOMETPUICCKOM WM, HGOJEE TOUHO, Hn-
CTO AMHAMUYIECKOM IOHATHH MAPKOBCKOrO pa30ueHma. 3aMKHYTOE€ I0IMHOXKECTBO
C' $a30BOTO MPOCTPAHCTBA HA3LIBAETCA MAPALIEIOIPAMMOM, €CIA OHO COCTOUT U3
JOKANBHBIX YCTOMYUBBIX W JOKAJBHBEIX HCYCTOMYIMBBEIX MHOTOOOPAZWi M KaxXJ0¢ JO-
KaJlbHOE YCTOMIUBOE MHOT00OPA3ME MEPEceKAeT KaXKA0€ JOKAIBHOE HEYCTONYIMBOE
MHOr006pasue B OJHOU Tque Ha6op napannesorpammos {Cq, Cs,...,C,} Ha3bBa-

eTcsa pa3OueHneM, ecin U C; — Bcé dasopoe npocTparcTso u C; N CJ =0C;NIC;.

Pasonenne {Cy, Cs, .. C } HABBEIBACTCA MAPKOBCKUM, €CIY [ KAXK OO JOKATBEHOTO
meycToiransoro (% C C, mo6oe mepecegenue Ty N C; ecTh JTOKAJIBbHOE HEYCTOH-
anBoe MHOroobpasue B C) ¥, aHAJIOIMYIHO, A1 KAXKIOI'O JOKAILHOI'O YCTOMHHUBOIO
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+(8) e C; moboe mepecedenne T~ 14(5) N C; — noKaxbHOE YCTONYHBOE MHOIOOOpa3ne
B Cj.

OOBLIYHO HETPYIHO NOKA3ATH, YTO MUNEpOHOINIECKAS CUCTEMA UMEET MAPKOBCKOE
pasbuenue. OMHO U3 TVIABHBIX JOCTOMHCTB MAPKOBCKUX PAa3OMEHUU 3aKII0YAETCA B
TOM, 9ITO IIOPOK NAaCMbIC IMU TAaK HAa3bIBAEMBIC CUMBOJXAYICCKNE ITPEACTAaBJACHUA INHA-
MUKU OKa3BIBAIOTCA MOBOJBLHO MPOCTHIME. /711 MApKOBCKUX pa3OueHun OECKOHETHOE

+oo
nepecedernne (| TFC;, memycto, ecan

—0o0
Ci, NTC4,, #9 mpu — oo < k < +00

MapxkoBckue pa3bueHus MO3BOJAIOT MPENCTABUTEH (PA3OBOE MPOCTPAHCTBO KAK
[IPOCTPAHCTBO PEATM3ALNUU CTAIMOHAPHOTO CJAYYAWHOIO MPOIECCca U3 TEOPUU Bepo-
ATHOCTEN ¥ MPUMEHWUTH BEPOATHOCTHBEIE MeTOAbl. Bo mHOTEX caydasx SRB-mepwr
MOXKHO TIPEACTAaBATH KaK rmOOCOBCKUE paclpeneneHus B CMbICAe JeKuu 1 .

BoT mpumep pesyabTaTa, KOTOPHU MOXKHO JOKA3aTh TAKUM MeToA0M. [Ipeamnoao-
KUM, MBI UMEEM MEPUOAUIECKYIO KOHPUIYPAIMIO OKPYKHOCTEH HA IIOCKOCTU. BhI-
GepeM crydanHoe HadaabHOe yeiosue (q,v), rae ¢ = (q1,q2), v = (vi,v2), v? +v3 =
= 1, ¥ pacCCMOTPUM IUHAMUKY OWIMADTHOU YACTUNLI C HAYAJBHBIM YCIOBUEM (¢, V).
OxaswiBaetca (Byunmosuy, Cunan), 9T0 pacupenejeHne HOpMAPOBAHHOTO CMEIIEHUA

%O O O @]

P P @

Puc. 6.

q(t)/\/f cxomuTcsa K Mepe BuHepa, T.e. IeTepMUHUPOBAHHAA TWHAMHUKA TIOPOXK TAET
nuddysuonnsin nporecc. O6brdHas KapTuHA OPOYHOBCKOTO NBUMKEHUS — 3TO IIe-
pEeMEeIIeHre MACCUBHOU YACTUILEL 10 BO3IEACTBAEM MHOTOYUACICHHBIX HE3ABUCUAMBIX
CTOJIKHOBEHUN C JETKUMU YACTUIAME OKDPYXKAIOUIET0 ras3a. B HameM ciaydae Jérkasd
YACTUIA ABUKETCA 10 BO3IEUCTBAEM CTOJIKHOBEHUN C MACCUBHBIMY HETIOABKHEIMA
qacTurnaMu u Auddy3usa BOZHUKAET U3-38 HEYCTOUIUBOCTU TUHAMUKU. DTO, BO3MOXK-
HO, TepeCTAET GLITH BEPHLIM TIPU 3aMEHEe OKPYIKHOCTEN Ha KBaJPATH.

Meorux uaTepecyer, B 4éM COCTOSIT OCHOBHBIE TOCTHKEHUS TeOpuu xaoca. Bor
HECKOJIBKO OTBETOB.

1. Pe3ayabTaThl, HOKA3LIBAOMINE, KAKAM 00pa3zoM oOpaTuMas AeTEPMUHUPOBAH-
Hasd IWHAMUKA MOXKET TMOPOXKIATh HeOOPaTUMOCTE. [IpuMep OBLT TPUBENEH BHIIIE.

2. AHanm3 MpOCTHIX CUCTEM CO CTPAHHBIMEU aTTPAKTOPAMHU, HATOLOOUE CUCTEMEI
Jlopenna. Okas3uBaeTcs, CA0KHASA TUHAMUKA MOXKET BO3HUKATH MPU MPOCTHIX YPaB-
HEHUAX IBUXKEHUS.
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3. YuusepcanprocTs DenrendaymMa mpU BOZHUKHOBEHUH XA0CA W TOCIEIOBATEIb-
HOCTU OuQyYpKaANUKN yIBOGHUA MEPUOAA. ITO 3aMedaTeJbHOe OTKPHITHE TEOPUU Xa-
oca, KOTopoe HabJIIIAJ0Ch BO MHOIMX SKCIEPUMEHTaxX. B maremaruxe 6iarogaps
€My BO3HUK TaK HA3LIBAEMBIN METO] PEHOPM-TPYTNNHI B TEOPUU NUHAMUUIECKUX CHU-
cTeM.

4. B npunoxeHusax TeOpUN JUHAMUYIECKUX CUCTEM UCIOJIB3YIOTCSA TAKWe [MOHITUA
TEOPUHU XA0CA, KAK TOMOJOIMYECKAA U METPUIECKAST DHTPOIIMS, JAIYHOBCKUN CIEKTP
7 T.T. DTU NAPAMETPHI MOXKHO OIEHUTH YNCICHHO ¢ JOBOJBHO GOJBIION TOYHOCTBIO,
M3 HYero TacTo YAAeTCA B3aAKIYUUTH, UTO HA TPOTAKEHUM OOJLIINX, HO KOHETHBIX
VHTEPBAJIOB BpeMeHHU cucteMa BegéT cebsa Kak rumnepbonmyeckas CUCTEMA C XaOTH-
YECKUMU CBOUCTBAMU.

5. f/I He gymaio, UTO Teopusa Xaoca fAajaa ITO-TMOO0 WHTEPECHOe A TUADPOMNHA-
MUKW, ¥, B YaCTHOCTH, nuas TypOyrenTHOCTH. BepoaTHo, MBI 10O cux mOp HE mMeeM
OOCTATOYHO XOPOIIEero IOHUMAHUA JUHAMUKY B DTUX CJIYYaaX.

ITOT TEeKCT caeayeT Oojsee Winm MeHee OJU3KO XeIPUKOBCKUM JEKITUAM, MPO-
qnranabiM B Jloc-Amxkenece B aBrycre 2000 roga. MHOrue BaXKHBIE TE€MBI TEOPUN
xaoca B HéM npomnyiiensl. [Ipexkne Bcero s mmer B BuAy 3amMedaTelbHBIE PAaOOTHL
[. OpuCcTenHa W €ro KOMIer Mo TMpobaeMe M30MOpP(PU3Ma AUHAMUYIECKUX CUCTEM U
CTOXHOCTY AuHAMUKY, padoTh /x. Mesepa, I'. Kcua o meycronumnsoctu u guddysun
ApHONBIA B raMUIBTOHOBEIX CUCTEMAaX W T.A. Bce 3Tu TeMbl TpeOYIOT OTAEABHOTO
M3JI0KEHUS.
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MarmmHbI, Jormka 1 KBaHTOBaA PU3NKA

M. Moux A. Oxkept P. Jlynauunn

XOoTA UCTUHBI JOTWKHA ¥ IUCTOU MATEMATUKU OOBEKTHBHBLI U HE 3ABUCAT OT
W3BECTHBIX HaM (GaKTOB WIM 3aKOHOB TPUPOILI, HAIIE 3HAHUE DTUX UCTHUH CY-
MIECTBEHHO 3aBUCHAT OT 3HAHWA (PUINIECKUX 3aKOHOB. 110ATBEDXKICHUEM TOMY
CIyXKWT HEJABHWH IPOTPECC B KBAHTOBOU TEOPWUM BLITUCJICHWM, BLIHY XK JAIONIAN
OTKA3aThCA OT KJACCHICCKOW TOYKM 3DEHUA HA BBHITUCICHHE (A, CIeI0BATETH-
HO, ¥ HA MATEMATHIECKOE JOKA3ATETHCTBO) KAK HA YMCTO JOTHIECKOE TTOHATHE,
HE 3aBHUCAmEE OT PU3MIECKON TpUpPOas! BerauciaeHuda. OTHBIHE NOKA3ATEALCTBO
TOMKHO PACCMATPUBATECA He KaK a6CTPAKTHBIN 00HEKT WM MPOIECe, a Kak ¢u-
3MYECKHU NPOuecC (PA3HOBUAHOCTD BEIMHCACHNA), PE3YALTATEL U JOCTOBEPHOCTD
KOTOPOI'0 3aBUCAT OT HAIero 3HAHUA (PUBMKHU UCIOIL3YEMOr0 BEIMUCIATEILHOIO
YCTPOUCTBA.

1. MATEMATUKA U ®UBNYECKUN MUP

Hoamuuno Hay4yHoe!) 3manme He mMeeT ampuOpHOrO 060cHOBaHmA. OHO HOIKHO
(bOPMyIMPOBATHCA KAK TUTOTE3A, TPOBEPAEMas BIOCICACTBUM DKCIepUMeHTOM. [1o-
DTOMY 3HAHUA HYXKHO BBIPAKATE HA A3BIKE, TPUTOTHOM /I BHICKA3LIBAHUA TOYHHIX,
SMIUPUIECKU TIPOBEPAEMBIX YTBEPXKIEHUU. TaKuM S3LIKOM ABJISETCS MATEMATHUKA.

CamMo mpu3HAHUE BO3MOXKHOCTH TOJYYECHUA HAYIHBIX (B YKA3AHHOM BHIMIE CMBI-
CJIe) 3HAHUY YK€ TPUBOAUT K OMPENeJIEHHBIM MPENCTABICHAAM O (PU3UIECKOM MUDE.
Kak rosopun Tanunen: «Bcenennas nanucana na s3pike Mmarematuxuy [5]. Beegenue
lanuneem B pusuky mMareMaTudecku GOPMYJIUPYEMBIX, SMIUPUICCKYA MPOBEPAEMBIX
TEOPUM O3HAYATO MEPEXO] OT APUCTOTEIEBCKOTO MOHUMAHUA (HDU3UKM, OCHOBAHHOTO
HA ATPUOPHBIX MPUHIIATAX, K COBPEMEHHOMY CTATYCy €CTECTBEHHOU Hayku. BmecTo
[IOUCKOB HEMOTPEMIMMOT0 YHUBEPCAILHOI'O MATEMATHIECKOrO IIAHA MUPO3 IAHUA Ma-
JUIEEBA HAYKA UCTIOIB3YET MATEMATUKY IS BHIPAKEHUA KOINIECTBEHHBIX TPeICKa-
3aHUN, OTHOCAIAXCA K OO0BEKTUBHON (DU3WIECKON PEATHHOCTH.

Nrak, MmaTeMaTuka — S3BIK ONMUCAHUSA HAINUX 3HAHUU O pusndeckoM Mupe. A3bik
3TOT HE TOJBKO HEOOBIMAWHO BBIPA3UTENEH M TOYEH, HO U BMPEKTUBEH B MPAKTHU-
qeckux npmroxkennax. FO mxua Burtep ofpaman BHUMAHNE HA «HEITOCTMKUMYIO d(h-
(EKTUBHOCTB MATEMATHUKY B HUsuydeckux Haykax» [12]. Ho Tak m yx HemocTmxnMa
WK CBEPXBECTECTBEHHA 3Ta 3PPEKTUBHOCTE

IMocMoTpuM, Kak MBI m3ydaeM MaTeMaTuKy. VIMeeMm Jiu MbI, TOUHEE, HAII MO3T,
OpAMON JOCTYI K MUDPY a0CTPAKTHHIX MOHATUN W OTHOMEHUA Mexkay Humu? (B sTo
sepua [lnarown, a ceiruac Takyo To4ky 3penus samumaer Ponxep Heupoys [8].) Uaun

http://xxx.lanl.gov/math.H0/9911150 IlepeBox ¢ HE3HAYUTENBLHBIME COKpaImeHuAMU. Ilepe-
poguuk M. H. Banwiu.
DIlo-pyccky 0GEIYHO [OBOPAT — eCTEeCTBEHHO-HAay4IHOe. IIpuM. mmep.
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MBI U3y4YaeM MATEMATUKY OMBITHBIM MyTEM, B3AUMOAEUCTBYA C (PUIUICCKAMU O0H-
ekTamMu! MBI CKIOHAEMCS KO BTOPOMY BAPUAHTY. DTO HE O3HAYAET, YTO MATEMATHU-
YeCKHUE CYLUIHOCTU SIBJIAIOTCA B KAKOM-IMO0 CMEICIE YACTHIO (PU3UIECKOI0 MUPA KN
MPOM3BOAHET OT Hero. MuI He oTpuIiiaeM 0Co0yI0, He 3aBUCAIIYIO OT TPENIUCAHUN 3a-
KOHOB TIPUPOIBI, PEATBHOCTD YUCET, MHOXKECTR, TPYIN 1 anredp. X CBONCTBA BIIOJIHE
obbexTuBHEBL, Kak u nosaraa [lnaron. Ho mamer HAM 5Tu CTPYKTYPHI TOABKO dYepes
dusugeckuu Mup. Jlums pusndeckue 06BEKTH, OYIb TO KOMIBIOTED WU YeJI0BeYe-
CKUU MO3T, al0T HAM BO3MOXHOCTDL 3arJAHYTH B aOCTPAKTHLIU MUP MATEMATUKH.
Ho xax?

MATEMATUKA M3BECTHO, YTO MPOCTHE (PUBMUECKME CUCTEMBI (MAJBIEI, CIETHHIE
HAMOYKU MU CIETHI) MOXKHO UCHOJIL30OBATL [Js NPEJCTABICHUA HEKOTODHIX MaTe-
MaTUYECKUX CYLIHOCTEM W AercTBUH. VcTOpUYecKu MMEHHO apudpMeTHuIecKue Ieu-
CTBUs YAAJIOCH TEPBBLIMU MOPYYUTHL MammHaM. Kak TOALKO CTal0 ACHO, ITO CJIO-
JKEHME W YMHOXKEHUE MOXHO Pas3buTh HA [OCJAEI0BATENBHOCTH OA3UCHBIX IPOLEYD,
peanu3yeMblX (PU3NIECKUMU ONEPALUAMU, MEXAHUIECKUE YCTPOUCTBA, U300peTEH-
ueie Baesom Ilackanem, Tordpugom Bunbreaomom JlembuuieM u Apyrumu, Hada-
JII OCBOBOK ATH JIONEU OT YTOMUTEILHEIX pabOT BPO/E TTEPEeMHOXKEHUA IBYX GOJIb-
mux uucen [6]. B XX Beke cregom 3a apudMETUKOU yAaIOCh MEXAHU3UPOBATL U
JIOTUYECKOE IOHATHUE BHIYUCIUMOCTU. ITOOBI (pOpMaIM30BaTh NOHATHE «3hHEKTUB-
HOCTHY, MOJPA3yMEBAEMOE B MHTYUTUBHOM MPEICTABICHUNA O BHIYUCIUMOCTH, OBLIN
uzobperensl Mamuubl Thiopunra. Anan ThOpUHI TpPeANONOXKUI, ITO Te abCTPAKT-
HBIE MAIIWHBI, C IOMOIIBI KOTOPHIX OH OMNPEIEJNU]T BBIYKUCICHUE, CIIOCOOHBI BHIIOJ-
HUTHL JIO0YI0 Koweunylo addexmuenyto npouenypy (aaropurm). CTOUT OTMETHUTH,
YTO MamuHbl THIOPMHTA 3aIYMBIBAINCH TAK, ITOOBI BOCIPOU3BECTH JIOO0OE TOTHO
onpeeJéHHOE AEUCTBUE, HA KOTOPOE CIOCOOEH %ea06eK-8bluUCAUMEb, CIAEAYIONNN
npeguucaHaeiM uHCTPyKumaM. Merox Troopunra cocrosn B TOM, 9TOOBL IyMaTh
B TEPMUHAX (PUBUUECKUX MEUCTBUUN U TPENCTABIATH KAXKIOE TEUCTBUE, BHIMOJHAC-
MO€ BBIMUCIATENEM KAK «HEKOTOPOe U3MeHeHUe (PU3UYECKOU CUCTEMBI, COCTOAIIEN
u3 BeraucauTens u ero jgentsd [11]. Ilockoabky pesyabrar paGOTBL HE 3aBUCUT OT
croco6a MOCTPOEHUs «MAIIUHBI MJIs BBHIMOTHEHUA PAOOTHI DTOT'O BBEIMUCIUTENTY, Dh-
(PEKTUBHOCTE YEIOBEKA-BEIUYUCIUTENA MOXKET OLITh WUMUTUPOBAHA JOTUYIECKON Ma-
LIMHOU.

Marmmmna Toiopuara 66113 a6CTPAKTHBIM TOHATHEM, HO 6,1ar01aps MOCAEIYIOMIEMY
[IPOrPECCY AITOPUTMBI CEUIAC UCTIOMHIIOTCA PEATBHBIMYA BEIYUCAATEALHBIMEA YCTPOU-
cTBaMu. BO3HUKaeT €CTECTBEHHBIM BOMPOC: KAKUE JOTMYECKUE MPOIEIyPH MOXKeT
UCTIONHUTE pusmieckoe ycTpoucTso? Teopusa mamus ThiopuHra TPUHIAIHAILHO HE
MOXKET OTBETHUTh HA DTOT BOMPOC, PABHO KAK U JIOOOU NOAXO[T, OCHOBAHHBIA HA (POP-
MAJU3AIUY TPAAUIMOHHEIX TPEACTaBIeHun 06 >hGEKTUBHBIX MpoIlerypax. BMecto
STOT0 HYXKHO 0000muTh njieo ThIOpUHTA O METaru3aYyuY TPOLUETYD, B YaCTHOCTH,
IPOLEYD, CBABAHHBIX C MOHATUEM BBHIBOAUMOCTH. DTO MO3BOIUIO OBl ONPEIEIUThH Ma-
TEMaTUYIECKOE NOKA3ATEIHCTBO KAK HEITO MEXAHNYIECKHN BOCIPOU3BOANMOE U 33, CIET
3TOr0 >(PPEKTUBHO TPOBEPSIEMOE. YHUBEPCATHLHOCTh U TOCTOBEPHOCTH JOTHUECKUX
TPOIEYP TAPAHTUPYIOTCSI TPU TAKOM MOIXOMe HAIUUNEM MEXaHWIEeCKUX MPOUenyp,
3(pdHEKTUBHO BHINOMHAOIMX Jorudeckue geuctsusa. U we 6onee Toro. Ho ¥ro suadur
BKJIOYATH PEATbHBIE (PU3NYECKNE MAIIMHBI B ONPENeIeHNe JOTUYIECKOTO TTOHATUSN !
" 4T0 MOXKHO U3 3TOT0 3aKIOYUNTE, B TPOTUBOTOJOXKHOCTE Buruepy, 06 «xddekTun-
HOCTU QU3UKU B MATEMATHIECKAX HAYKAX) !
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AGcTpakTHBIE MOTEIN MAIIKH, UCTOAb3YEMbIE B KIACCUYECKOU TEOPUN BBIUUCIE-
HUU, ABIAIOTCA YACTO MATEMATUYECKUMU MOHATUAMEI, KOTOPHIM MOXKHO MPUIACATH
JIOOBIE HE TIPOTUBOPEYAINUE IPYD APYry CBOUCTBA. W3yueHue peanbHBIX BBIMUACIA-
TEIBHBIX YCTPOUCTB KaK (PU3NIECKUX OOBEKTOB [OJKHO YIATHIBATL UX (PUINTECKUE
CBOWCTBA U TIOTOMY ONUPATHLCA HA 3aKOHBI Tpupoasl. Marmmusl Triopurra (¢ mpouns-
BOJIBHO JJIMHHGIMHY JEHTAMU) MOXKHO OCTPOUTH, HO HUKTO HTOr'0 HE [eJaJl, Pa3Be 410
my Ty pagu. Ouu 6buiu 661 09€Hb MEIJIEHHBIMY U TPOMO3 AKuME. VMeromuecs cendac
KOMIBIOTEPHI Ky 1a aydrre. Ho modeMy MBI yBEpEHBI, 9TO KOMIBIOTEP MOPOK JAET TOT
e BBIXON, YTO U COOTBETCTBYIOIIAA a0CTpakTHaa mamuua Thiopuura? Wam maxe,
[OYEMY, IOKPYTHUB PYUKY apudMOMETpPa, Mbl YBUIUM B UTOrE NPABUILHBIA OTBET?
Benb HukTO He MpoBEpSIET MAIIKHY, CICAYA 33 BCEMU BO3MOXKHBIME JOIMYECKUMUY 1A~
raMu, Wi [enas BCE BHIYUCICHUA, KOTOPhIE OHA MOXKET BHITIOJHUTE. [Ipex e Bcero,
ecau ObI Y KOTO-TO OBLIA BOBMOXHOCTE U KEJaHUE NeIaTh TaKue IPOBEpPKU, He Obl-
JI0 OBl HYXK Bl B M3MOTOBJIECHUM KOMIbIOTEPOB. IlpudnHa, 0 KOTOPOU MBI AOBEPSIEM
MAIIMHE, He MOXKET OCHOBBIBATHCA IEIUKOM HA JOTUKE, OHA TAKIKE BKIHOYAET B Ce0s
HAIlle 3HAHWE TPUPOMLI 3TOW MAIIMHEL. MBI OMMpaeMcsa HA BAKOHBI (DUBUKU, YIIpPa-
BJSIIOIINE BBIYUCJACHUEM, T. €. GU3MYECKUM MPOLECCOM, KOTOPLIU HEPEBONUT MALINHY
U3 HAYAJIBHOI'O COCTOsAHUS (BXOJ) B KOHEUHOE cocTosHue (Bhxon). Boaee Toro, nam
AHAIM3 OMMPAETCA HA (PUBUIECKNE TEOPUM, KOTOPHIE TIOITBEPK NAIOTCS UIN OIPOBEP-
raioTcs skcnepuMeHTaIbH0. C 5ToU TOYKM 3peHus ThIOPUHD HA CAMOM A€Je MPenno-
JIOXKUJ, 9TO BO3MOXKHO CKOHCTPYUPOBATH YHUBEDCAJBHBIN KOMIIBIOTED: MAIIUHY, KO-
TOPYIO MOXKHO 3aMIPOTrPAMMUPOBATE HA M000€ BEIYUCICHUE, TOCTYIHOE KAKOMY-JI100
dmsmaeckoMy 00BeKTy. [pyrumu croBamu, BO3MOXKHO TIOCTPOEHUE OJHOTO (hU3mde-
CcKOro 06beKTa, CIOCOOHOT0, PK HAAIEKAIIEM OOCAYKUBAHUNA, UCTOYHUKE DHEPTUN
U PACIIMPEHUN NAMATUA OPU HEOOXOAUMOCTH, TOYHO UMUTHUPOBATH IOBEJIEHUE U Pe-
KUY JI000T0 APYroro GU3NIecKu BO3MOXKHOTO OOBEKTa WIN mpomecca. ['umoresa
Teiopunra B sTou Gopme (B aHAJOrMIHOM KOHTekcTe [loid HasBal e€ IPUHIUIIOM
Yépua — Trropunra [3]) MOXeT PacCMATPUBATHCA KAK yTBEPKACHUE O (DUIUIECKOM
Mupe.

EcTb oueBnanbie u gorudeckue, u GpU3NIECKUE OTPAHUICHUS HA BO3MOXKHBIE BhHI-
gncrenus. HampuMmep, 10ruka roBOPUT HaM, 9TO HUKAKAS MAIINHA HE HAUAET Gosee
OHOT0 YETHOrO IPOCTOrO YUCJAA, B TO BPEMsA KaK (PU3UKA yTBEPKIAET, 9YTO HUKA-
Kas MAIIMHA HE MOXKET HAPYIIUTH 3aKOHBI TepMOAUHAMUKHA. Jlormueckue u pusu-
YeCKMe OTPAHUYEHUs MO CYTH CBABAHBI MEXKIY COOOU, KaK TOKA3BIBAET «IPOOJIEMA
OCTAHOBKMY. V3 JOrM4ecKOro aHaamsa CaeayeT HECYIIECTBOBAHUE ATTOPUTMA, KOTO-
PBI ONpenensaeT, OCTAHOBUTCS JIU JAHHAS MANIUHA, HAYMHAIOMAA paboTy U3 JaHHO-
ro cocTosuusa. C PU3NIeCKON TOYKN 3PEHUA DTO O3HAYAELT, UTO HEKOTOPHIE MAIINHBI
Heaw3a co3aarhk. ChopMyaupoBaHHas TAKUM 06pa3oM, MpobaeMa OCTAHOBKYU CTAHO-
BUTCs1 YTBEPK JEHUEM O (PU3UUECKOU PEATbHOCTH.

Tak oTkyaa xe 6epércsa >3PPEKTUBHOCTL MATEMATUKU! IJTO HE MPOCTO UYIO,
¢BOCXUTUTEJIBHBIN [P, KOTOPBIM MBI HE TIOHUMAEM, ¥ KOTOPOT'O MBI HE 3aCJHyKUBa-
em» [12]. Tlo xpanHen Mepe, 5TO HE GOJBIIEE UYI0, 9eM CIOCOGHOCTH K MOCTURKEHNIO
dMRUPUYECK020 3HAHUA. Hallle 3HAHME MATEMATUKA U JOTUKYM HEPAZPHLIBHO CIUIETEHO
€O 3HaHUEM O (U3NYECKOU PEATBHOCTH: MPUEMAEMOCTH MATEMATHYECKOTO AO0Ka3a-
TENBLCTBA 3ABUCUT OT TOTO, KAK MBI TPEICTABIIEM MPABUIA, KOTOPHIM IO TIAHAIOT-
Cs1 HEKOTOpBIE (pu3muecKne OOBEKTH, TAKNE KAK KOMIBIOTEPHEI WM HeJOBEYECKUN
mo3r. CenoBaTeabHo, IPOrpece B MOHUMAHAN (PU3UIECKON PEaNlbHOCTH MOXKET IaTh
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CPeICTBA [IJa YIAYINIeHUA TOHUMAHNUSA JOTUKN, MATEMATUKYA U (POPMATBLHBIX TTOHATHN.
Tak ITO MBI BEIHY XK T€HBI TPU3HATH 3aBUCUMOCTL MaTEMATUIECKOTO 3HaAHUA OT (PU3U-
ku (HO, mog49epKHEM ellé pa3, He MaTeMaTUIeCKUX UCTUH caMuX 10 cebe). A pa3 Tak,
MOpa OTKA3LIBATHCA OT KJIACCHYECKOW TOYKW 3PEHUsA HA BBEIYUCJICHNE KAK HA UUCTO
JIOTWYECKOE TIOHATUE, HE 3ABUCAIIECE OT (PUBUIECKON TPUPOARI BhIAMCAUTENA. Huxe
MBI IOKaXXeM KaK, B 9aCTHOCTHU, KBAHTOBAsg MEXAHUKA MEHAEeT MOHUMAHWE [IPUPO I
BBIMUC/ICHUS.

2. KBAHTOBASI UHTEP®EPEHIIUS

Y1066 OOBACHATD PA3HUILY MEXKY KBAHTOBBLIMU KOMIBLIOTEDAME U UX KJIACCH-
9YECKUMU AHAJIOTAMU, HAYHEM C ABJICHUA KBAHTOBOUW mHTepdeperunu. PaccmoTpum
BBIMUCAUTEIBHOE YCTPOUCTBO (MALIMHY), YbUM BXOLOM MOXKET ObITH OZHO U3 ABYX
cocrosiaum, noMedeHunx 0 u 1.

Jra mamusa npeopasyer Bxox a (0 mwim 1) B Beixox b (0 mam 1) ¢ BeposTHO-
CTBIO Dgp. Kaxkercsa oueBugubIM, 9TO puc. 1 (BEPOATHOCTH pyp MOMKHEL YIOBJIETBO-
PATH CTAHJAPTHOMY YCIOBHIO ) , Pap = 1) ONHCHLIBAET BCE yCTPOUCTBA, OTOGpaxa-
romue {0,1} B ceba. (JercTBue MAIIMHLI HE 3ABUCAT OT WHOK MH(MOPMALMHU, HOIA-
BAEMOU Ha BXOJ WM XPAHANUICHCA B NAMATH.) ECTh IBa MpefebHBIX CAydas, KOTaa

0 Apoo ~ 0
Dot
DP1o
1 1
\/ \/
P11

Puc. 1. Cxema manboaee obmero ycrpoucrsa, orobpaxkawomero {0,1} B ceba

HOBEJEeHUe YCTPOUCTBA e TEPMUHUPOBAHO: IPU Po1 = P1o = 0, poo = p11 = 1 (Toxkzge-
CTBEHHOE IPe06pa3oBaHue) U IPU Po1 = Pig = 1, poo = p11 = 0 (orpunanue not).
B ocTanbHBIX Caydasx UMeeM YCTPOUCTBO CO CAYIaUHBIM noBeneHreM. IlycTs, k mpu-
MEPY, Po1 = P1o = Poo = p11 = 0,5. BHOBB KaKeTCA OUEBUAHBIM, UTO €AVUHCTBEHHBIN
BUJ TAKOW MAIIMHLI, 3TO CJAYy9YalHLIN IePEeKAIYaTeNb, PABHOBEPOATHO NIpeobpas3yo-
UM KK B BXOM B OJUH U3 ABYX BO3MOXKHEIX BHIXOMOB. OIHAKO 5TO HE Tak. Mer
uMeeM B BUAY MAIIUHY, VAOBIETBOPAIONIYIO TOMY K€ CBOUCTBY, HO TAKYIO, YTO TIpU
[OCJEJOBATEABHOM COEIUHEHUN IBYX OQUHAKOBBIX DK3EMILIIPOB €€ HA BBIXO /e BCErIa
HOLYYaeTCs OTPULaHKe Bx0oaa (puc. 2).

DTO yTBEpPKACHUE PAJUKAILHO IPOTUBOpeUnT MHTyurmn. Kaxnas MamubHa 10
oTaenbHOCTH BBHITAET 0 mam 1 paBHOBEPOATHO M HE3ABUCUMO OT BXOJIa, HO MBE IO-
CTeTOBATENBHO COCAUHEHHBIE MAININHBI PEATU3YIOT JOTUUIecKylo omepanuio not. Ilo
STOU NMPUYMHE HA30BEM TaKylo MamuHy v/not. B joruke takou onepanuu HeT, Tak
YTO PA3YMHO TPEATOIOKUTE, YTO MAIKUHA v/ not He cymectsyer. Ho Ha camoM mene
Takasg MamuHa B pupoge ecTsb! [I1a ¢pusuka, uaydarmonero oJHOIACTUIHY0 UHTEP-
(epennuio, IOCTPOEHNE TAKOU MAIIMHLEL — OOLIYHOE feo. IIpocTennuy BapuanT —
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OINHAKOBEBIC

Puc. 2. IlocregoBaTeabnoe NOAKIIOICHAE ABYX OAUHAKOBBIX MAIIHH, 0TOODAaXKaro-
mmx {0, 1} B cebs, xkaxgas u3 KOTOPBIX pAGOTAET KaK CAYIAHHBIA MEPEKII0TATENb.
Ilpm mocaegoBaTEIEHOM IO AKIIOYEHAN CIYIAUHOCTE ACIE3AET: CYMMADHBIA 3(PPEKT
eCcThb Jorudeckas onepamusa not. ITo 0IeBUAHBIM 06PA30M HPOTHBOPEIUT AKCHOME
aIATUBHOCTH TEOPUU BEPOATHOCTEH!

HOIYIPO3PATHOE 3EPKATIO, T. €. 3ePKAJI0, ¢ BepoATHOCTLI H50% oTpaxkaromee ma 1axo-
muy Ha Hero GoToH, u ¢ BeposTHocThio 50% nponyckaromee ero. Ilocaegosarensuoe
COEMMHEHNE NBYX DTUX MAIIMH DEATU3YETCA ABYMsA MOJYIPO3PATHBIMU 3E€PKATAMU,
npu »ToM (OoTOH o3HadaeT (, ecaum OH HAXOAWTCA HA OJHOM K3 NBYX BO3MOXKHBIX
nyTed, 1 1 B IPOTUBHOM Caydae.

YuraTenb MOXKET TIONHTEPECOBATHCA, ITO AAAThH C AKCUOMOU aJ TUTUBHOCTHU TE-
OpUHU BEPOATHOCTEN, Y TBEPK JAIOIIEN TIPO Mapy HECOBMECTHRIX COORTUN Fy u Ka, 910
BEPOATHOCTL cobuitua Ey or Ey ecth cymma BepoarHocTen cobuitun Ey, E>. Benb
nepexoq 0 — 0 B COCTABHOM MAINKMHE MOXET MPOUCXOIUTH MBYMS B3aUMOUCKJIIOYA-
omuMu crnocobamu: au6o 0 — 0 — 0, 1u6o 0 — 1 — 0. VIx BepoATHOCTH PogPoo U
Po1P1o COOTBETCTBEHHO, 3HAYUT, CYMMA PogPoo + Po1P1o PABHA BEPOATHOCTHU MIEPEX0 A
0 — 0 B moBou Mamuue. OHA OTAUYIHA OT HYJIsA, €CJAU Pog WIK Po1P1o OTIAMGHO OT HYJIA.

BeIxon 0

EeNUHUIHAA
= JacTHIA g
= i
S L 8
% =
= —

Bxo1 1

Puc. 3. OxcnepumenTaabHas peaausanus saemeaTa v/ not. Ioxynpospadtoe 3epkaio
OTpaxaeT MOJIOBUHY MaJaollero Ha Hero ceeTa. Ho equHmdHBIR (hOTOH He pacienii-
eTCA: KOrga MBI IOCBLIAEM (POTOH CKBO3b TAaKO€ 3e€PKAaJO, PETUCTPUPYIOTCA Bbixog 0
i Beixo 1 ¢ paBabiMu BeposTHOCTAMH. He Hy)HO gyMaTh, 04HAKO, 9T0 (POTOH IPO-
XOAUT 3€pKaJI0 MO OJHOMY W3 JBYX CAVIAWHO BEIOPAHHEBIX MyTEH, OH UAET 10 060UM
myTam! B 5ToM MOXHO yOEAUTHCA, COCAUHAA MOCACIOBATEIBHO BA TTOAYIPO3PATHBIX
3epKaJa, KaK II0Ka3aHO Ha CJAeAYIOIIeM DUCYHKe
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BeIxXO 0

/HyTB 0 ’
OyThb 1/

1 Foxiag

Bxox ()
]

Bxox 1

Puc. 4. OguovacTudaas uHTEPhEPEHINI — SKCIEPUMEHTANBHAA DEATUIAIHAA ABYX
COEAUHEHHBIX MOCJAEA0BATEABHO 3JEMEHTOB \/not. POToH, KOTOPBIH BXOAUT B HH-
Tepgepomerp depes Bxox 0, Bcerga momagaeT B AeTEKTOP V BbIXoga 1 ¥ HUKOTIA B
ageTeKkTop y Beixoga 0

U TeMm He MeHee MBI MOCTPOUIN MAIINUHY, B KOTOPOU Pog 1 Po1P1g HE PABHEI HYJIIO, &
BEPOATHOCTH nepexoaa 0 — 0 B cCOCTABHOM MAIMHE PABHA HyJi0. UTO XK€ HEBEPHO B
MPUBEIEHHOM PACCY XK ACHUN?

Hesepro To, ¥To mpomecce 0 — 0 — 0 u 0 — 1 — 0 B3auMHO MCKJIIOYAOT IPyT
opyra. Jlroboe o6bsacHeHne, KOTOPOE IpeAnonaraer, 9To (pOTOH u3bupaeT OguH U3
IBYX myTen 1o uaTepdepoMeTpy, IPUBOJAUT K BHIBOAY, YTO KaXKIbIM U3 AeTEKTOPOB
IoJXKeH cpabaTHIBATE B CPEIHEM B MOJOBUHE CiyyuaeB. HO bKCIepUMEHT MOKA3LIBAET
o6paTuoe! Tak 9T0 Ha caMOM €€ MPOUCXOAAT 004 Tepexo1a 0 THOBPEMEHHO. JTO He-
JIb34 [MOJAYIATEL HU U3 TEOPUU BEPOATHOCTEN, HU U3 JOOU IPYrOM MAaTEeMaTUIeCKON
KOHCTpYKInu. Takoe 3HAHNE MOXHO TONYYUTh U3 HAWIY N UMEIOIENCA B HACTOA-
U MOMEHT (DU3NIECKOU TEOPUH, & UMEHHO, KBAHTOBOW MexaHuku. KBanToBas Teo-
pus 0OOBACHIET MOBeAeHNE v/ Not U NPABUIBHO NPEICKA3BIBAET BEPOATHOCTHU JJs BCEX
BO3MOXKHBIX BBIXOJOB IPHU JIOOBIX CIOCO0AX COEIUHEHUS TAKUX MAIIWH. DTO 3HAHUE
BOBHUKJIO KAK PE3YJIbTAT TUTOTES, DKCTIEPUMEHTOB U onpoBepxkenun. CaenoBaTensHo,
HA OCHOBAHUU (PU3UIECKUX DKCIEPUMEHTOB, TMOATBEPK JAKIINX DTy TEOPHUIO, JOTUKI
BIIPABE BBECTU HOBYIO JOTMYIECKYIO ONEPAIHIO v/ Not, TOCKOAbKY PU3NIecKas MOIeab
IJiA He€ CyIecTByeT B mpupome!

PaccMoTpuM Temeph MaTeMaTUYECKUU aNNapaT KBAHTOBOU MEXAHWKW, C TTOMO-
B0 KOTOPOr'O ONUCHIBAIOTCS KBAHTOBLIE BEIYUCANTEAbHEBIE YCTPOUCTBA: OT IPOCTEN-
X, TAKUX KAK y/Not, 10 CAMBIX CJIOXHBIX — KBAHTOBOI'O 0GOOIIEHUs YHUBED CATb-
HOU MaImuHbI ThIopuHTa.

KBauToBas MexaHUKa BBOAUT MOHATHUE AMNAUMY] 8EPOAMHOCTY — KOMILIEKC-
HBIX 9HCET ¢, KBAIPATH MOIYIA KOTOPHIX |¢?| MPU HEKOTOPHIX 06CTOATENbCTBAX
MOXKHO MOHUMAThL KaK BEPOATHOCTH. KOr[a HEKOTOPHLIM NEpEeXo], HAIoJAo0me pac-
CMOTPEHHOI'O BHIIIE, MOXKET MPOUCXOAATH HECKOJBKAMU CIIOCOOAME, €r0 AMILIUTY 1,
BEPOSITHOCTU €CTH CYMMa AMILIMTY BEPOATHOCTH MO BCEM BO3MOXKHBIM CIIOCOOAM,
PACCMATPUBAEMEBIM TOPO3Hb.

BeposTHOCTN mepexonos B Mammue /not n300paxkeHsl HA PUC. 5. JTa MAMUHA
COXPaHSET 3HAYEHHME OUTA C AMILIATYION BEPOATHOCTH Coo = €11 = i/v/2, MeHAeT
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Puc. 5. Ilepexoasl B KBAHTOBBEIX MAMIMHAX OINUCHIBAIOTCSA HE BEPOATHOCTAMU, & aM-
ILIUTYdaM¥ BEPOATHOCTH

Ha IPOTUBOIOJIOKHOE — C aMILIUTYIOU Cp; = Cig = 1/\/§ CoorBeTcTBy0OLINE BE-
POATHOCTH TOJYIAIOTCA BO3BEAEHUEM B KBAIPAT MOAYJIEH AMILIATY ] BEPOATHOCTH, B
Ka)KJOM U3 CIydaeB noaydaeMm 1/2. OTuM oObacHAETCA moBenenre v/ not Ha puc. 1.
ITpu nocrenoBaTenbHOM COEIMHEHUN MAIINH, KAK HA, PUC. 2, AJIA OLCIETA BEPOATHO-
ctu Brixoga () npu Bxoge () HyKHO CJIOXUTH AMILIUTY AL BEDOATHOCTH IO BCEM Iy TAM,
BeaymmM oT Bxofa 0 k Beixony 0. Takux aBe: coocgo = —1/2 u corc19 = 1/2. Ux cywm-
Ma pasHa 0, Tak 9TO U BEPOATHOCTH Bhixoaa 0 pasua 0. B otuimanme ot BepoaTHOCTEN,
AMIIATY 1B MODYT B3aUMHO COKPANIATHCs!

3. KBAHTOBBIE AJITOPUTMBI

Croxenne aMILIUTY[ BEPOATHOCTH BMECTO BEPOATHOCTEN SBIACTCA OMHUM U3
OCHOBHBIX NMPABWI KBAHTOBOU MEXAHWKHU UM TPUMEHUMO KO BCEM (PUBUIECKUM OOBEK-
TaM, B TOM 9HCIE, U K KBAHTOBLIM BEIYMCIATENLHEIM YCTPORCTBAM. Ecau Berauciaio-
as MalluHa HaduHaeT paboTaTh B 33 1aHHOU HAYAILHOU KOHMUrypanuu (BX01), TO
BEPOATHOCTEL TOTO, YTO OHA, MPOXOJA Yepe3 PAM MPOMENKYTOIHBIX KOHMPUTYDPAIINH,
3aKOHYUT PaboTy B 33 IaHHOU KOHEYHOU KOH(pUIypauuu (BBIXOZX), PABHA KBAAPATy
MOZYJISl CyMMBI AMILTATY T BEPOATHOCTH 110 BCEM BLIMACAUTEILHEIM Iy TAM, COENUHI-
FOIITUM BXOJ] C BEIXOJOM. AMIUIUTY I — DTO KOMILIEKCHBIE Yucaa. [Ipu caoxkennn oHn
MOTYT B3aMMHO COKDAIATHCA (decmpyxmuenas uwmep@eperyus) NN yBeININBATh-
cs 10 abCcoMIOTHOU Benu4duue (Kowcmpykmuenas uwmepgdepenyus). OcHOBHAA Uaes
KBAHTOBOT'O BEIYUCIECHAA COCTOUT B TOM, 9TOOLI YCUIUTE IPABUILHLIE OTBETHL U II0-
IaBUTH HENPABUILHEIE. MBI IOKAXKEM DTO HA MPUMEPE OHOTO U3 BAPUAHTOB TIEPBOTO
KBaHTOBOT'O airopurma, npeaaoxensoro /. Joudem B 1985,

Paccmorpum Gyaesnt gpyukuuu f, orobpaxaiomue {0,1} B ce6a. Ecre poBHO w1e-
TeIpe Takux GyHkuma: ase noctosuubix (f(0) = f(1) =0wu f(0) = f(1) = 1) u ase
ouekunm (f(0) =0, f(1) =1wm f(0) =1, f(1) = 0). IIpeANOAOKUM, ITO MOKHO BhI-
YUCAUTEL 3HAYEHUE DYHKIUUA MOoabko 00un pa3 (HOTOMY, HAIPUMED, UTO AICOPUTM
BEIMMCJIEHAA (DYHKIUU OYEHL MIWHHLIA, WIH IIOTOMY, 9TO K TAOAUIE €€ 3HAICHWUN
MO3BOJIEHO OOPATUTHCA TOMBKO 0auH pa3). HyxkHo ompeneants, apidaerca au f Guek-
nuen. 3aMeTuM, YTO KOHKDETHBIE 3HAYeHMsA [ HAC He MHTEPECYIOT, MBI TIPOBEPIEM
HEKOTOPOE ToGATbHOE CBOMCTBO (pyHkmmu f. Hama kmaccmaeckas maTywnma mom-
CKA3BIBAET, & KJIACCUYECKAA TEOPUA BLIUYUCAECHUN TIOATBEPK IAET, ITO N1 TPOBEPKU
STOT0 CBOMCTBA HYIKHO BBHIUMCANTL 06a sHadenmsa f(0) u f(1), T.e. BuMmcasTs f
aBaxanl. OZHAKO BTO HEBEPHO B PEANBHOM (PU3NIECKOM MEPE, B KOTOPOM MOXKHO
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O O O O) O) 0
(7])f(0)
1 (_1)\)‘(1) 1

Puc. 6. Cxema KBAHTOBOM MAIIHMHBI, PEHIAIOLICH 3a4a49y /Jon4a 33 04HO BHIYUCJICHUE
¢yHKIUN

OCYLIECTBUTH KBAHTOBOE BBIMHC/ICHWE, Pemaiomee 3agady [Jonda W BEIMUCAAIOMIEE
3HaveHme f TONBKO pas. MammHa, pemammas 5Ty 3a4ady, UCIOAB3YeT KBAHTOBYIO
MHTEPGhEPEHINI0 W COCTONT U3 ABYX V/NOot, MeX 1y KOTOPHIMI BCTABJICHO BHIYUCIEHHUE
3nadenus pyaxuuu (puc. 6).

Hawm mer myx) b1 BiaBaTeca B noapobrocTr peammsanuu f(x). Jusa mamero npu-
Mepa JOCTATOYHO YKa3aTb, YTO €CThb ABa MyTH, MHAekcupoBauuble 0 u 1, a xen-
CTBUE MAIIWHEI, peanmsywoomen f(z), 3akamvYaeTcs B TOM, UTO AMILIATYAA BEpO-
ATHOCTH HA TMYyTH I YMHOXKAeTCA Ha (PA3OBHI MHOXUTETb exp (wif(z)), T.e. Ha
(-7 (ma nytu 0) u ma (—1)7D) (#a oyru 1). Teneps nogcumraeMm aMmIATy Iy
BepoaTHOCTH BEIXOna 0 mpm Bxoge 0. AMIUIUTYIBI BEPOSTHOCTH Ha JABYX DasInd-
HBIX BBIMHCIATETRHBIX TyTax paHer i/v/2 x (—1)7(0) x i/\/2 = —1/2 x (=1)7(®) u
1/vV2 x (=17 x 1/v/2 =1/2 x (=1)7M), Ux cymma

3 ((CDF0 = (1)), (1)

pasua 0, eciu f — nocrosunas, u +1, ecin f — 6uexnusa. Urak, Beposraocts (kBa-
IPAT MONYJIA aMILIATYAB) Bhixoga 0 Ha Bxoge 0 paBHa 0 144 TOCTOAHHBIX (DYHKIIUN
u 1 mas Guexiuy.

C sroro pesyabrara [lonya Haganzach HOBasg O0JACTH UCCIACIOBAHUNM: KBAHTO-
Bele Boraucaenus. [locienoBarensuas paboTa no yaydmeHno KBAHTOBBIX aArOPUTMOB
npueesa B 1994r. k orkpeituio [lurepom IMopom kBanTOBOrO anropurma, Crocob-
HOro >dpeKTUBHO PaxTopn3oBaTh yncaa [10]. A MOCKOIBLKY TPYIHOCTD (hakTOpm3a-
[[UU JEXWUT B OCHOBE HAIEXKHOCTH MHOIMX HU3BECTHBIX KPUNTOIPAPUIECKUAX CUCTEM,
BKJII0YAsA HAKOOIEE MOy IAPHYI0 KPUITOCACTEMY € OTKPHITHIM KaotoM RSA [9]2), an-
roputMm lopa 6eicTpo cTan nonyaspen kak mepsoe “killer application” mias keanTo-
BOT'O BLIUUCICHUA — HEUTO BECHMA MOJE3HOE, UTO MOKET MeJaTh TOJILKO KBAHTOBKIN
KOMIIBIOTED.

Mauro KT0 13 CrienuagInCTOB COMHEBAETCA B TOM, 9TO (DAKTOPU3AINSA HE IPUHA I JTe-
xut kiaaccy BPP (BPP o3znavaer «BepOATHOCTHOE BBIMUCICHUE 33 NOJMHOMUAILHOE
BpeMsA C OTPDAHUYEHHON BEPOATHOCTHIO OMUOKW»). VHTEpECHO, OMHAKO, YTO BTO HE
IOKa3aHO. B Teopuy BLIYUCIUTEIBHOU CJAOKHOCTH OOLIYHO TPAKTYIOT MPUHAIIEK-
HOCTL 3agaqdn kiaaccy BPP kak ykazanume Ha €€ «HECIOXKHOCTDH)Y WIN «IPAKTUIECKYIO

2B nexabpe 1997 r. 6puTaHCKOE IPABUTENBCTBO OGUIIAATHHO IPU3HAJIO, YTO 5Ta KPUITOCUCTEMA,
C OTKPBITBHIM KAOYOM OblIa U3HA4YaAbHO n3o6perena B llenrpe [IpaBurenscrBennsix KoMMyHukanun
(GCHQ) B Yenreuxame. B 1975 roay [Mxkeimc Daauc, Kauddopn Koke u Marskonsm Buabamcon
n3 GCHQ oTKpbLIM TO, 9TO NO3jHEE OBUIO NEPEOTKPHITO B aKaJEMUYECKOU HAYKE U CTAJI0 U3BECTHO

kak RSA u o6men kmodamu Juddu — Xoaamana. — IIpum. aBT.
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pPa3pemmMOoCThby, a 3aaa4un, He mpuHamiexamme BPP, manpoTus, moHuUMaoOTCsa Kak
(TDYIHEIE» WIN (HepeIrmaeMble Ha PeaThbHRIX KOMIbioTepax» (cM., Hampmvep, [7]%)).
Ausropurm w3 kaacca BPP — »1o rtakon sdpdexTuBnbll (= GBICTPBIA) AIrOPUTM,
KOTOPHIU HA JI0OOM BXOJ€ AAET MPABUILHEIA OTBET ¢ BEPOATHOCTHIO, MTPEBLIMIAIOIICH
HEeKOTOpHIM mopor ¢ > 1/2. Mg, BooOIIe-TO, He MOXKEM TPOBEPUTH MPABUILHOCTH
orBera. Ho MOXHO NOBTOPUTH BCE BBIYUCJAEHUE k Pa3 U B3ATH TOT OTBET, KOTOPBIU
BCTPETUIICS YAIIE BCErO. YBEJIUIUBAA k, MOXKHO NOOUTHCA BEPOSTHOCTH MPABUIBHOTO
OTBETA, CKOJIb YTOAHO GAM3KOn K 1.

PesyasTat Illopa mokassIBaeT, YTO B PEATHHOCTH, ONMUCHIBACMON KBAHTOBOU (U~
3UKOU, (PAKTOPU3ALUA HE ABAACTCA TPYIHOU 3a1a9en.

Ewe Pugapn @ennMan, BLICTyIasa Ha IEPBOM KOHIDECCE M0 (PU3UKE BLIYUCJACHUN
B MIT (1981 roa), 3aMeTn, 9TO 3BOJIIOIMI OOIIEN KBAHTOBON CUCTEMBI CKOPEE BCe-
ro Hedb3sa 3PPEKTUBHO MOAEIUPOBATH HA KAACCAIECKOM BEPOSTHOCTHOM KOMIIBIO-
tepe [4]. Koauvecrso knaccuueckon undopmanuu, TpeCyeMOn s OMUCAHUA KBAH-
TOBOT'O COCTOSAHUSA DBOMOIMOHUPYIOMIEN CUCTEMBI, DACTET DKCIOHEHIMAILHO TI0 Bpe-
MEHHM, TAaK UTO JOOOBOE KIACCUIECKOE MOIEIUPOBAHNE SBOMIOIMA TPOUCXOMUT C DKC-
[MOHEHIANLHBIM 3aMeqnenreM. PerHMan XKe IPeIIoKuI PACCMATPUBATE DTOT (PAKT
HE KAK MPEnsATCTBUE, a KAK BO3MOXHOCTL. B caMoM jeje, pa3 pesyJbTaT 3KCIepHu-
MEHTa, TI0 MHOTOYACTUIHON MHTEPMEPEHIINN OMUCHIBACTCA CJAOKHBLIMYU U IIAHHBIMU
BBIYUCJEHUAMY, TO CaM SKCIEPUMEHT M U3MEPEHUE BBIXOIA B HEM PAaBHOCUILHO BhI-
[IOJHEHUIO HEKOTOPOTO CJIOXKHOrO Bhruucienus. [Jamee DernMan mpennosoxui, 410
BO3MOXKHO d((PEKTUBHOE MOAEIUPOBAHNE KBAHTOBOM DBOJIONNU, €CAU CAMO MOIe-
JUPYIONIee YCTPOUCTBO TOAUMHAETCA 3aKOHAM KBAHTOBOUW MeXaHWKH. bosee Toro,
derHMaH NPEAIONIOKWI, YTO CYLUIECTBYET YHUBEDCAIBHOE KBAHTOBOE YCTPOUCTBO,
OPUTOJHOE I MOEJUPOBAHUSA KBAHTOBOU 3BOJIONUAU MPOU3BOJBLHON CUCTEMBI. B
1985 roxy [lowd mokazaJ, ITO TAKOe YCTPOUCTBO (YHUBEPCANBLHBIN KBAHTOBBIN KOM-
nbioTep) geucrBuTeabHo cymecrByer [3]. Torga xe 6bLIO NOKAa3aHO, YTO BpeMs U
npyrue TpeGyeMble PeCYPCH HE PACTYT 3KCIOHEHIUAIBHO B 3ABUCUMOCTH OT Pa3Me-
pa WK CTEMeHW TOYHOCTU OTUCAHUA MOJEIUPYEMOU (PUBUTECKON CUCTEMBI, TaK ITO
TAKOE MOJETUPOBAHNE ABIACTCA 3(PPEKTUBHEIMY 10 CTAHJAPTAM TEOPUN CIOKHOCTU
BhIuucaeHun [1].

OTO U eCTh WIIIOCTPAINA HAINEH OCHOBHOU MBICAU: YeM OOJIbIINE MBI 3HAEM O (Qu-
3UKe, TeM GOJBINe MOXEM Y3HATH O BRIUUCICHUAX U MATEMATUKE. TOJBKO UCIOIB3Y A
KBAHTOBYIO MEXaHUKY, YIAJOCh OIPUAYMaTh, KakK 3(pPEKTUBHO pEmIaTh 334341y (pak-
TOPUBALUU TUCET; APYTOT0 COOCOOa MOKA He HAUJEHO, a, BO3MOXHO, €r0 W BOBCE
HET.

4. ﬂETEPMHHHPOBAHHbIE, BEPOATHOCTHBIE U KBAHTOBBIE
KOMIIBKOTEPHI
JII0601 KBAHTOBBIN KOMIIBIOTEP, BKIIOYAA U YHUBEPCAIBHBIA, MOXKHO OIUCATH TAK
K€, KAK MBI OITUCEIBAIY BEIIIE TPOCTLIE TIPAMEDLI MAIIWH, MEHAA BEPOATHOCTH HA aM-

WINTY AL BepoaTHoCTU. HavureMm ¢ kiaaccwaeckon marmmusl Toiopuura. Ona 3agaerca
KOHEYHBIM HAaOOPOM TIATEPOK BUIA

(¢,5,¢',5",d), (2)

3 Uan npeasAymmin HoMep «MaTeMaTudecKoro npocBemenusny. [IpumM. mep.
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B KOTOPHIX MIEPBEIE JBA CMMBOJIA OMUCHBAIOT YCJAOBUE HA MPUMEHIMOCTD JAHHOTO MIa-
ra BEMUCJICHWUN, a TOCJAEIHAE TPU — PE3YJIbTAT NPUMEHEHUs TaHHOU KOMAHIH (¢ —
TEKyIIee COCTOAHNUE, § — MPOIUTAHHEIN B JAHHEIN MOMEHT CUMBOJ, ¢ — COCTOSHHE,
B KOTOPOE MEPEXONUT MAIINHA, §' — CHMBOJI, KOTOPBIM 3aMEHACTCA S, d YKa3biBa-
€T CABAT TOJOBKM OTHOCUTENBHO JEHTHI (Ha OJWH CAMBOJ BJEBO WIH BIIPABO, WJIN
ocraTeca Ha MecTe)). Ha 5TOM A3BIKE BLIMUCIEHEE ONUCHIBAECTCA Tak. Mamwmue Ha
BXOJ MOAETCA KOHETHOE CJIOBO B aadaBuTe Y, 3aIUCAHHOE B AYCHKAX JEHTHL, 3ATeM
MAIMHA HAYMHACT PA0OTy M3 HAYATIBHOTO COCTOAHUA (o (IUTAKNIIAA TOJOBKA CTO-
UT HAJ CAMBIM JEBBLIM CAMBOJOM BXO/a, BLITTOMHACT MOCICIOBATENILHO DICMEHTAPHBIC
IEUCTBUA, OMUCAHHELIEC BBIIE, 1 OCTAHABIMBACTCA IPU JOCTYKCHAN (PUHAILHOIO CO-
crosuua qp. (Ilpn HEKOTOPEIX BXOAX BEIMUCJACHAE MOKET MPOJOIKATECA GECKOHET-
HO.) Pe3yabTar BLIYUCIEHUA OMPENENACTCA KAK COAEPKAMOE HEKOTOPOU yKA3AHHON
JACTH JEHTH TOCTE TOCTHKEHU (PUHATLHOTO COCTOAHUA (ECIU 3TOTO He CIyIHTCA,
pe3yJbTaT BEIYUCJACHUS HE OIPENeVeH)).

Ilpu BEYMCACHUN BO3HUKAET MOCIEAOBATENLHOCTE KOH(DUTYDAIIY MAIIAHEL (CJI0-
BO, 3ANMCAHHOE HA JEHTE, COCTOAHNE TOJOBKH U €e MOJOKeHue Ha aerate). Hampumep,
HAYAIbHAA KOH(DUIYPALUA ONMUCLIBAETCA BXOJHBIM CJIOBOM, COCTOSHHMEM (o M IOJO-
JKEHHEM TOJOBKM HAJ CAMBEIM JIEBLIM CHMBOJIOM Bxona. Kondurypamuii 6eCKOHETHO
MHOT'O, OJJHAKO B YCICMNIHOM BBEIYMCICHUN MAIIMHA MPOXOANT JUIIbL 9€pe3 KOHEUIHOE
KOMMIEeCTBO KOHGpuUrypammi. [lepexonbl Mex 1y KOHPUTYPAIAAMA TOJTHOCTHIO OMACHI-
BalOTCA nAaTepkamu (2).

Bxox M Brxos

Puc. 7. TpexmaroBoe 1eTepMUHUPOBAHHOE BBITUCICHUE

Breramcrennsa, Boobmme roeops, He 06A3aHbI OBITH AeTEPMUHMPOBAHHEIMEA. MBI MO-
KEM DACIIUPUTL BO3MOXKHOCTU MAIMMUHEL TOpuHTa, 100aBaAs «IOA0PACHIBAHUE MO-
HETLI», 9TO [MO3BOJAET BLIOUPATEL €M CAEAYIOMIUA MAar CIydanHo. Takoe BepOATHOCT-
HOE BBEIMUCICHUE MOXKHO MPEACTABIATD AUKJIMIECKAM OPUEHTHPOBAHHLIM I'padoM ¢
KOpPHEM, KaXKJasd BEPIINHA KOTOPOTO COOTBETCTBYET HEKOTOPOU KOH(MUTYPAIIAU Ma-
IIIUHEBL, & PeOpPO — ONHOMY ATy BBIYUCICHWA. BLIUMCIeHWE HAYUHAETCA C KODPHS,
IPEnCTABIAIIErO HATAILHY O KOH(DUTY PAIINIO, KAXKIAd €r0 BETBb BEIET B BEPIIUHEL,
OTBEYAIOIINE KOH(PUTYPAIIUAM, TOCTURKUMBEIM U3 HAYAJILHOU C HEHYJEBOU BEPOATHO-
CThI0. PafoTa MaIMMHBI TOJHOCTHIO 33 aETCA KOHEYHBIM CIIUCKOM BUIA

§: Q x X X Q XX x {Breso, Bupaso, na mecte} — [0, 1], (3)

rae 6(q, s,q',s',d) 3agaeT BEPOATHOCTL TOrO, 9TO Oy€T BHIIOJHEHO ACUCTBUE, OMHU-
ceiBaeMoe narepkou (g, s,q’, ', d). DTo onucanue DONKHO COrMACOBLIBATLCA C 3aKO-
HaMM Teopum BepoaTHocTed. KaxnoMmy pe6py mepeBa BHIMUCICHAN MOXKHO CONOCTa-
BATH BEPOATHOCTD MEPEXOa 10 DTOMY pebpy, M HYXKHO MOTPeOOBATH, 9TOOBI CyMMa
BEPOATHOCTEN Ha pedpax, BLIXOAAMNX M3 JAHHOW BEPINMHEI, paBHATach 1. Bepoat-
HOCTD IIyTH W3 KOPHA B JAHHYI BEPIIMHY €CTh IPOU3BENCHUE BEPOATHOCTEN pebep,
BXOJAIINX B 3TOT MyTh, 4 BEPOATHOCTD MEPEX0a B 3aJaHHYI0 KOH(PUTYPAIIIO TTOCIE
N MIATOB paBHA CyMME BEPOATHOCTEN MyTed IJWHEI M, COCAMHAIIINX HAYATLHYIO U
3aJaHHYIO KOH(pUTYPALUH.



Maiunaer, soruka u KBAHTOBasA QU3NKAa 57

Kuaccuieckoe BepoATHOCTHOE Ksautosoe
1 C3
Bxog Brixog A | Bxog Brixox A
Co Cy
Py=PP;+ PP, Py = |6103 + CQC4|2

Puc. 8. B BeposarHoCcTHOH MamuHe (€1eBa) BEpOATHOCT BEIX04a A ecTs cymMmma Bepo-
ATHOCTEH BeraucaeHunt, segymmux B A. B kpanroson mammne (cnpaBa) BepOATHOCTE
BBIXOJA A NOMIYy9aeTCA CIOKEHUEM aMILIATY, ] BePOATHOCTH W B3ATHEM KBAAPATA MO-
AYJIA MOTyIeHHOH CyMMBI. Tak 9TO B KBAHTOBOM CGIYYa€ BO3MOXKHBEI KAK KOHCTDPYK-
TUBHAA (BEPOATHOCTH yCUIUBAIOTCA), TAK U AECTPYKTUBHAA (BEPOATHOCTHU IaCATCA)
HHTEpP(pEPEHIINA

EcTh BEpOATHOCTHEBIE ATTOPUTMBL, KOTOPHIE PEIAI0T HEKOTOPHIE 381341 (CO CKOMb
YrOAHO GaAM3KOU K 1 BEPOATHOCTBIO YCIIEXa) TOpas3ao ObICTpee, YeM BCe M3BECTHBIE
IEeTEPMUHUPOBAHHLIE AATOPATMEL

Onucanuas BBIIE KIACCHIECKAS MOAENL IONCKA3BIBAET €CTECTBEHHOE KBAHTOBOE
o6o0menre. KBaHTOBOE BHIMUCICHUE MOXKHO MPEICTABIATH OPUEHTUPOBAHHBIM AIlA-
kanIeckuM rpadoM, Kak u kaaccudeckoe. Kax oMy pe6py 3Toro rpada MbI COTtocTa-
BAM AMILIATYAY BEPOATHOCTU TOTO, 9TO BEIMUCICHEE IMOKAET 1o »ToMy pebpy. Kax
U BEIIIE, AMILUIATY A BEPOATHOCTH IIyTH €CTh IPOU3BEIEHUE AMILVIATY I BEPOATHOCTH
Mo pebpaM BTOTO0 MYTH, & AMILIATY1a BEPOATHOCTH 3aJaHHON KOHMPUTYPALIAAT — CyM-
Ma AMIVIATY] BEPOATHOCTH IO BCEM IIyTAM, BEIYIIAM K3 HAYAILHOM KOH(UIYparmm
B 3agannyo. Eciu, B 9acTHOCTH, (PUMHANLHAA KOH(PUIYPAIUA TOCTHKAMA POBHO IO
IBYM TMYTAM C aMIIATYJaMU ¢ U —¢, BEPOATHOCTL MOMATAHUA B 3Ty KOH(PUTypa-
nmio |c — ¢/ = 0, HecMOTpA Ha TO, YTO BEPOATHOCTH TOTO, YTO BEIMHUCICHUE TIOHIET
1o mo6OMYy 3 3TUX ABYX MyTel, papna |c2|. OIUH-eIMHCTBEHHBIN KBAHTOBLIN KOM-
OLIOTEP MOKET CIEIOBATH II0 MHOTUMM BLIMUCAUTEILHEIM IIyTAM OJHOBPEMEHHO U €0
BEIXO/] OMIPEAEIACTCA MHTEP(dEpeHInen Bcex »>TuxX nyTen. HampoTus, kinaccudeckasn
BEPOATHOCTHAA MaIuHa THIOPUHTA CIEAYET MO eduncmeéennomy (XOTh U CIYyIarHO
BLIODAHHOMY) IIyTH BhYuCAeHUA. Pab0Ta KBAHTOBOU MAIIUHEL MOJIHOCTHIO 33J3€TCs
KOHEYHBIM CITUCKOM BUA

0: Q x ¥ x @ x X x {Breso ,Bupaso ,una mecre} — C, 4)
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rae 0(q,s,q,s',d) 3amaeT aMIIATY 1y BEPOATHOCTHU BHIOJHEHUA TEUCTBUA, ONUCHI-
BAEMOTO IATEpKOn (g, s,q’, s, d).

5. [ATBHEUIIAE CJEICTBUSA

Korga B nadane 60-x rogoB HAYMHANMA U3YYATh (PU3UKY BLIMACICHUH, OTHUM U3
OCHOBHBLIX CTUMYJOB OBLIO OMACEHUE, YTO KBAHTOBOMEXAHWIECKUE d(PPEKTH MOTYT
naBaTh QyHIAMEHTANbHBE (=HEyCTPAHUMEIE) TPAHUIE HA TOYHOCTD, C KOTOPOU (-
3UIECKIE OOBEKTHLI MOI'YT BOCIPOU3BOAUTE CBOMCTBA a6CTPAKTHEIX CYNIHOCTEH, Ta-
KIX KaK JOTUYECKUE TIePEMEHHBIE U ONEpaIluu B TeOpuu Bhrauciaenuu. To ects Gos-
JIUCh, 9TO MOIIb W BJICMAHTHOCTH TEOPUN BEIYUCICHUN, TAKWE €€ MOHATUA, KAK BHI-
YUCIMTENLHAA YHUBEPCAILHOCTE, TAKKE €€ (DYHIAMEHTANLHLIE IPUHIUIE], KAK TE3MC
Yépua — Trlopunra, paBHO Kak 1 60Jee MOITHEIE PEe3YIbTATEL B COBPEMEHHOU TEOPUN
CIOXKHOCTH, OKAXKYTCA He 0OJee YeM IIOJAMM MATEMATUIECKOTO BOOODAKEHUS, HE
UMEIONTUMY OTHOINEHUA HU K Y€MY B TPUPO/IE.

OTHU OMACEHUA OKA3AIUCH OECMOUYBeHHBIMEU. KBaHTOBAA MEXaHWKA HE TOJBLKO HE
HAKIAALIBAET OrPAHUIEHUN HA BO3MOXKHOCTY MAIIWH TBIOPHMHTA, HO W TAET HOBLIE
BO3MOXHOCTH BBIYUCICHUN, 00CY XK faBiuuecs Boiie. COXpaHUIach 31eraHTHOCTD TEO-
pun, 607€e TOTO, OKA3AJIOCh, UTO KBAHTOBAA TEOPUA BHIYACICHUN BECHMA €CTECTBEHHO
coueTaeTca ¢ pyHJIAMEHTAILHBEIMU TEOPUAMHA B IPYTUX 00JACTAX, 9€T0 OBLIO TPYIHO
IaXke OXUAATHL OT KAACCHIeCKOro npubiamkenus. CaMo CJIOBO «KBAHT» O3HAYALT TO
XKE CaMoe, 9TO U «OUT» — BIEMEHTAPHBIA KyCOIEK — HTO 3aMEeYaTeIbHEIM 06Pa3oM
coryacyeTca ¢ TeM (GaKTOM, UTO KIACCUYIECKUE (PUINIECKUE CUCTEMBI, Oy IyYIu O~
BEPXKEHBI HEYCTOMYMUBOCTH OOIIEr0 BUAA, UMEHYEMOU «Xa0C», HE MOI'YT B IIPUHIAIIE
[0 AepXKUBATh Lu(pPOBOE BhIMUCICHUE (TAK YTO JaXe MAuHbl ThIOpUHra, TeOpeTu-
YeCKUM 00pa3el] BCeX KIACCUYIECKUX KOMIBIOTEPOB, BCETa UMEIN KBAHTOBOMEXAHN-
9ECKUH XapaKTep, 0 9eM yMarduBagaoch). Tesuc Yépua — ThiopuHra B KIaCCUIECKON
Teopuu (06 3KBUBAIEHTHOCTU BCEX «€CTECTBEHHBIX» MOJEJIEN BLIYUCJIEHUs) HUKOI'AA
He ObLI goKasaH. Ero aHazor B KBAHTOBOU TeOpUM BhluucaeHull (npuHuun Jépua —
TrropuHra, yTBEPX JAIIANA, 9TO YHUBEPCATHHBIN KBAHTOBLIM KOMIBIOTED CTIOCOOEH
MOJ€IUPOBATH MOBEACHUE JTIOO0U KOHEUHOU (PU3NIECKON CUCTEMEL) OBLI JOKA3AH [IPs-
MO u3 onpenenenus B pabore Jounua 1985 roga [3]. Bonee cunpubii pesyabrar (Takxe
IPENOIATABIIUICA, HO HAKOT A HE JOKA3AHHBIN B KIACCUIECKON TEOPUN ), & UMEHHO,
YTO TAKOE MONEIUPOBAHUE BO3MOKHO 33 BPEMs, 3ABUCAIICE TOIMHOMUATBHBIM 00pa-
30M OT BPEMEHHW 3BOMIONAN MOAEIUPYEMOUN CHCTEMBI, TAKKE OLLT NOKA3aH B KBAHTO-
BOM caydae [1].

Hapsany ¢ npounMm NpuioXeHuaMu, KBAHTOBLIE BLIYUCJACHUA CyIIECTBEHHO MOB/IN-
Ay (IO KpanHen Mepe, B IPUHIINTE) Ha TOHATUE MATEMATHIECKOTO TOKA3ATEIbCTRA.
Brimossenre BHIYUCICHNA, KOTOPOE AA€T HEKOTOPHIN ONPEIEJeHHBIN PE3YAbTAT, PAB-
HOCUILHO JOKA3aTEIbCTBY TOrO, U9TO HAGIIOIAEMEIN PE3YIbTAT BO3MOKEH IIPU TaH-
HOM BEIYHMCJIEHAU. MBI MOXEM OIMMCATH BEMUCIATENLHLIE OTIEPAINN MATEMATHIECKH,
MO2TOMY BCETA MOXKEM TIEPEBECTU TAKOE BLIYUCICHUE B JOKA3ATEIHCTBO HEKOTO-
pou TeopeMmbl. Tak e 06CTOUT [eN0 U B KJIACCAIECKOM CAydae, HO TIPU OTCYTCTBUA
uHTEPGEPEHINT BO3MOXKHO CAEIATH 3AIKMCh BCEX IIArOB BLITUCJACHUA, TOPOXKAAA Ta-
KUM 00pa3oM J0KA3aTEIbCTBO, yAOBIETBOPAIONIEE KIACCUIECKOMY OMpPENeNeHnuo —
(IIETIOYUKA YTBEPKIEHNN, KAXKI0€ U3 KOTOPHIX ABJIACTCA AKCHOMOUW WU CAENyeT U3
OPEABIIYIIUX YTBEPKACHAN B HENOYKE [0 NPABUIAM BEIBOAAY (IPABUIBHOCTH TAKO-
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ro M0KA3aTeIbCTBA TaKXKe MOXKHO MPOBEPUTH MOMAroso). Tenepb MbI BEIHY X IEHBI
OTKa3aThCA OT TAakKoro onpegeacHnsa. OTHBIHE J0KA3aTEILCTBO JOXKHO PACCMATPHU-
BATh KaK IIPOLNECC — BBMMUCICHUA CAMOro 1O ce6e. MBI NOMKHEI IPU3HATL, YTO B
Oy AYIIEeM KBAHTOBBIE KOMIIBLIOTEPH! Oy Iy T AOKA3KIBATH TEOPEMBI METOIAMU, KOTOPHIE
HEeMb3A OyAeT TPOBEPATH MOMATNOB0, TAK KAK PACIEYATKA (IEMOYKY Y TBEPK ICHUNY
COOTBETCTBYIOIINX 3TOMY AOKA3ATEILCTBY, HE IMOMECTUTCA B HAOJIIOIACMOU TaCTH
Bceenennon.

6. 3AKJIOYUTEJBbHBIE 3AMEYAHUSA

B sToM xOpoTKOM OOGCYXKIEHUM MBI MPOULIUCHL MO CAMBIM BepXaM OBICTPO pas-
BUBAIOIIENCA TEOPUM KBAHTOBHIX BhIYUCIeHUU. OCHOBHOE BHUMAaHWE OBLIO VAEICHO
IPUHINIAAILEHEIM BOIIPOCAM, OCTABIAIL B CTOPOHE (PUBKUIECKHE IOIPOOHOCTU U HIO-
AHCHI TEXHOJOrUYecKou peanusanuu. CTOUT, OJHAKO, CKA3ATh, YTO KBAHTOBOE BhI-
YUCJAEHNE — CEPhe3HAsA TEPCIEeKTUBA 1A OyAYIIAX MOKOJEHWN BBIYUCIUTEIBHBIX
YCTPOUCTB. DTO OJHA U3 TMPUYUNH, TI0 KOTOPOU KBAHTOBLIE BHIYUCICHUA TPUBJICKAOT
BCe 0OJIbIIEE BHUMAHNAE KAK AKAAEMUIECKUAX UCCAETOBATENEH, TAK ¥ TPOMBIILIEHHBIX
KPyr'oB IO BceMy Mupy. B HacTosmee Bpems HEACHO KOrAa, KAKUM 00pasoM, 1a U
OyayT Ju BOOOIIIE, peaTn30BaHbI TOTHOMACIITAOHBIE KBAHTOBBIE KOMIIBIOTEPHI; HO He-
CMOTPs Ha 3TO, y¥Ke CeNvaC KBAHTOBAsA TEOPUsA BBIMUCICHUN UIPAET ropasno Golee
BaXKHYIO POJIL B OOLIEM IOHHMAHWM MUPA, €M €€ KIACCHIeCKasd IIPeIIIeCTBEeHHNIIA.
Mu1 cumTaem, 9TO BCAKUN, KTO NOOUBAETCA (GYyHIAMEHTATLHOTO TOHUMAHNSA (PUBUKH,
BEIYUCJICHUN WY JOTUKY, JOMKEH YINTHIBATL TOCTUKEHUA 3TOW TEOPUH.
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Tema HOMepa: OMLIHAP ABI

Buinuapx Ha npsAMOyroAIbHOM CTOJE C JIy3aMu — IPEBHASA U a3aPTHAS UTPA, IIU-
POKO m3BecTHAsA BO BceM Mupe. [lo Hel mpoBOASATCS HAIMOHAILHBIE U MEXK TYHAPOI-
HBEIE YEeMIMOHATHI, TUIIYTCA CIENAATBHEIE KHUTM (B OCHOBHOM Ha TEMY: KaK HAIO
3allyCKaTh MIAapbl, YTOOBI 3a6UTH TOOOJBINE U TOTOYHEE, & TAKXKE OTUYETHI O COPEB-
HOBAHWX), NAIOTCS MPAKTUIECKUE COBETLI [I0 IMOACOTOBKE KUs U CHOCO0aX CO31aTh
CTIenraIbLHOE BpallleHne mapa 1 T. . O IPEeBHOCTU DTOU UT'PLI MOXKHO CYUThH TIO YIIO-
MUHAHUIO O HEW B UCTOPUIECKUX KHUTAX W POMAHAX: MOABUBIINCL [0 HAIEW 3PHI B
Nunun u Kurae, urpa B 6uiimapq cTaga monyaspHON B AHIJIUEM CPA3y IOCAE OKOHYA-
HUsI KPECTOBBIX HOXOJOB, & BO BTOpou nojoBrHe X VI Beka OHA NPOHUKIA B AMEpPUKY
(6aaromapa UCMAHCKAM KOHKUCTANOpaM), BO PpaHnunio (I0NOLINHHO U3BECTHO, 9TO
¢pannysckun xopoas Kapa IX urpan B 6umnuaps B Bapdonomeesckyo no4n) u B
Poccuio (upu Herpe I — oguospemento ¢ nossaenuem kapromku). B 1835r., 3a rog
1o uabpanus ero B [lapmxkckyio akageMuio Hayk, ppaniysckun ¢usuk . Kopuoauc
(M3BECTHBIN TPEXKIE BCETO CBOEH «KOPUOJMCOBON CUJIOW») u3aaa kaury «Maremaru-
YecKas Teopusa ABJICHUN OWLINAPIHON UIPED, B KOTOPOU OH OIHUCAJ MOBeAeHure OWI-
JIUAPJHOTO IMAPa HA OPAMOYLOJALHOM CTOJNE — € y4eTOM TpeHusa. Teopus «sIBJIeHUN
OMLIMAD THOU UTPBEDY — C YIETOM TPEHUs — OYeHBb CIOKHA.

MaremaTuku, Kak W3BECTHO, JIO0AT NPEBPAIIATH CJAOXKHBIE (PU3NUeCKre MOLeIn
B IIDOCTHIE MaTeMaTHUYECKHe, a 3aTeM U3BIeKaTh U3 HUX COJEPiXKaTelbHbIEe U NaIeKO
He DJIeMeHTapHbIe BHIBOALI. BO MHOTHUX Cayvasx, KaK HU TMOKAXEeTCA CTPAHHBIM, MO-
JIy9eHHBIE BHIBOIBI OKA3LIBAIOTCA BEPHBIMA U [JA MCXOAHOU (usmaeckon moneau. He
COCTABJAIOT UCKJIIOYEHNA U MATEMATHNIECKHE OMIINAP ALl — IUHAMUIECKUE CUCTEMEL,
B KOTOPBIX CIPABENJIUB 3aKOH a0COIIOTHO YIPYI'Or'O OTPAaXKEHUA.

ITo onpenenenuto, 6usiuapdom HA3LIBACTCA IPAMOJIMHENHOE IBUXKEHNAE TOIECIHON
YACTUIEI BHYTPU 00JACTHU, HA3BIBAEMON TAKKE 6UAAUAPIHbIM cmodom. TacTuia oT-
PAXKAETCA OT TPAHUITEI OGJIACTH TIO 3aKOHY T€OMETPUUIECKON ONITUKY: «yT'OJ T IeHUA
paBeH yruy orpaxenus». [Ipu 3ToM cToOIOM MOXKET GBITH HE TOIBKO IPAMOYTOJBHUK,
KaK B PeaJbHON OMJLIMAD IHOU UTDe, a BOOOIIE NPOU3BOIbHAA 00JACTE HA IIOCKOCTH,
B IPOCTPAHCTBE (JHOOT0 YMCAa U3MEDPEHNN) WIK [aXKe HA TIAIKOM PUMAHOBOM MHO-
roobpasuu. Baxxuo TOALKO, 9TOOBI MpaHUIA O0O0IACTHA COCTOMIA U3 KOHETHOI'O YMCIA
KYCOYHO-IVIAJKUX 9aCTel — cmenok. Feau Ouumap [Has 4acTulia NonaiaeT B BePIlu-
Hy cTOsa (& I CTONOB GOJBIIUX PA3MEPHOCTEN — Ha IPaHb KOpasMepHOocTH > 1), To
€e TPAeKTOPHUA HA DTOM OOPBIBACTCA U HE CUnUTaeTca omwrmmapauon. Onucanue nose-
J€HUsA TPAEKTOPUN OULIMAD JHOU YaCTULLL (MM IPOCTO GUIIUAPAHBIX TPAEKTOPUN)
7 COCTABIAET OCHOBHYIO 33129y MAaTEMATUYECKOU TeOpUM OULIMapaoB. MoxHO Tak-
*Ke CKazaThb (€CaM OCTABATHCA B PAMKAX (DU3UKH), 9TO TEOPUA OULINAPIOB U TEOPU
FeOMEeTPUYECKOU ONTUKUA MATEMATUIECKN SKBUBAJEHTHEL.
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MaremaTuyeckas Teopusa OWIIMAPIOB MPEACTABIAECT B HACTOAIIEE BPEMsA OJIUH
73 HamOOJee MHTEHCUBHO PA3BUBAIINXCA PA3IEJOB TEOPUN TUHAMUYECKUX CUCTEM.
Muorue ee pe3yabTaThl ABIAIOTCA KIACCHIeCKUMU 1 BocxonaT K Kopuonucy, Ilyan-
kape u Kupkrody. OCHOBBI COBPEMEHHOU TEOPUU OUIINAPIOB OBLIU 3AJI0KEHBI aKa-
nemukoM PAH fI.T. Cunaem u €ro mkoaou v MOJYyIUIu CBOE PA3BUTHUE B TPYAAX Ma-
TemMaTuKOB pasubix crpad (Poccun, Uranuu, Benrpuu, ®panuuu, CIIA,| Ypyrsas u
apyrux). [Ipo6uemel, BO3HUKAOLIME B T€OPUM OULIXAD JOB, HEIIOCPEACTBEHHO OIU3KU
K TIepeIHEMY KPaK CeromHAmHen MaTeMaTuku. OHN CBA3AHBI ¢ KIACCUYECKOU MEXa-
HUKOU, aarebpandeckon u nud@epeHnnasbHOn TeOMETPUEN, TeOPUEN BEPOATHOCTEN
U CTATUCTUYIECKOU MEXAHMKOH, KBAHTOBOU MEXAHUKOU W MATEMATUIECKON (PU3UKOU.

Meroasl uccaegoBanus GUIIUAPAHBIX CUCTEM MPUMBIKAIOT, ¢ OJHON CTOPOHBI, K
TPaIUIUOHHON T€OMETPHUN, & C APYTOU — JEXKAT HA CTHIKE PA3HBIX OTPACJIEN COBPE-
MEHHOU MATEMATUKU: TEOPUU YUCE], TOIOJOI UM, DPrOfUIECKON TEOPUNA U TEOPETH-
YECKOU MEXAHUKH.

Yurareab moxeT yOequThCA B PasHOOOpa3uu «OMLIXAP IHBIXY 33039 U METOIOB
X UCCICTOBAHUA MPU UTEHUM CTATEU, TIOMEIIEHHBIX B HAcTOAImEM pasaere. U xorsa
5TU CTATHU HUKOUM OOPa30M HE TIOKPHIBAIOT BCEUW TEOPUM OWLIHAPIOB (HATIpUMED,
3[€Ch MOJHOCTBIO MPOMyIIeHA OOMMPHAA TeMa «OWLInaApABl B MHOMOYIOJIBHUKAXY,
TpebyIomasn 0T AeILHOI0 PACCMOTPEHNA), OHU 3ATPACUBAIOT 3HAYUTEABHYIO €€ 9aCTh.
ABTOpHI cTaTeN — MATEMATHWKHN, AKTUBHO PAOOTAOIINE B TEOPUY OUIINADIOB.

Pasgen orkprieaercsa craroen . A. [anbnepuna o CTONKHOBEHUAX 9aCTHUIl U IIa-
pos. IIpexcrasass cobou 0630p Pe3yabTATOB, NOLYIYEHHBIX 3a nocaeguue 30 aer XX
Beka mpu pernennn 3aga4un f. . Cunas 0 9ucsie CTOIKHOBEHUN MIAPOB, 3Ta CTATHA MO-
XKeT PAcCMATPUBATHLCA TaKkKe KAK BBeneHue B Teoputo Ommmmapaos. Oua Hamucana
Ha 06IIEeOCTYIIHOM YPOBHE U TPeGyeT MUHUMAILHOU MPEABAPUTEILHON IO AN OTOBKHY;
HEKOTOPBIE BBOAUMBIE B HEU MOHATHUSA U UAEU UCIOAL3YIOTCA U B IPYIUX CTATHAX 3TO-
ro pasjena. 3JaKaHINBAETCA CTAThsA COBCEM CBEKUMU PE3YIbTATAMH, 3aBEPIIAIIIIMHA
oreetT Ha Bompoc f. I'. Cunas.

B crarne H. U. Yeprnora npuBoguTcsa 3aMedaTeabHas (GOPMYJIa CPEIHEH IIWHEL
mpobera GUIIMAp THON YACTUIH Ha TIPOU3BOJBLHOM CTOJE (00MACTH JI0OOU PA3MEPHO-
cTn). ITa GopMyaa 3aMedaTeabHa TEM, 9TO, BO-TIEPBLIX, OHA OYEHb IPOCTA U 3ABUCAT
TOJBKO OT ABYX XaPaKTEPUCTUK — 06BbeMa 06aacTu (CTOMIA) U IIOLIA AU HOBEPXHOCTH
€€ IPAHUIIBL, & BO-BTOPHIX, AA€T BO3MOXHOCTH [IOJIyYaTh U 0OOCHOBHIBATE COBEPIIIEH-
HO HEOYEBHUJHBIE DE3YIAbTATHL. [[pUMEpOM O0HOTO TAKOI0 HETPUBUAILHOTO PE3YIbTa-
Ta ABJAETCSA BHIBOJ KJIACCHIeCKuX Gopmya BoabiMana 1is cpeJHero BpeMeHu MeXK Iy
[IOC/IeI0BATENBHBIMI CTOJKHOBEHUAMY MOJEKYJ I'a3a; OHU OBLIN OOHADYKEHBL DMIIU-
puiecknu B koHie XIX Beka.

B Goawmmon cratbe-o63ope JI. A. ByHuMoBuYa pacckaszsIBaeTCA O PACCENBAIOIINX
u dokycupyromux buiinapaax. OTMeruM, YTO aBTOP 3TOU CTATHU — IUOHED HUC-
CIeOBAHUU B Teopuu (POKYCUPYIOMUX OULINADIOB, ABTOP TAK HA3BIBAEMOI'O «CTa-
numoHa Bymummormtuas. Kpome 0630pa pe3yanrTaToOB B Pa3MEPHOCTH 2, B €0 CTATHE
ONMCHLIBAETCA OOHAPYIKEHHBIM ABTOPOM U PaHEe HEM3BECTHLIM B MaTeMaTUKe (-
dexT GoKycupoBKY OU/INADIHEIX TPAEKTOPUU B 001aCTAX PA3MEPHOCTH > 2 — TakK
Ha3BIBaeMbIN acmuemamusm. CymecTso 5Toro sdpexTa COCTOUT B TOM, UTO TIPH
OTpaXKEHUN TYyYKa Jyden 0T (GOKYCUPYIOIMIETO 3epKaia Cuia (GOKYCUPOBKUA OKA3LI-
BAaETCsA CYIIECTBEHHO PA3JUYHON B PasHbIX wiockocTax. Crarea JI. A. ByauMosuua
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HAIMACAHA HA TOMYJAPHOM YPOBHE W ¢ MUHUMAJILHBIM HAOOPOM HEOOXOAUMBIX (hOp-
MyJI; OHA, OHAKO, IOTPEOyeT OT IUTATENA 6ONee CEPhe3HON MATEMATUIECKON TIOITO-
TOBKH.

COBepILEHHO HOBOMY TUILY OWLIMAP LA — TAK HABBIBAEMOMY SHEUHEMY OUAAUAD-
dy — nocesamena cratba C.JI. Tabaunukoea. Ona gaer camble HadalibHLIE CBEIEHUA
00 oTUX OmaIMapaax u OOBACHAET CBA3bL ¢ OOBIYHBIMEU Omsutuapaamu. CTaTbsa UHTeE-
peCcHa TeM, YTO B HEU HA OPOCTHIX NMPUMEPAX MOKA3AHO, KAK K OMIIHADAAM MOXKET
OBITH NPUMEHEHA, caMas PasHOOOpasHas mMaTeMaTuka: TYT u Teopus KAM, u cum-
IEKTUYECKaA TeOMEeTPUs, U KBATEPHUOHHI, U JaXe BTopou 3akoH Kemnepa! — Berm,
Ha TIEPBBINA B3TJIAM, OYUeHb JAJEKNe OT OWILIHADIOB.

IIpakTuveckn BCe CTATBU PA3AENA 3aTPATUBAIOT BOMPOC O TEPUOANICCKAX OUJI-
JIAAP MHBIX TPAEKTOPUAX HA PA3HBIX cToaax. Ho mif KaXgoro Ju cToaa CymiecTByeT
nepuoaudeckas Tpaektopua?! U ecium OHM CyIIECTBYIOT, TO CKOAbkO mx? Ha sror
BOTIPOC TOJNYYEH OTBET [JIA MHOTHWX TUTOB NA0CKUL CTOJOB, HO Y¥Ke M TPEeXMep-
HBIX BBIIYKJIBIX OULINAP 0B HUYErO HEU3BeCTHO. TovuHbIe (POPMYIMPOBKU 00 OLEHKE
YUCJAA TePUOANYECKUX TPACKTOPUN npuBeaeHsl B KopoTkon 3amerke P. C. Jyxuua.

3aBepmiaeT UK/ CTATEd 3aMeTKa 00 YIUBATENLHOM (akTe, OOHAPYIKEHHOM
I'. A.TanbnepuHbIM: OKa3bIBAETCA, TUCJAO T MOXKET OBITH MPOMOAEIUPOBAHO TIPOCTON
IUHAMUYECKON CUCTEeMOW U3 ABYX IMAapoB Ha moaymnpamon! M3-3a HemocTaTka MecTa
MBI OT'PAHUYIUBAEMCSA B 3TOM BBHIIYCKE TOJIBKO (POPMYAUPOBKOU OUIIAAP AHOT'O METO 1A
HAXOXK IEHUA T U KPATKUM OIUCAHUEM KU JOKA3ATEAbCTBA (IOJIHOE JOKA3ATEALCTBO
peAnoaaraeTcs onyoJnKOBaTh B cleayoneM Brimycke «MaremaTudeckoro [Ipocse-
IIEHUS ).

k ok ok ok ok sk

3akoH4uM 0630p cTaTen pasfeJa KOPOTKUM CIUCKOM U3 CEMU HEPEIIeHHBIX OuJ-
JUAPAHBIX 331a9. 331491 MOA00PAHBI TAK, YTOOL UX (hOPMYJIUPOBKY OBLINA MOHATHEI
A000MY HAUYMHAIONIEMY MaTeMaTUKy. BOAbIMMHCTBO 3a1at chOPMYIUPOBAHO B BUIE
BOIIPOCOB.

3AITAYA 1. Bo BCAKOM I MYynoy204bHom TPEYTOIBHUKE CYLIECTBYET XOTA Obl
OllHA TlepmoamyecKkas GmmmapaHas Tpaexktopusa? (HamomuuM, 9TO TpaekTopus He
JOKHA TIONAAATh HU B OAHY W3 BepumMH. /[ NPOM3BOJBHOTO OCTPOYTOMBHOTO U
IPAMOYTOILHOIO TPEYTOIBHEKA CYMIECTBOBAHUE NIEPUONUIECKON TPACKTOPHH AOKA-
3aHO. YTBEDXK IeHNe NOKA3aHO TaK¥kKe MJS BCIOAY TIOTHOTO MOAMHOXECTBA MHOXKECT-
Ba TYMOYTOJBHBIX TPEYTOJBHUKOB N OTKPHITEIX 00JACTEN CHENNATBLHOTO BUAA TOTO
XKe MHOXKECTBA).

3A1A4YA 2. Konedno nnu 6€CKOHEYHO MHOXECTBO MEPUOJUIECKUX OUIIAAD [HBIX
TPAEKTOPUU B OCTPOYTOABHOM TPEYTOJLHUKE, JIOOhIE JABe U3 KOTOPHIX UMEIOT Pas-
JUIHBIN KOMOUHATODPHBIA TUM (T. €. PA3JUIHBIE MOCIENOBATENLHOCTH CTOPOH OTPa-
KeHum)?

3A1A4YA 3. IlycTs @ — BHYTpEHHsAS TOYKA HA OJHOU U3 CTOPOH NAHHOTO Nps-
MOY204bH020 TPEYTOMBHUKA. PAacCMOTpUM GUAIMADIHYIO TPAEKTOPHUIO 7Y, CTAPTYIO-
VIO U3 @ MEPNeHANKYIAPHO DTOU CTOPOHE (T.e. OyIeM CIYNTATh, YTO Y HUKOTIA He
nonajgaer B Bepmuny). Moxer au cayduTbesa Tax, 4ro vy Oyger nenepuoduueckot
tpaekTopuen? (M3BeCTHO, UTO €CAM TPEYTOMBHUK (DAMOHAIBHBIY — DaJuaHHAA
Mepa KaxKJI0T0 yrJia paBHA 7, YMHOXKEHHOMY HA PAIMOHAILHOE YUCIO0, — TO BCE Tep-
[EeHIUKYIAPHLIE TPACKTOPUA MePUOaWaHLL. 1A «ApPAINOHATBHEIX)Y TPEYTOJbLHIKOB
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JOKa3aHO, 9TO 1e0eroBa Mepa MHOKECTBA TOUEK a4, L1 KOTOPEIX TPAEKTOPUA 7y He-
meproaWYHa, paBHa Hymo. Ho cymecTBoBaHME XOTsA OBl OJHOM TAKOW TPAEKTOPWUH
HEU3BECTHO).

3A1A4YA 4. CymecTByer Ju XOTs ObI OJHA TEPUOAAICCKAS OULINAD JHAS TPACK-
TOpUA B JAHHOM MHOIOIDAHHUKE (Hanpumep, B nupaMuie)?

3ATAYA 5. PaccMoTpuM ynpyroe CTOIKHOBEHUE N > 3 TOYEUHBIX YaCTUI (PUKCH-
POBaHHEBIX MACC Ha OKPYXKHOCTU WU OTPe3Ke (B IOCJAELHEM CIydae KOHIBI OTPE3KA
MEHAT CKOPOCThH YACTHUIH Ha TPOTHUBOMONOXKHY!0). Beerna am MoxHO 3a1aTh Ta-
K{€ HAYaJbHBIE IOJ0XKEHUS U CKOPOCTH YaCTHUL, YTOOBI NBIKEHUE B CUCTEME OBLIO
nepuogudeckum? (Kondurypauuonnoe npocTpancTBo Takol CUCTEMBL — IUPAMUAA
CTIENUATBHOTO BUA, TOTOMY 341494 4 U 5 B3AMMOCBA3AHEI).

3ATAYA 6. Jlomanas, Begymias u3 OLHOU BEPIIMHLI MHOIOYIOJBHUKA B APYLYIO
(BO3MOXKHO, B TY K€ CAMYIO), HA3BIBAETCA «OOOOIMIEHHON JUATOHANBIO) , €CIU OHA ABJA-
eTCA KYCKOM OWLTHAD JHOU TPACKTOPUU. BEIACHUTEL POCT Yncaa 000OIMIEHHEIX TUATO-
Hajlen nepuoga < ¢ B OAHHOM MHOIOYTOJBHUKE (IO [IEePUOAOM IOHMMAETCS YUCIO
3BeHbEB JoMaHon). (/l1A palMoOHAIBLHOTO MHOTOYTOMBHUKS, TOKA3AHO, YTO POCT KBa-
IPATUYHBIA TO ¢, & A UPPAIUOHATBLHONO — He 00Jee YeM CyOsKCIIOHEHITNATLHBIN:
< €T naa mo6oro € > 0. Ilo-BuamMOMy, POCT BCErAa KBaAPATHIHEIH).

3ANAYA 7. [loka3aTh WAU OTMPOBEPTHYTH, 9TO POCT YUCIA YAAPOB B CHUCTEME
YIPYTO CTAIKABAIOMUXCA IIAPOE B IPOCTPAHCTBE JAHHOU PA3MEPHOCTH HE 60JIee IeM
NOJMHOMUANBHE (4, BOBMOXHO, ¥ KBAAPATUYIHEIN) 10 ducay mapos. (/o cux mop
BCE M3BECTHLIE OIEHKN HA YUCJAO YAAPOB — KAaK JJA YaCTUI] HA MPAMOU, TaK W I
IIAPOB B IPOCTPAHCTBE — CYNEePIKCIOHeHNMAILHEL > eV nra moboro € > 0, rae
N — aucio mapos. CM. HEpPBYIO CTATHIO HACTOSLIErO PA31ea. )

I'. A. T'aavnepun
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I. BBEIEHUE

OaHOU M3 BAXKHBIX M MHTEPECHBIX 3a1a49 (QU3NKU, 3 TOYHEE, KUHETUIECKOU Te-
OpUU MAEATBHBIX T'a30B, ABIAETCA UCCAENOBAHME NBIKEHUA MOJEKYJa Ta3a B COCY-
Jle WIM MPOCTPAHCTBE. [Ipm 5TOM MOJEKYJIBI MOXKHO TPENCTABIATL cebe KaK yIpy-
rue MapuKu OQMHAKOBOM MACCHL (€CJAM a3 OLHODPOAHBIN) WX DA3IUIHBIX Macc (ec-
JU COCYJ 3AIOAHEH DAa3HBIMU BHAAMU [a3a); DTU LIAPUKU JIETAIOT C HOCTOSHHBI-
MU, HO KAaK MPABWIO, PABJUIHBIMUA CKOPOCTAMU BAOJb MPAMBIX, & TIPU CTOJKHOBE-
HUAX MTHOBEHHO MEHAIOT CBOM CKOPOCTH COTVIACHO 3aKOHAM YIPYTOTO CTOJKHOBE-
HUs, NOCJE Yero MNPOJOIKAIT NBACATHCA MO HOBBIM NPAMBIM, IMOKA HE MPOU3OU-
IyT OvepenHbIe CTOJKHOBEHUA. B pesyabpTaTe MHOMOKPATHBIX COYAAPEHUN MOJEKY-
JIBL (TIEPEMEITIAIOTCAY, W €CIU UX MHOTO, TO TOCJAe TPOAOIKUTEILHOTO BPEMEHU UX
ABMKEHUE OyAeT Ka3aThCs XAa0TUYECKUM, NABIEHUE B COCYIe BLIPABHAETCA («3aKOH
IMackans»), B raze yCTaHOBUTCA OLpPEIEICHHAN «T€MIEPATYDay (CPesHss KUHETHIe-
CKaAd DHEPrUA MOJEKYJbI), «(NIOTHOCTHY Taza OyneT MOCTOAHHOU W T. 1. Bce omum-
caHHbIe (a4 TAKXKe TPOMYIIEHHbIE 316Ch) XaPAKTEPUCTUKYA HIEAIHHOTO rasza XOpo-
10 M3BECTHHI B (PU3MKE, MHOTHME U3 HUX HUCCACAOBAHLI TAKXKE UUCTO MATEMaTHYE-
CKM, KaK TMPABUIO, C TIPUBICYEHNEM TEOPUU BEPOATHOCTEN W €e MOJHOU (C cepenu-
mel 50-x rogos XX Beka W 1O HACTOAIIEE BPEMA) BETBU — JPrOAUYECKON TEODUH.
I'py6o roeops, «MaTeMaTUYeCKOe UCCICIOBAHUE) [a3a COCTOUT B TOUYHOM OMpeese-
HUY (DUBUIECKUX HOHATUN ((IABIEHUE», «TEMIEpPATypay, «IEPEMElIUBAHIey U T. I.),
a 3aTeM B CTPOrOM PEIIeHUM MATEeMATUYECKUX 33734, CBABAHHBIX C DTUMU IMOHS-
TUAMYU, B CO3MAHUM COOTBETCTBYIOIIEN MATEMATHYECKONW TEOPUHU, B MATEMaTHYe-
CKOM [IOKA3aTEIbCTBE U3BECTHLIX (POPMYJ U MOJIYYEHUM HOBLIX, U T.I. B bTOM Ha-
TPABICHUN CEMYaC PAOOTAT MECATKU, eCAU He COTHM, MATEMATHKOB M3 DPA3HBIX
cTpaH Mmupa. KIIoueBbLIME CJIOBAMU B WX MCCAEIOBAHUAX ABMAOTCA «Xa0C» (M3yda-
eMBII DPrOAMYecKON Teopuen) u «Ouwuimaply (MeoMEeTpPUYecKas 4acThb TOH Ke Te-
opum). 34eCh CAEAYET 3aMETUTh, YTO «XaoC» U «CMIIMapAy — B3AUMOIPOHUKAIO-
e ¥ TEPETIeTAIIINECA TOHATHAA: «OWLINAPIy U3YYaeT NeTEePMUHUPOBAHHOE TO-
BeJIEHUE CUCTEMBI; DTO TIOBEIEHNE ¢ TeYEHNEM BPEMEHU CTAHOBUTCA MOYTH HEOTJIH-
YUMBIM OT XAOTUYIECKOTO, W TOrJIa, HA MOCAEJHEM 3Talle, MOXKHO 3a0bITh IIPO [e-
TEPMUHUPOBAHHOCTh U WMCCICAOBATH OAMH TOJBKO «Xaoc». «Xaoc» OYEeHb CAOKHAA
BEIllb, U 3J€Ch MBI 3ATPOHEM TOJBKO «IeTEPMUHWDPOBAHHYIO)» YACThH MOBEACHUA CU-
CTEMBI.

[lens macTOANEN CTATHA — OOBACHUTDH, KAK 337398 O CTOJKHOBEHUM ITAPUKOR
CBOAUTCA K OMAMTUAPLY, T. €. K 334a4€ O PABHOMEDHOM [BUXEHUU 00HOT YaCTUILL U ee
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OMIIMAD THOMY OTPAXKEHUIO OT PABAUYHBLIX TOBEPXHOCTEN (MPaBaa, B MHOTOMEPHOM
npocTtparcTie). [locae 5Toro Me pacckakem o 3aMedarensaon 3agade . . Cunas —
O YHCJE COYJAPEHUN MEXKAY MOJEKYJIaMU [a3a U ee OMIIUAD HBIX MOMU(pUKALUAX, U
OMHUIIIEM PA3JUYHBIE MTOAXOIBI K €€ DEIIeHnIO.

II. HEMHOI'O UCTOPUN: IOCTAHOBKA 3A/JAY U PE3YJIbTATHI

1. TP NIPOCTPAHCTBA: KOH®UTYPAIIMOHHOE, «CKOPOCTHOE» U ®A30BOE

Nnes 3aMeHATL TOBEACHNE CIOKHOU MEXAHUIECKOU CUCTEMBI [BUKEHUEM OJHOU
TOYKHM XOTA ¥ OYEHL HETPUBUAILHA, HO JOBOJLHO CTAPA — €€ KCIOAL30BAI B CBOUX
uccrenoBanusax Beaukun ¢pusuk Joasur Boabnvan cebime cra jger nasag (8 1872r.
Boariman mamucaa CBOe 3HAMEHUTOE «ypaBHeHUEe BoablMaHay, CBA3BIBAIONIEE 1a-
BJICHUE Ta3a M TEMIepaTypy € MOMOIILI0 KOHCTAaHTH BombunMmana kp (cMm., HAmpu-
sep, [6])).

Paccmorpum mpocTodl mpumep: n YacTHUL IBUKYTCA KaKUM-TO 0OpasoMm (moka
4T0 6e3 BCAKOrO 3aKOHA) B TpexmepHoM mpoctpancTse R, Kaxgaa qacTuma umeer
TPA KOOPAUHATH (L7, Yi, %), 4 = 1,...,n, MEHAIOMMECA BO BPEMEHU {. SAMEHUM DTU

N JACTHIl HA OMHY «MHOTOMEPHYIO» TOUKY
T = ($17y1721;$2:y2722; v ;xn;yngzn),

ABIKYIIYIOCA B HpocTpaHCcTBe RP". JIBMMKeHMe TOUKM & COCTOMT B TOM, UTO B Ka-
KB MOMEHT BPEMEHU ! M3BECTHBI BCE ee 31 KOODAUHAT (OHU OLPENENAIOTCA KO-
OpAVHATAMN UCXOJHBIX IACTHUIL B MOMEHT BPEMEHH 1), TAK YTO MU3BECTHA U BCA TPa-
ekTOpuA ToUkn T € R3”. A ecim m3BeCTHBI KOHKPEeTHBIE 3AKOHBI JBVKCHIS TaCTHII,
1.e. pyukuun x;(t), y;(t), 2;(t), TO U3BECTEH U 3aKOH IBUKEHUs «(MHOIOMEDHOW) a-
crunsl (t). Bo MHOrUX caydasx cregutsb 3a Toukon x(t) Jerde, 4em cpasy 3a 60Jb-
[MIAM 9UCIOM UCXOAHBIX dacTull. O THAKO 5Ta MPOCTOTA KAKYIIAACA — YMEHBIIAA A~
CJI0 FACTHUI] 10 OTHOW, HAM TPUXOAATCA YBEIUIMBATE «BLICOKOMEPUE) TPOCTPAHCTBA.
Mpocrpanctso R3™, B kxoTOpOoM aBEKETCA TOUKa (1), HABBIBACTCA KOHPULYPAUUOH-
noim. OJHAKO U €r0 MOXKHO DACHIMPUTD, 3AMEHUB KOHMUIYPAIUOHHYI) TOYIKY & (i)
Ha az06yi TOYKY z(t), KOOPIVHATE KOTOPOU — HE TOJBKO MOJOKEHUA IaCTUIl B
npocrpanctee R?, Ho 1 ux ckopoctu v; = (Vig, Viy, Viz), t = 1,2,...,n:

Z(t) = (w(t),'u(t)) = (mlayl;zlé---;xn:ynaznivlwavly;UMQ---;Unm;vny;vnz)-

Takum o6pazom BozHMKaeT (azosoe mpocTpancTso RS dasopas Touka koTOpPOro
ONUCHIBAET ABUAKEHUE (TPACKTOPUIO) HCXOTHON cucTeMEl B R? meukoM u moaHoCThIo
(B OTsTIIMeE OT KOHMUTYPAIMOHHON TOYKY (1), OMICHIBAIOMIEH JMTITh TPOCTPAHCTREH-
HOe TOJOYKeHe JacTull — 6e3 ux ckopocTei). dazoBoe MPOCTPAHCTRO eCTh TpAMas
CyMMa JBYX HOANPOCTPAHCTB — KOH(MUIYPALMOHHOrO R3™ M mpocTpaHCTBa CKOPO-
creit R3™: RS” = R3" ¢ R2". Unoraa 6uiBaeT mportie n HATIAIHEE UCCAEI0BATD TPO-
extto Toukn z(t) Ha R3® u/umm va RE™ mo oTaeabHOCTH, BMECTO TOTO, ITOOH OMH-
CBIBATH HAMHOT'O (0Jee CIOKHOe moBegenue ha3oBol Touku z(t) Bo Bcem RO™.

CremyeT OTMETHTE, 9TO, KaK TPABUIO, ABUKeHre (has3oBoH (a TakKe KOHPUTYpa-
IIMOHHOM W «CKOPOCTHOMW») TOYKM OCYIIECTBJAACTCA HE BO BCEM (IyCTOM» MPOCTDPAH-
ctee RS" — orpanuvenns, HakmagpIBaeMble Ha CUCTEMY Da3THIHBIMU (BU3UIECKAMM
3aKOHAMY, MHAYIIPYIOT TeOMeTPUHIecKe TPenaTCTRIA (B Bue opepxHOCcTen) B RE™
(paBHO Kax u B R3" u B R3", coorBeTcTBEHHO).
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Hampmiuep, ecy nCX0IHEIE YACTHILL B TPOCTPAHCTRE R MMEIOT 0JMHAKOBYIO Mac-
cy 1 1 ux mBMKEHUE TMOTUYMHAECTCSI 3aKOHY COXPAHEHUSI DHEPTUN:

2 2 2 _ 2 2 2 2 2 2 _ .
vi+vy 4.+, =const <= v, Fup, v+ U, U, + vy, = const,

TO TIPoeKIMsA TpaekTopun Toukn z € RS ma mpocTtpamcTso R3" mpeacrasiser co-
6or kpuByio, Jexamyio Ha (3n — 1)-mepHon chepe paguyca v/const. dra chepa u
OrpaHmYUBACT ABIKeHHe Toukn z € RS™.

[pyrof BaxKHBLIN A1A HAC IPEMEp: IBa OJWHAKOBEIX IMapa B IpocTpaHcTBe R3.
Kaxnuim map 3agaeTcs KOOpAMHATAMEI CBOETO MEHTPA U paanycoM r. Ecan Owl ma-
PbI OBUIM MPO3PAYHBIMU U TMPOXOAUIN APYT CKBO3b ApYra 6e3 MPEenaTCTBAU, TO UX
KOH(UT'YPAIIMOHHBIM TPOCTPAHCTBOM OKa3aloch ObI Bee mpocTpancTBo R3?2 = RS,
OHaKo mapsl HEMPO3PAYHBI U PACCTOSHUE MEXKAY UX HEHTPAMU BCEr1a GOJbIIe UIn
paBHO 2r:

(@1 = 22)* + (11 — 42)° + (21 — 22)* > (2r)%. (1)
Hepasencreo (1) sagaer BHemmiono dacTb nuiausipa I B 6-MepHOM OPOCTPAHCTBE,
HaKJIOHEHHOrO 1o yruoMm 45° k ropusonrtamu. (Ecau orpanmvurscs caesa B op-
myJe (1) TOMBKO TMEPBEIM CJIAraeMBIM U 3AMEHUTH 3HAK HEPABEHCTBA 3HAKOM DABEH-
CTBA, TO MBI MOJYYUM MOJOCY HA MIOCKOCTU OT1To MEXIY NPAMBIMUA Ty = L1 — T U
Zo = &1 + 2r — OJAHOMEPHBIN UWIMHAID, CM. puc. 1).

€2

LA
\\\\y 2r T

Puc. 1. Ognovepusiu muauagp 11

Taxum 06pasoM, KOHGUTYPAMOHHAA TOYKA T MOKET IBUTATHCA TOJLKO JUIIhL
B wacTtu mpoctpanctsa RS — pue mwmuapa I]. Tlonananue TOYKA T HA TAIAHID
03HAYAET CTOJIKHOBEHHUE MAPOB.

B nanpHefmeM moj KOH(UI'YPAIMOHHBIM, (CKOPOCTHBIM» W (DA3OBEIM MPOCTPAH-
cTBaMU MBI Oy€M UMEThb B BUIY TOIBKO MHOXKECTBO 603MOXNCHWT TIONOKEHUH COOT-
BeTcTByIOmeH Touxku B RE", R3" nan RS™. Onucanme »Tux mpocTpaHCTB AMa Cren-
AJIbHLIX cucTeM OyeT JAHO B CJAedyIOmeM pasiele.

2. buninapn
IlycTs TOYKa & IBUKETCA PABHOMEPHO U MPAMOJUHENHO B mpocTpancTse R™: mo-
. dx n
JOXKUM CKOPOCTH €e JBHXKEHWs pasHou 1: |lv]| = 2l = 1. Eciz B R" nmeerca

miockocThs Il pasmeprocTu n — 1, TO myCTh TOYKA & OTPAKAETCA OT HEE [0 3aKOHY
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TEOMETPUYUECKOU OTITUKH: Y204 0MPAHCEHUA Pasen yeay nadenus. Van unage: pasao-
JKUM CKOPOCTBH ¥~ TOYKHU & [0 OTPAXKEHUA Ha [Be COCTABRJAIIINE, ONHA N3 KOTOPHIX,
v, nepueHAuKyIapHa miockocTu II, a BTOpas em mapasiieapHA: v[ =v —v].
IIpu oTpaxkenun ot Il mapamientHas COCTABJIAIONIASL v[ HEe MEHfAEeTCs, a MePIeHIn-

+ _ —
[ VL =~V Hosas ckopocTsb wacTuier (mocie

KyJApHAA MEHAET 3HAK: vﬁr =

OTpaXKeHWs) PABHA
vt :vﬁ“—i—vi =v —v].

Nam, HakoHEI], 3aKOH OTPAXKEHUA MOKET ObLIThH 3AaMUCAH B BUIE BEKTOPHOU (Op-

MYJIBL

vt =v" -2 (v",n) n, (2)
rae (-, -) O3HAYAET CKAJAPHOE MPOU3BENEeHNE BEKTOPOB B R™, a n — BEKTOp HOpMAIN
K miockoctu II.

Bossparmasace K mepBOHAYATLHOMY 3aKOHY T€OMETPUIECKON OTITUKY, OMUIIEM €TI0
9yTh Gosee MoApo6HO. BosbMeM mamarommi ayd cBeTa (TOYKA & MPUOIMKAETCA K
IT) u orpaxennsint (Touka & ygaasercs or II). Hepes HuX HpOXOAUT eAMHCTBEHHAS
IBYMEpHAsA IIOCKOCTh 7 (€CaU Pa3sMEPHOCTH MpocTpaHcTBa R™ Goabiie 2; B crydae
n = 2 5T0 caMa WIOCKOCTb R™). B 3T0M e TIOCKOCTH PACTIONOKEH TAKKE U BEKTOD
n HOpMaJu K oTpaxarowen (n — 1)-mepuon miuockocru II (koTopsii 6epercs B ToUke
orpaxenus). Torga yeoa nadenus o — 3TO yroa Mex Iy NafAIOLMM Jy<IOM CBETA U
BEKTOPOM 7y (WM WHAYE, YIOM MEXKIY BEKTOPaMU (—¥ ™) U 1), & Y204 0MPAHCEHUL

8 — BTO Yyroa MexIy OTPAXKEHHBIM JY9IOM W BEKTOPOM 7t (T.€. YyroJd MEXKIY BEK-

Topamu vT u m). 3akon onTuku raacut: |« = 3| (puc. 2). On Taxxke Ha3BIBAETCA
O6UAAUAPOHBIM 3AKOHOM.

Jlerko BUAETDH, YTO BCE TPU ONMUCAHWA OUIIUADPIHOTO OTOOPAKEHUA TOIKUA & OT
nnockocTr 11 3KBUBaJEHTHEL

OnwuimeM Temeph OGUIIHADAHOE OTPAKEHWE TOYKA & OT TIANKOU TOBEPXHOCTH
S C R". Ilposegem k S B TOUKe OTpaxKeHWs KacaTeabHyio (n — 1)-MepHyIO mioc-
KOocTh Il m Gymem camTaTh, 9TO TOYKA & OTPaxkaercda oT Il mo OmmCcamHOMY BBIIIE
OPaBWIy. JTO U €CTh OMITHAPIHEIN 3aKOH oTpaxkenua oT S. Ecau Touka & oTpaxka-
eTCA TO DTOMY 3aKOHY OT HECKOJBKUX TiankuxX (n — 1)-MepHBIX mOoBepXHOCTEn (1o
orgenbHocTH) B npocrpancTse R™, T0 MBI OygeM [OBOPUTH, UTO ABUXKEHUE T OUJI-
JUAPIHOE, 4 CaMa TOYKA € ABWXKETCA MO OMLIMADIHOU TPAEKTOPUHU B 061aCTH IPO-

Puc. 2. Bunimapaubia 3aK0H: o = 3
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~a L

Puc. 3. Buimnap o cTog U OWLInap AHAA TPACKTOPHA

cTpaHcTBa R™, OrpaHWYEHHON DTUMHU TOBEPXHOCTAMU. [[0BEPXHOCTH OTpAKEHUS I
KpaTKOCTU Oy IeM HA3BIBATH CMEHKAMU, OOIACTH, B KOTOPOU IBUXKETCA TOYKA &L, —
(MHOTOMEDHEIM) 6UAAUAPIHbIM CTNOAOM, & BCE NBUNKEHUE & — Ousduapdom (puc. 3).
CaMy TOUKY & HA30BEM OuAAuapIHOT wacmuyerd.

HamoMuuM, 9TO MO OMpeneseHnio CKOPOCTh GUIINAPTHOU YACTHUIEI BCETA PaB-
ua 1: ||v|| = 1. OTMeTnM TakXe, 9TO eCIM OMLIMAD JHAT UACTHUIA IONAJACT HA epece-
YeHue ABYX WIM OOJBIIErO Y9KCIA CTEHOK, TO €€ NBIKEHIE [IOCJIE 3TOr0 He OIPEIeJeHO
(Tak KaK pasMepHOCTH LEPECevueHus CTeHOK < 1 — 2, u KacaTeabHas (n — 1)-mepHas
mwiockocTh 11 He ompeneneHa OAHO3HAYTHO). MBI 6yeM CIMTATH B 3TOM CIydae, 9TO
TPAEKTOPUA YACTUILI B TAKON TOYKE 0OpBIBaeTCA. Mepa MHOXECTBA HAYAJIbHBIX 110~
JIOXKEHUU JaCTULLL, 15 KOTOPBIX TPAeKTOpuUs He onpegenena (o6prBaercs), pasua 0,
“ TaKUMHU TPAECKTOPUAMU MBI OymeM mpeHeOperaTh. Takum oOpaszoM, OWIInAp THLIE
TPAeKTOPUU — TOJBKO T€, TOYKN M3I0MA KOTOPHIX He IPUHATEXKAT CPa3y HEeCKOIhb-
KUM CTEHKaM OWIIrapIHOro CTOIA.

3. 3A1A4YA CHUHAA O CTOJKHOBEHUU OJMHAKOBBIX IIAPOB

IMpumepro B cepeaune 1960-x rogos f.T'. Cunau, 3anuMasch 10Ka3aTEALCTBOM
SPTOAUTHOCTH OMHOPOTHOTO T'a3a B COCYIE, MOCTABWI CIAEAYIOUME BONPOCH. IlycTh
MOJIEKYJIH ra3a (IapUKK) JEeTAIT B HEOTPAHUYIEHHOM MyCTOM IPOCTPAHCTBE U YIIPY-
ro craakusaioTcs Mexay cobou. [llapuku npeanosaraoTcs O4UHAKOBLIMU (OLHOPOI-
HBIU ['a3), UX YUCI0 — KOHEYHBIM, a yIPYrOe COyAapeHue O3HA4aeT, 9T0 B MOMEHT
yaapa CKOPOCTH CTOJKHYBINUXCA IMAPUKOB MEPEPACTIPEACIAITCA COMIACHO 3aKOHY
COXPAHEHUs UMILYJAbCA (KOIUIeCTBa ABUXKEHUS) U dHePrur (TOIHBIE POPMYJILL Oy YT
BBINUCAHBL B CJAEAYIOLIEM Da3ese).

1) MoryT a1 CTOJKHOBEHUsI B TAKOU CUCTEME IIPOLOIKATHCA HEOIPAHUYIEHHO 1007
2) MoxeT Ju 9ucao y1apoB B CUCTEME 32 KOHeUHbli] TPOMEKYTOK BPEMEHU OKA3ATHCA
6ECKOHEIHBIM !

3) Kaxoe mambosbIiee 9UCAO YIAPOB MOXKET MPOU3OUTH MEXKIY MOJEKYJIAMH, €CIn
pa3pelaeTcs IPOU3BOJILHO MEHATD UX HAYAILHBIE HOM0KEHUS U CKOPOCTH (IIPU YCI0-
BUY, 9TO OTBETHL HA 002 NPEALIAYIIUX BOIPOCA OTPULATEIbHEL)?

Otu Bonpocwl Bosaukan y f.T. Cunas ecrecTBenHBIM 06pa3oM IMpU HCCAEI0BA-
HUM CTOXACTHYECKUX CBOWCTB ra3za M CO3JAHMUA WM TEOPUM TUICPOOITICCKUX OWI-
JUAPAOB (KOTOPHIE HA3BBIBAIOTCA TAKKE PACCEUBAOWUMYU WA Oussuapdamy Cunas,
cM. dynaamenranpuyio padory f.T. Cunas [8]). Jeso B TOM, 9T0, KAK MBI IOKAXKEM
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B CJIAVIOIMIEN 9aCTU, KOH(DUTYPAIMOHHBIM TPOCTPAHCTBOM CUCTEMBI MAPUKOB ABJIA-
€TCA MHOTOMEDHOE eBKJINJI0BO TPOCTPAHCTBO, U3 KOTOPOI'O BEIKUHYTO MHOT'O IIAJIUH-
apos tuna (1), rae 3HaK HEPABEHCTBA > 3aMEHEH Ha IPOTUBONOJIOKHBIN 3HaK < (T. €.
U3 MPOCTPAHCTBA BHIKWHYTHI MWIWHIDLL M UX BHYTPEHHOCTH), & NBUKEHUE KOH(MU-
CyPAIMOHHON TOYKE ¥ (1) TOTIUHAETCA OUmmap AHOMY 3akoHy (2). WHbiMEu ciosamu,
a3 B MCXOJHOM TPEXMEPHOM IPOCTPAHCTBE, COCTOAIINYI U3 OIMHAKOBLIX C(hepudecKn
CUMMETPUYHLIX MOJEKYJ, €CTh He 9TO uHoe, Kak Oumnmmaps CuHas B IPOCTPAHCTBE
GOJBIION PA3MEPHOCTH: CTEHKHU Omanuapa (MOBEPXHOCTH BHIKHHYTHIX IAIAHIPOB)
¢BJIABJEHBD BHYTPbL MHOTOMEPHOTO OMJLIMAPAHOTO CTOMA — a 3TO OAHO u3 TpeboBa-
HUY HA reomeTpuio OGuummap na Cumnas.

CrenaeM oroBopky: 6-meper mmimaap (1) 3agaer Bo Bcem mpocTpamcTse R™ gpyroi
mammEgp C = IT x R¥ 7% wo rpanwma y C yxe B OCHOBHOM ILIOCKAA, JHIMb 1O HEKOTO-
PBIM HAIIPDABJICHUAM €€ KPUBU3HA OTJIUYIHA OT HY.JIA. TaK 9T0 BOSHI/IKaIOH_II/II‘;I 6I/IJIJII/IaprZ[ — HE
CTPOro paccemsaronmu, a norypaccensaommir. O gnakxo B padore [8] Bce TpygHOCTH, CBA3AH-
HEBIE C (TOXyPACCEnBAHUEM» (T. €. ¢ MIOCKAME yIaCTKAMA TPAHWITHI), TAKKE OBLIN ¢ YCIEXOM
PO JOJEHEL.

Wrak, ras ceogurca x 6unanapay CuHas onucas-
F HOI'O BBILIE THUMA. 3adYeM K€ HYXKHO 3HATh, KOHETHO
\\ M GECKOHEYHO MO COYJAAPEHNN B CUCTEME Iapu-
KOB, WM, YTO TO XK€ CaMOe, B M30MOP(HOM >TOU CHU-
creme Ouwuiuapae?

31ech MBI MOXEM fAaTh OTBET Ha DTOT BOIPOC
JIIIE OYEHb TPUOJIKEHHO, OCTAB/AA OCHOBHEIE UIEH
F TEopUu runepOoNnIecKuX OULTAAP 0B, KPOME OIHOU,
3a CKOOKamMu. A BTy OIHY MO0 IPOAEMOHCTPUPYEM
ISl TBYMEPHOT'O Cy<as.

Korma napantensHbIN Ty90K «OMIIHAD THBIXY (UIH
CBETOBLIX) Jy4eld [IaJaeT Ha IWIOCKUY yIaCTOK I'DAHU-
IIbI, OH TIOCJE OTPAYKEHMs OCTAETCS MapPALIETbHBIM.
Ho ecam y4acTOK TpaHMIE! BHIMYKJIBIN (IO OTHOIIE-
HUIO K NApPALIEIbHOMY Iy4Ky CBETA), TO 3TOT Iy40K
[OCJE OTPAXKEHUs PACCEETCsA U BOAHOBOU (PpoHT F
(MOBEPXHOCTD, MEPIEHINKYIAPHASA OTPAKEHHBIM JIy-
gam) 6yger kpusoaunenusim (puc. 4). (IIo sTon npu-
4quHe OULIHAPA U HA3BIBAETCS PACCEUBAIOLINM ).

Kax MenseTca kpuBustna ppoHTa F mpm ero aBu-
JKEHUU B MPOCTPAHCTBE TOCTE KAXKAOT'O0 OTPAXKEHWS
OT BBIIYKJIOI'O y9aCTKA TPAHUIIBI?

O6paTum Bpems, T. e. sanyctuM ¢pporT F' (BMecTe
¢ mydukoM) B 06paTHy®0 cTopoHy (cM. puc. 5). IlycTs
x € F v nycte ppouT F IBUKETCA 0O TPAHUILI OT-
paxenus Bpewms t1. Torma

Puc. 4. Boanosou ¢ppoHT
OTPAKEHHEIX JIyIEH

Puc. 5. K Brogy R(z)=t1 + R, (3)
YPaBHEHUA 3E€PKATBHOTO rae R(r) — paauyc KpuBu3HBI GPOHTA B TOUKE I,
OTpaKeHuA t1 — pacCToAHUE, KOTOPOE MPOXOAUT TOYKA T 10 TPa-

e, R — paguyc KpuBU3HGI GPOHTA B TOYKE OTPAKEHUA (0 OTPAKEHUA ITyIKa
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oT rpauuiel), Ry — pagmyc KpuBU3HHEL (PPOHTA B TOUKE OTpaXKeHUA (MOCIe OTPa-
WKEHUA TydKa). V3 TeOMeTPUIeCKON ONTUKA U3BECTHA CIEAYIONIAA SIETAHTHAA CBA3D
paguycoB R_, R, u Ry:
1 1 1 2

L1, 12 (W

R_ R+ R1 COS 1
rae @1 — yroa OTPaXKeHnd B TOYKE OTpaxkenus, ) — paanyC KpUBU3HEI CTEHKH; 3T
(bopMyIa HABBIBACTCA YPABHEHUEM 3EPKAALHO20 ompaxcerus. OOpATHBIE BEJMINHEL
K paguycaM — 3TO KPUBU3HBI, TAK UTO KOPOYE PABEHCTBO (4) MEpenuchBaeTcsa B
TepmuHax kpususH X+ = 1/Ry, Ky = 1/Ry:

2
X- =X+ + Ko o (5)
Nz (3) monyuaem x(z) = LI 1 = ! OTKyAa, ucnoabays (5)
R(z)  t +R_ 1 ' ’
t1 + —
X,
HaXO UM
1
\e) = ————— ©)
t1 + 721(,1
cos 1 X+

Nrax, popmyaa (6) gaer mam xpuBusny ¢poHTa B TOUke £ € F mnocae odnoeo
OTpaxKeHUA OT rpaHunbl. Ecam xe oTpaxkeHu# OLLIO OBA, TO MBI IOJKHEI IPUHATE
KPUBU3HY X4 = XS:) 3a KPUBM3HY (PpOHTA B HEKOTOPOW APYTOM €ro TOYKE Y W 3a-
MEHUTH €€ aHAJOIMYHBIM BhIpaxkenueM 110 ¢opmyae (6), TOIbKO Teneps BCE UHIEKCHL

cmensarcs ¢ 1 va 2. B pesyabrare 6ygem umers dopmyay (7):

(@) = 1 . ™)
b+ 2K, 1
Cos P71 1
+
*TIK, (o
COS 3 X+

IIpononxkas nreprpoBaTh, MOJYIUM LENHYIO IPOOH

x(z) = - (8)
b+ 2K, 1
COS 1 1
Y 1
cospy  tz3 ...

rie MHOMOTOYME CJAEAyeT 3aMEHWTH HA AHAJOIMYHBIE BBEIPDAXKEHUs CTOJBKO Das,
CKOBKO UMEETCS OTPAXKEHUN TOYKU MPHU €€ TPAMOM JBUKEHUN BO BPEMEHU, TPEXK e
YeM OHA TIOMAAET B . 3AMETHM, YTO MBI HAYMHAIA C MAPALIEIBHOrO MyYKa, KOTO-
pomy orBeuaer Y4+ = 0. JomycTtum Temeps, 4TO X@ — 0 npm ¢ — 00, T.e. 9TO JIy4H
CTAHOBATCA TOYTH TMAPALISIBLHBIMYA MOCTe OECKOHETHOTO Yncaa oTpaxkenun. Torga
moJy4aeM OeCKOHEUHYIO Ienuyo npodsb. B paccyxaenusx fA. . Cunas BaxHO, 9TOOBI

sra gpobb cxoguiaack — Torga GyeT onpeneneHa KpususHa X (x) B Touxe z. B Teo-
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PHUU LEMHLIX APOGen XOPOIIO U3BECTEH KPUTEPUN CXOAUMOCTYU OECKOHEIHOU IETTHOU
apoon.

KPUTEPHI CXOAUMOCTH TEMHON TPOBU (SEIDEL — STERNE). Beckoneunas
yennaa 0pobdb

T , a; >0,1=1,2,...,

1
as + ...
crodumea moada u moavko moeada, Ko2da

oo
E a; = OQ.
i=1

a; +
as +

(Cwm., mampumep, [11].)
Wrak, gasa cymecrBoBanus KpuBU3HEL X (X) #e006z0dumo, 4T06HL

- 2K
) <ti + = ) = oo.
oS p;

i=1

A nnsa sToro docmamouno, 9TOOH Y .o, t; = 0o (mockoaeky 2K;/cosp; > 0 mpm
BCeX ). AHATOIrUYIHEIE PACCY K I€HUA, TOJBKO HAMHOIO 60J1ee TeXHUIeCKUe, PaboTaoT
U B MHOTOMEPHOM CJIy9ae.

Ecan dmcno yaapos B cucTeMe apoB Ha JA060M KOHEYHOM MHTEPBAJIE BPEMEHU
KOHEYHO, TO DTOTO AOCTATOMHO AN PACXOJUMOCTH PAJA Y oo t; M, TEM CAMBIM, I
cxogumocTy nenson gpo6u (8). Bor mouemy 10cTaTOMHO OTBETUTDH TOABKO HA BTOPOU
Bompoc fl.T. Cunas; HO MEPBLIM U TPETUU BOMPOCH MHTEPECHBI cCaMu TO cede, U,
KpOME€ TOT'0, OTBETUEB Ha JHOOOW M3 HUX, MBI OJHOBPEMEHHO CMOTVIA ObI OTBETUTH
TaK>Ke U Ha BTOPOU BOIIPOC.

A.T. Cunan mocTaBuUiI U penma 3aJady O CTOJIKHOBEHUAX 0JUHAKOGHIL IAPOB B
cBoen (K COXaJIEHNIO, TAK W He OMyOIMKOBAHHOMN) pykomucw [9]. A mmenHO, OH [0-
Ka3aJ, 9TO €CIM YUCJAO MIAPOB (PUKCHPOBAHO, TO CYIMIECTBYET Takasd KOoHCTaHTa ()
YTO 9MCI0 COYyAAPEHUN MEXKIY DTUME MAPAMEA B IIyCTOM IpocTpancTBe Menbme ()
HE3a6UCUMO OT HATAMNLHOTO COCTOAHUA CUCTEMEI, T.€. OT MOJOXKEHUA W CKOPOCTEH
IIApOB B HYJEBOU MOMEHT BPEMEHU.

W3 sToro pesyabrara BEITEKAET OTPULATEIBHBIM OTBET HA BOIPOC 2), UIPAIOIIUT
dyHIAMEHTANBHYIO POIb B CXOAUMOCTH LENHOU apobu (8). DTOT OTBET CTax OFHUM
73 KJIIOYEBBIX MOMEHTOB B fokazaTeabcTre f. . Cunasg sproguvHoCcT 0HOPOIHOTO
rasa B cocyje.

4. CTOJKHOBEHUA TPEX OJAMHAKOBBIX IIAPOB

IIpusemseM JMHOGONBITHEIA U JOBOJIBHO TOHKWH PE3YJLTAT O CTOJKHOBEHUAX MpeL
OJMHAKOBHIX ITAPOB B IPOCTPAHCTBE, M3BECTHLIN KAK «TUIOTE3a YacHOekay. B padoTe
ameprkaHckux ¢usuxon (Sandri, Sullivan, Norem [18]) 1964-ro roga 6ri1a InCIeHHO
IPOCYMTAHA CUCTEMA M3 TPEX ONUHAKOBEIX IMAPOB, W OKA3aJ0Ch, 9TO MPH PACCMO-
TPEHHBEIX UMH HAYAIBHBEIX HOJOKCHUAX M CKOPOCTAX MIAPOB, YUCAO CTOJIKHOBEHUN
MEXK Iy MAPAMU HE TPEBOCXOANT 4: 9ETHIPE CTONKHOBEHUA MOTYT TPOM30UTH, a MATH
u Gosipie — He MOryT!
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OTOT pe3yabTaT OBLI TaKXKe HE3aBUCUMO aHOHCUpOBaH B 1964 . B padore Thur-
ston’a u Sandri [19]. CTporoe ero n0KasaTenrLCTBO MOABIJIOCH HE OYEHB JABHO: B
1993 r. amepukanckue xumuk T.J. Murphy u ¢usuk E.G.D.Cohen B coBmecTHON
pabore [16] goKazamn, 9TO 803MOHCHBL MOALKO CIEAYIONINE CTOIKHOBEHNS B CUCTEME
OJIMHAKOBBIX mapoB 1, 2 u 3:

L. a) (12) (onMHADHEIN yaap)
b) (12)(23) (382 yaapa)
cl)  (12)(23)(31) (Tpu yxapa)
c2)  (12)(23)(12) (Tpu yxapa)
d1l) (12)(23)(12)(13) (uerwipe yaapa)
d2) (12)(23)(13)(23) (uernipe yzapa)
W HEBO3MOHCHbL TAKUE TEOPETUIECKHA MBICIUMBIE CTOJKHOBEHUSL:
I, el) (12)(23)(12)(23) (deTwIpe yaapa)
e2) (12)(23)(13)(12) (deTwIpe yaapa)
f1) (12)(23)(12)(13)(12) (mars yzapos)

f2)  (12)(23)(13)(23)(12) (maTe yaapos).

OTrMeTuM, 9TO MOAOOPATE HAYAIBHBIE YCIOBUSA B CUCTEME C YETHIPBMSA yIapaMu
dl) mau d2) o4gens HEnpocTo; a A0KA3ATEILCTBO HEBO3MOKHOCTH Y€THIPEX CTOJIKHO-
Benu el) u €2), a Takxe matu croaxHosernut f1) u {2) serko Breder [OKa3aTEALCTBO
HEBO3MOXKHOCTH 6, 7, 8,... YIAPOB B CUCTEME U3 TPEX ONUHAKOBEIX MIAPOB (MOCKOIb-
Ky M1006as MOCJAeJ0BATENBHOCTD U3 6 yIapOB COMEPKUT OTHY U3 MOCAEI0BATENLHOCTEN
el), e2), f1), £2)). T. Murphy u E. Cohen ormedaor, 94T0 [OKA3aTEALCTBO HEBO3MOXK-
moctu yaapos tuna Il B odens kpatkom Buge Obuin panee nausl E. Cohen’om B pa-
6ote [14] 1966 roga, m 9TO yTBepKAeHWE PO < 4 CTONKHOBEHWN BEPHO TaKXKe B
IPOCTPAHCTBE JIOO0r0 YUCJIA U3MEpeHun 1 > 3.

3agada npo TOYHYIO BEPXHIO OLEHKY YUCJAA CTOJKHOBEHUN B CUCTEME U3 YETHIPEX
wim 60Jiee OMMHAKOBHIX MAPOB HUKEM HE UCCJIEI0BANACE.

5. «MAJAS» U «BOJIbIIAS» BUJIJIMAPIHBIE 3A0AYM fI.T'. CuHAA

Hampammsaromeecs ob6obmenne 3anadu f.1'. Cunas 06 ynpyroMm CTOIKHOBEHUM
00UNGKOBHIT IIAPOB COCTOUT B PACCMOTPEHUH IIAPOB NPOU3E0AbHbIL PATUYCOB T1,
r92,...,TN U IPOU3BOJBHBIX MACC M1,M3,. .., my, JeTAMUX U YOPYI'O CTAIKUBAIO-

IUXCsA B IMyCcTOM mpocTpancTtBe R™ raen = 1,2, 3,.... OTa 3a1a49a ObLIA IOCTABIEHA
A.T. Cunaem B cepequne 1970-x rogos ma naygyaom cemuaape MI'Y no gunamwde-
ckuM cucrteMam mof pykoBogcteoM B. M. Anekceesa u fI.T'. Cunas.

NmeeTca cymecTBEHHOE OTINYME «OJHOMEPHOTO rasay (n = 1) 0T «MHOrOMepHOTo
rasa» (n > 2): B TO BpeMsa KaK B OTHOMEPHOU CUCTEME AP 1 MOXKET CTAIKABATHCA
TonbKO ¢ mapaMu #(i — 1) u #(i + 1), B MHOrOMEpPHOM ra3e anpuopu HET OrPAHU-
YeHUP A1 CTOJKHOBEHWs WapoB #i u #k c |i — k| > 2. (Takue orpanuvenus MoryT
MOABATHCA JUIL B PE3yAbTaTe CKPYMYJIe3HOTO M3YUEHUs CUCTEMBI, KOT/a, KaK BTO
OBLTIO B CAyYae TPEX OJAMHAKOBLIX IIAPOB, 0GHAPYKUBACTCA, ITO HE BCAKUE TTOCAEOBA-
TEJIBHOCTH yAApOB ocywecTBuMbL. ) O qHOMEpHAA cucTeMa WapoB (BepHee, CTepKHen
HA MPAMOM) MOXKET OBITh PEIYIMPOBAHA K CUCTEME TOYEYHBIX YIPYTUX 4GCMUY HA
npaMon (Korga Bee paguychl 7; = 0), B TO BpeMa KaK B CIydae IUCKOB HA MIOCKOCTH
(n = 2) win wapos B npocTpancTse (n > 3) Takol PeIyKLUUN CALAATH HEIb3sl.
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HamoMHUM, TO MBI MCKIOYAEM M3 PACCMOTPEHMA Takue COOBITHA, Kak Oojee
9eM NBOUHBIE CTONKHOBEHUA (YACTHII, JUCKOB WM MIAPOB), & TAKXKE OJHOBPEMEHHbIE
IBOVHLIE CTOJKHOBEHUs 60Jee 9eM ABYX IAPOB: 3TU COOLITHUS TPOUCXOAAT C BEPOAT-
HOCTHIO (.

B crenytormem pasgene 6y Iy T ONMCAHE! KOHQUTYPATMOHHEIE TPOCTPAHCTBRA (&) cu-
crembr N wactun #a npamoit R! u (b) cucremer N nuckos ma maockoctu R? mwm N
mapos B npocrpascree R”, n > 3. OHu KaveCTBEHHO PAB3JIMYHBL €CIM B ciydae (a)
KOH(UT'YPAIMOHHEIM IPOCTPAHCTBOM ABISETCS MHODOTDAHHEIN YIOJ CIENUATBHOIO
Buga B mpoctparcTtee RY, 1o B cayuae (b) xomdurypammorHOe TPOCTPAHCTBO —
a0 mpoctpancTBo RV™, w3 KOTOPOro BLIKAHYTa JOBONBLHO 3aMBICIOBATASA CHCTE-
Ma 13 (’;) OUIXHAPOB (M WX BHYTPEHHOCTEH), NPHUYEM BCE LUIXHAPHL MMET 00-
Iee HemycToe nepecedenne. B o0rmem ciaydae, KOraa paguycwl 11,79, ..., N 1 MaCChI
mi,Ma, ..., MN PA3INIHLI, KOHPUTypammonHas ToIka T(t) € RN™ nemwercs Mexty
CTOJIKHOBEHHUAMI CO CTEHKAMU — I'PAHAME yIVIa WIN IWIMHIPAME — BIOJIb IPAMBIX
(kak 5TO ¥ GBLIO paHbBIIe, KOIJA BCE MAPH ObLIM OIUHAKOBEIMHE), HO €€ OTPaKEHUL
OT CTEHOK YK€ BOBCE He OmiimapiHble!

Tem He MeHee, cle1aB JOBOJBLHO MPOCTOE — JuHenHOe! — mpeoOpaszoBaHme mpo-
crpactea RV", 51.T. Cunait cymen cBecTH 3a,1a9y ABUKEHAS TOYKH (1) K 3a1a1e o
6uLIuapAHOM JBUXKEHUK HOBOU TOUKM (1) B 1peoO6pa3soBaHHOM KOH(MUIYDALUOHHOM
MPOCTPAHCTRE.

TakuMm oOGpazoM, o0Imas 3amada O IMapaxX Pa3HBIX Pa3MepoOB W MaCC TaKiKe CBO-
OATCA K OMLIIApIy.

ITocne Takoro ceenénus fA.I'. Cunan caenan nBa eCTeCTBEHHLIX IONYIIEHUA: B 3a-
nage (a) IpO YACTHUIBI OH OTKA3AJCA OT CTIENUAJBHOTO BUa MHOMOTDAHHOTO yIJa
¥ PacCMOTpeT OMITHAP/ B MPOM3BOJBHOM MHOTOTPAHHOM yrile B mpocTpaHcTBe RV,
a B 3agade (b) OH 3aMeHUI NUIUHAPHL B MHOI'OMEDHOM [POCTDPAHCTBE HA KOHEYHOE
MHOKECTBO MPOM3BOIBHEIX BHITYKIEX Tex B RE (rge K me o6asarensuo pasxo nlN)
€ TaKMM CBOUCTBOM: TDAHUIIEI TN TIANKUE U 6CE IMU MEAG UMEIOM HENYCMOe ne-
peceuenue, a KOHMUIYpALIUOHHAA TOUKA z (1) OTpakaeTcs OT IpaHul >TuX Tea (cre-
HOK) 10 OGmummapaHoMmy 3akoHy. Oramume 3agagu (a) or (b) B TOoM, 4TO B 3ajzade
(a) TakUMM BEIDYKJIBIMU TEIAMHU CIYXKAT MOTYIPOCTPAHCTBA, W OWLIMADJHOE IBU-
KEHNE MOYXKHO MCCJIEIOBATE DOTEE WM MEHEee DJIEMEHTAPHBIMUA METONAMU, & B 331396
(b) y CTEHOK UMEIOTCSI KPUBU3HLI, KOTOPLIE CO31aI0T PACCEAHUE [IPU OTPAKEHUU OT
HUX, U UCCJIEJOBAHIE CTAHOBUTCS HAMHOI'O OoJee CI0XKHBIM. 3agady (b) Toxe MOXKHO
paccMaTpuBAThL KAK OMATUAP] B MHOTOTPAHHOM YTJIE, HO CO «BAABICHHEIMUA BHYTPH
crenkamu (puc. 6). f nassan sagauu (a) u (b) «anomw» u «GOABILIONY CHIAD JHEIMY
3a7a9aMHU [OTOMY, 9TO 3TO (PAKTUIECKM OJHA W Ta XK€ 33434 — O OWIImapue B
yIJIe, TOABKO B «MAJOW» 3aJa9€ YUOA 3TOT — OOBIYHBIM MHOTOTDAHHEIN, C TIOCKUMU
TPAHAMH, a B «OOJMBIION» 3aa4e TPAHU-CTEHKM MHOTOTPAHHOTO YIVIA — BBIMYKJIEI
BHYTDb HEro, U 3T0 06CTOATENLCTBO (BBIIYKIOCTH CTEHOK) CO34AeT (HeIUHEUHLIE
TPYIHOCTH TIpU €€ pemenuu. [IpupeneM TOYHBIE (DOPMYIAPOBKE OUIIAAPTHEIX 3a-
na4a f. . Cunas.

«MAJIAA» 3ATAYA CUHAA. [loKasaTh WM OMPOBEPTHY Th, YTO B JIOGOM MHOTOT'DAH-
HOM yryie B R" ¢ TIOCKMMM CTEHKAMY 9YMCJAO OTPAKEHUN OWIINADIHON YACTHULEL OT
ero creHok (i) korewHo, u (il) 370 4KCIO HEe IPEBOCXOAUT HEKOTOPOU KOHCTAHTHL (',
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n=2 $ n=2 z
T x
/
/
n>3 - n=3
\

(a) (b)

Puc. 6. Manaa» (a) u «6onpman» (b) 3agadn Cunas

3ABUCAIICH TOJABKO OT MEOMETPUH YIVIA, HO HE OT HAYAJLHBIX YCJIOBUH — MOJIOXKCHUA
U HAIPABJEHUsI CKOPOCTH dacTuusl (puc. 6a).

«BOJbIMAA» 3AMAYA CUHAA. [loxasaThs WM OMPOBEPTHYTh, 9TO B JIOOOM «KPUBO-
JUHETHOM» yTUIe C TIQIKUMA CTEHKAMMY, BHITYKJIBIMA BHYTDb yIJa (CTEHKN — CPaHU-
OB BEILYKJBIX T, IMEIOLIAX B COBOKYIIHOCTHU HEILYCTOE [IEPECEYEHUE) YUCIO OTPAKE-
HU OT ero creHoK (i) koHeuHo, u (ii) IpU HEKOTOPHIX OrPAHUIEHUAX HA [E€OMETPUIO
yIyia He TMPEBOCXOIUT HEKOTOPOU KOHCTAHTHI (o, 3aBUCAIIEN TOJLKO OT T€OMETPUN
yIJa, HO He 0T HAYAJIbHBIX YCJIOBUU, HAKIAALIBAEMBIX HA OUIINAPAHYIO YacTuly (Ha-
9aIbHOIO MOJIOXKEHUS U CKOPOCTH).

IMox «HEKOTOPHIMU OrPAHUYEHUAMHU HA [EOMETPUI0 KPUBOJUHEUHOIO YIJIA»
A.T. Cunan umen B Buy MOXOXKECTH €0 HA (LIOCKUM» YIOJI, & UMEHHO: MDA’y KPU-
BOJIMHEMHOT'O YIJIA JOMKHEI OBITH TPAHCBEPCAILHBIMU, T.€. HE UMETh OOINen Kaca-
TETLHOMU.

6. 3ATAYA CUHAA O CTOJKHOBEHMAX MPOU3BOJIbHBIX IIAPOB B
IMPOCTPAHCTBE

OgHOBpeMeHHO ¢ (GOPMYIUPOBKAMU «MAJOU» U «OOJBINIONY OWLIMAPIHBIX 32129
A.T. Cunan chopMyIupoBalI U UxX «IMHAMUYECKHAE» AHAIOIM.

3ATAYA O YACTHUIAX HA IPAMOM. JIOKa3aTh WM OIPOBEPIHYTE, YTO YUCIO CTOIK-
HOBeHWN B cucTeMe N YaCTUIl TPOU3BOIBHBIX MACC My, . . . , M, ABIKYIINXCS HA Gec-
KOHEYHOM TIPAMOH, (1) KoHewHO, u (ii) 5To YMCI0 He MPEBOCXOAUT HEKOTOPOU KOHCTAH-
o1 C = C1(mq,...,my), 32aBUCSLIEN TOJIBKO OT MACC, HO HE OT HAYAIBHBIX [IOJ0XKEe-

HUI 9aCTUl ¥ UX CKkopocTel. Bruicuurs xapakrep dyuxknuu C; = Cp(my, ..., mpy).

3AAYA O MAPAX. JlokazaTh Win OMPOBEPTHYThH, 9TO YUCIO CTOJKHOBeHUU N ma-
poB (N AUCKOB B Ciy4ae IWIOCKOCTHU) IPOU3BOALHBIX HEHYJIEBBIX DALUYCOB T1, ..., TN
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T Macc my, . .., My, CTATKUBANIMXCA B TpocTpadcTee R™ (n > 2), (i) koneuno u (ii)
5TO YUCJO HE MIPEBOCXOANUT HEKOTOpON KOHCTAHTH Co = Co(r1,. .., "N, M1,. .., MN),

3aBUCAIIEN TOJBKO OT PAJUYCOB U MACC IIAPOB, HO HE OT HAYAILHBLIX MTOJOXKEHUN 1A~
poB 1 ux ckopocTen. BoiacauTs xapakTep pyukuuu Co = Co (11, . . ., TNy, TN ).

Bunnuapausie sagaqu f.T'. Cunas u ero 3agadm 0 4acTUUax U IMIapax MPUBJIE-
KJIV BHUMAHWE MHOTMX MATEMATHUKOB; UX PEIIEHNE 3AHAMO0 MOYTH TPUANATE JeT — C
cepeaunsl 1970-x TomoB U 10 KOHIIA XX BeKa.

7. PE3YJBTATHI UCCJEIOBAHUM

7.1. «MAJAsA» 3A0AYA CUHASA

«Maas» 3anada 661 PEIIEHA TOJOKUTEILHO HE3ABACKMO W PAZHLIME METOAAMHA
Tpemsa maremarukamu. [lepsoiv ee moanocThio pernma B 1978 1. cam f.T. Cunan B
pa6ore [10], mOKa3aB MHIYKIMEN 1O PA3MEPHOCTM KOHQUIYPAIMOHHOTO MPOCTPAH-
CTBAa CyIIECTBOBAHME paBHOMepHOU ouenkn Cq mis uncaa yaapos. DakTUIeCKu 5TO
JOKa3aTeNbCTBO HEABHO COEPXKANOCH YK€ B ero HeomyOaMKOBaHHOU pykomucu [9]
0 CTOJKHOBEHUAX 00UHGKOSHIT TAPOB. B 5TOM pyxomucu, mOMUMO GOJBIIOTO YHUCIA
TOHKUX PACCYKJIEHUN, BBOAUTCA OJHO BAXKHOE TIOHATHUE: «OMEPLIMGL MOUKGE KPAA.
I'py6o rosops, ecan TOYKA ¢ TPUHANIEKUT CPA3y HECKOIBKUM CTEHKAM MHOIOMEp-
HOI'O OW/LIMAD 1A, IPUYEM CTEHKU BbINYKALL 6HYMPb CTOIA, KaK HA puc. 6b), u B aTy
TOYKY MOXHO — B KaKOH-HHOYAb €€ MaJou OKpecTHOCTH Uy — BCTABUTH ILIOCKHA
HEHYJEBOU MHOTOTPAHHEIN yroa (Kak Ha puc. 6a) ¢ BepmuHOn ¢ (TOUHEe — OKpecT-
HOCTBb BEPIIMHBEI MHOIOI'DAHHOIO YIVIA), TO TOYKA ¢ HA3LIBAETCS OTKPBITOU TOYKOU

kpad. Tounee, 118 OTKPHITON TOYKM KPas ¢ MHOTOTPAHHBIN YOI
Qq ={e € R"|Vi(e,n;) >0} (9)

He JexuT B (n — 1)-MEepHOUW TWIOCKOCTH; 31€Ch M, ..., N — EINHUIHBEIE BEKTOPHI
HOpMaJien KO BCEM CTeHKaM Ouiauapja B uX OOINen TOYKE ¢, HANPABICHHBIE BHYTPH
6uriuapasoro crona. Ha puc. 7a) ykasaHa OTKpBITAas TOYKA Kpas ¢ — BePILUHA
KPUBOJIMHENHOIO yIVIa, B KOTOPHIE (B Majon okpectHocTH Ug) BCTABIEH HEHYJICBOU
TIOCKUY MHOTOTPAHHBIN yroa. OTKPBITHIME TOYKAMU KPasd ABIAITCA TAKKEe TOUKU
g2, q3 1 @4 TIOCKOrO «bmmuapna Cunas» HA puc. 7h), a BePIIKHEI ¢ U g5 TOTO XKe OW-
Juapaa OTKPHITEIME TOYkamu He sapasaoTca. Upes f.T. Cunas cocrosia B TOM, 9T0
€CIM MAKCUMATIBHOE YUCJI0 YAAPOB OWIINAD IHON IACTHUIHI B IOCKOM MHOTOTPAHHOM
yIJIe C BEpIUHOW ¢ He MPEBOCXOAUT KOHCTAHTH (7, TO B MHOTOTDAHHOM KPUBOAU-
HetHoM YTJIE C TOU XKe BEPIIUHOU @, TOLYICHHOM U3 ILIOCKOr'O YIVIA, ¢BAABIMBAHUEM)
ero rpaHeyl BHyTPb (IPU 3TOM CTEHKM yIVIa CTAHOBATCA [VIAJKAME [OBEDPXHOCTIMU
B PEryJIApPHBEIX TOYKAX) YUCIO yAAapoB He OyneT mpesocxonuth kCyp, tne k > 1, mo-
CKOMBbKY BABJEHHBIC BHYTPb CTEHKM MOTYT JUIIL JUOO YMEHBINUTL O0INee YhuCIo
yAapoB, 160 yBEIUYIUTH, HO He GoJee, YeM B HEKOTOpoe ducio k pas. O fHAKO TexHu-
YeCKUe TPYAHOCTH, BOZHUKAIIME TP 0GOCHOBAHWN DTOU UEW, HACTOJLKO BEIUKA
(OHUE B OCHOBHOM CBABAHKI C TIOYTH KACATEILHEIMU OTPAKEHUAME OT KPUBOJUHENHEIX
CTEHOK), 9TO pelleHue «00IbIIoNy 33424y He ObLIO I0BEIEHO B PDYKOIKCHU 40 KOHIA.
(O pewenuu «GOILIION» 3a4a4U CM. HUXKE. )

[lpyrue mBa peneHusa «Majow» 3anadu noAasuauck mocie perenus f.T. Cunas ¢
IBYMS pa3pbiBaMu npuMepHo B 10 6T Kax IbIi.
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q2

q3
q1

q4

g5

a) OTkpoiTas TOYKa Kpasd ¢ b) ¢2,¢3,44 — OTKpHITHIE, (1,¢5 — HEOT-
KDPBITBEIE TOYKHU Kpas

Puc. 7.

Bropoe pemenne, nonyuennoe I'. A. Tanpnepunsiv B 1986 1., 0ny6i1ukoBaHO B KHE-
re [3]. Kak u pemenne fI.T. Cunas, oHO TPOBOAUTCA MHAYKIMEN MO PA3MEPHOCTH
KOH(DUTYPAITMOHHOTO TPOCTPAHCTBA, ONHAKO B PACCYXKIEHUSA BOBICKAETCA OWLIHADT
Ha (n — 1)-MepHOU cdepe u HALALHBIE T€OMEeTPUIECKUE COOOPAKEHYS.

Tperne pemenue noaydeno M. B. Cespiokom B [7]. Ono ocHOBaHO Ha ciexyomen
JeMMe: eCaIM KaKad-TO TOYKa B R™ 0TpaxkaeTCsAa OTHOCUTENLHO KOHETHOT'O YUCIA TII0C-
KOoCcTen pasMmepHOCTH (1 — 1) ¥ Opm >TOM HEKOTOpas JUHEUHAA (PYHKIUA OT DTOU
TOYKHU CTPOrO BO3PACTAET MPHU KAXKAOM OTPAKEHUU, TO YUCAO TAKUX OTPAKEHUU KO-
HEYHO U He TPEBOCXONUT YHUBEPCATLHON KOHCTAHTHI, 3ABUCAIIEN TOJBKO OT (PyHKIINN
M OT PACTIONOXKEHUA TIOCKOCTEN B MPOCTPAHCTBE, HO HE 3aBUCAT OT BHIGOpA OTpa-
xkaemou Touku. Teopema CuHas MOMYy9IALTCA TOCIE 3TOCO € TOMOIIBI0 PACCMOTDEHUs
IOBOJILHO IPOCTON CHENUAILHON JUHENHOU (hyHKIIIH.

7.2. 3AJAYA O YACTHUIIAX HA NPAMOH

IMosoxuTeabHOE PEIeHre 3a1a91 0 YaCTHUIAX €CTh MPAMOE CICACTBUE TOJOKU-
TEALHOrO Pemenus «Maaow 3anadn CuHas: TBMKEHHE 7, TaCTUIl MOOEJUPYEeTCa OumI-
JIMAP JHBIM JBUKEHUEM OZHOU YaCTULEL B CHENUAILHOM MHOIOIDAHHOM yrue (¢ IJoc-
kuMu cTeHkamu) B R™. Ero MOXHO paccMaTpUBATBL KAK 2€0MEMPUUECKoe DEIIeHre
3aJa49” O IaCTUIAX.

B craree I'. A.Tanbnepuna [1], noasusmencs B 1978 r. ogHOBpeMeHHO € pabo-
Torn [10], 6BLIO TPEATOKEHO APYTOE, GHAAUMUYECKOE TOKABATENLCTBO KOHEYHOCTH
YMCIA CTOJNKHOBEHWH YIPYTHMX 9YACTHIL HA TIPAMOM — HO 6€3 paBHOMEPHOW TO Ha-
YATBHBEIM yCJIOBUAM ONEHKH. 1€M CaMbIM, OBLIO IIOMYYEHO HE3ABUCAMOE DEIIECHUE 3a-
pauau (i). IMonnoe amamurudeckoe gokaszaTeabcTBO dacTu (ii) OLLIO BHEPBHIE LAHO
I'. A.TanemepunsiM B padore [2, [punoxkenne 1], rne npuBeneHo ABHOE 3HAYEHNE IS
kouCTaHTEL C1(Mm1,...,my):

N-2
2 Mmax
Ci(my,...,my) =2 [SN2(N — 1)Dmax , (10)
Mmin
31eCh Mmax — MAKCUMAJIBHASA, & My — MUHUMAJILHAA U3 MacC Mq,...,MN.

llpyroe, moayaHaJnTHUIEeCKOE-TIONYTeOMeTpUYIeCcKoe perreHne gaa B 1992r.
M. B. Cesprok B ynomsanyTon Beiue paGore [7]. B Hem oH paccMoTpes «CKOpOCTHOE»
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OIPOCTPaHCTBO CUCTEMEI BMECTO KOHCbI/IpraHI/IOHHOFO, K KOTOpOMy 3aTeM IPUMEHNI
CBOIO MI€I0 00 OTPAKEHUM TOUYKM B TUMIEPIIOCKOCTAX DTOTO MPOCTpaHcTBa. B pe-
3yJbTATE OJY9IUI0CH HOBOE NOKA3ATEJILCTBO CYLIECTBOBAHUA PABHOMEDHOH OLEHKU
IJIA 9UCIa yIapOB B CUCTEME YacTHII.

NuTepecHo, 9TO AJA Tpex YacTull My, Mo, M3 HA TPAMOU MOXKHO ABHO BBHIMACATD
BEPXHIOIO OIEHKY YUCJIA YIAPOB MEXIY HUMU, IPUYEM 3TA OIEHKA, B OTJIXYUE OT
o6uien onenku (10), Touna:

7T
Ci(mi,ma, m3) = (11)
mi1ms
arccos
\/(m1 + mo)(mo + m3)
(3mech [x]| — HamMeHBbIIee 1eJOe HUMCIO, Ooabliee Wi paeHoe x). Kondurypaun-

OHHBLIM HPOCTPAHCTBOM CHCTEMBI {mj,ms, M3} ABIAETCA ABYrpaHHBI yroa B R3

o o mo -1 mo -1
JWHEVUHBIN YIOJ KOTOPOI'O PaBeH (@ = arccos 14+ — 14+ — , & YUCJIO
my m3

6uLIuapAHBIX YAAPOB B IIOCKOM yruie a Beerga < [n/a] (cM. Teopemy 2, pasgex I11).

7.3. «BOJbIIAS» 3ATAHA CUHAA U 3ANAYA O MAPAX, YACTD (I)

Ee pemenue, kak u pelnenne «Majaon 3a1a4u, OBLUIO TAKKE HOLYICHO TPEMS MaTe-
MaTUKAMU, OJHAKO, B OTJINYNE OT «MAJOW» 3aJa4M, He coBceM Hezasucumo. JI. H. Bac-
cepmrens u . A. Tansnepun B 1978 — 1979 rr. uccreqoBaau COBMECTHO ABa TUTIA CHU-
CTeM YaCTHUILl B OPOCTpaHCTBe: (a) meHTpaibHO oTTankusawomuxca u (b) JokaibHO
B3aUMONENCTBYOMUX. /11 TAKUX CUCTEM OHU TIOCTPOWIN AKCHOMATHYIECKYIO TEOPUIO

BSaMMOﬂeﬁCTBHH " TOKa3aJ’ CYIIECTBOBAHNE TAaK HA3BIBACMBIX «JICBBIX» U «ITPABBIX»

" . As
ckopocTell (HEKOTOPBIX CHEHUAIBHLIX JEBBIX M [IPABHIX IPEIENOB BUAA lim A_t) a

TaK¥XKe TeopeMy O pacmajeHuu cucTeMbl (b) Ha HEB3AUMOMEUCTBYIOMME C HEKOTOPO-
0 MOMEHTA BPEMEHU T'PYIIIE OTPAHUYEHHOT0 pasMepa (KIACTEPH). DT Pe3yIbTATH
COCTABUIX NepByIo YacTh craren [20] u [2].

Bropbie 9acTu 5TUX CTAaTEN TIOCBAMIEHB JOKA3ATEILCTBY KOHEUHOCTH UUCAA Va-
POB OWLIMAPJHON YACTUILI B KPUBOJWHEMHOM MHOTOT'PAHHOM yTJie Ha, JIOOM KO-
HEYHOM WHTEPBAJE BPEMEHHU, & 3aTeM NOKA3ATEJIbCTBY KOHEYHOCTH HUCIA YIAPOB B
cucTeMe TBEPALIX LIAPOB Ha BceM GeckoHedHOM uHTepBaste BpeMenu [0, +00). Joka-
3aTEILCTBA DTUX YTBEPKACHUN B 00EUX CTATHAX COBEPIIEHHO HEMOXOXKU W OCHOBHI-
BAIOTCA HA PA3HBIX reoMerpudeckux (U ¢usmiaeckux!) ugesax.

Eme o180 anpTepHATUBHOE JOKA3ATEILCTBO 33,0241 O mapax gaa B 1990 r. kanan-
cxkun Matematnk R.Illner [15], ympoctusumit goxasatenasctso JI. H. Baccepmrenna.

7.4. «<BONbMAA» 3ATAYA CWHAA W 3ANAYA O MAPAX, YACTH (I1)

Ormerum, uro orBer Ha Bomnpoc (ii) B «Goabmony 3agade Cunas Gyzer 3aBeno-
MO OTPULIATENBHEIM, €CAM OMYCTUTH CIOBA «IPH HEKOTOPHIX OIPDAHUYEHUAX HA [eo-
METPUI yriaw B ee (hpOpMyaupoBKe. [[enCTBUTENBHO, PACCMOTPUAM KPUBOJIMHEUHEINA
YyIOJ Ha, IOCKOCTHU, CTOPOHBI KOTOPOT'O §1 U So BBIMYKJLI HABCTPEYY APYT OPYTY, HO
uMeloT 06y kKacarenbuyio ¢ (puc. 8). Ecau sanycrurs 6uiiuapiHyio GacTUIly IIa-
PALTETHHO £, TO OHA TIOCTE KOHEUHO020 IUCIA YAAPOB CO CTOPOHAMHU S1 U Sg, COTVIACHO
Teopeme Baccepmrenna — lanbnepuna — Unnaepa, 6yaeT IBUNaThCA CBOGOIHO BIOIL
OPsAMOU, YAAIAACH OT BEPUINHBI ¢ U OOJBIIE HE COYAAPsAICch cO cToponamu yraa. O a-



Bumwmmap el u ynpyrue CTOJKHOBEHHUA 9aCTHUI] U IIADOB 79

S1

q._/\?ﬁ t
52

Puc. 8. HeorpaHuieHHOCTE KOIUIECTBA VAAPOB B «(HYJEBOM)» YIVI€ IIA TPACKTODHUH,
npubIHKAIOMENCA K 00IIEH KacaTeIbHOH K CTOPOHAM

HAKO, 9eM OJIMXKe K KACATEIBHOU { MBI 3allyCTUM JIACTHUILY, T€M GOJBIIE COYyIapPEHUN
CO CTOPOHAMH YIJIA OHA COBEPIIAT, W ATO 9UCAO OyneT CTPEMUTHLCA K OO IPU MpH-
OmvKeHy TpaekTopun K t. Takum 06pasoM, 9TOOB HAACATHCA HA TOJOKATEILHBIA
orser Ha Boupoc (ii) B «Goabwoi 3anade Cunas, COBEPIIEHHO HEOOX0 AUMBL (HEKOTO-
pBIE OrPAHMYEHNA HA TEOMETPHUIO yIiay. B AByMEPHOM CIy4ae KPUBOJMHEUHBIN YT O
TOMKEH OBITH HEHYAEBbIM, T.e. KACATEIbHBIC t] U fs K CTOPOHAM S1 W S B BEPIIN-
HE ¢ JOJKHBI OBITH PA3AUYHBL;, TOraa Ltits = a # 0. MoxuO noxasaTh, YTO Kak
U B CIy9ae IIOCKOTO yIia, IJA KPUBOAMHEXHOIO yIJa HA IMIOCKOCTH MAKCUMAILHOE
YUCAO COyAApPeHUU 4acTUUBl cO cropoHamu yria < [n/a] (cm. pasgen III, Yrse-
pxaerre 1). B MHOrOMEpHOM CIydae «OrpaHUYeHUeM Ha TEOMETPHUI0 YIJIa» MOKET
CJIyXUTb OTKPBITOCTH BCeX TO4eK Kpas (cMm. dopmyay (9) u puc. 7) wim moxoxee
ycrome. MEI yKe OTMedaIn BBIIE, 9YTO MCIOAb30BAHAE MOHATHAA (OTKPBITOU TOYKH
Kpas» B MPAMOM BUJAEC BeAeT K HACTOJBKO OOMBIIMM TEXHUICCKUM TPYIHOCTAM, ITO
NPAKTHYIECKN HE MO3BOJIACT AKKYPATHO JOKA3ATh BEPXHIOK PABHOMEPHYIO OIICHKY HAa
YUCI0 YIAPOB.

Hammoro 6osee mpoCTEIM M CYyIIECTBEHHO 6oaee nhPEKTUBHEIM OKA3AM0Ch IPY-
roe OrpaHUYEHKEe HA [EOMETPUI0 KPUBOJMHEMHOrO yIia, TaK HasbiBaemas «d/C-6au-
30cThy, BBefienHas [I. Byparo, C. ®epnerepom n A. Kanornernko B padore [12].

Sadukcupyem kouctanTy C > 0 u 118 NPOU3BOIBHON TOYKN Y BHYTPU KPUBOJIK-
HEMHOT'O yIiia HAWAEM BCE PACCTOAHUA OT Hee no cTeHok yrua dist(y, Wy), paccro-
STHUAE dist(;l;/,ﬂ,i\’:1 W) = dist(y,q) or y xo Bepmumubl yraa ¢ (T.e. 4o TOUKHU mepe-
CeveHMs BCEX CTEHOK), 3aTeM HammeMm Bce oTHomeHus pp = dist(y, Wy)/ dist(y, q),
k =1,...,N. KpUBOIVHENHEIN YT OJ HA3LIBACTCA HEGbIPONCOCHHDIM C KOHCTNARMOH
C > 0 wiun C-HeBBHIpOXKAEHHBIM, ecan 1t kKaxaoro k = 1,..., N u ausa moboun To4-
ku Yy BoimoaneHo pg(y) = C. Ilpomwe roeops, 310 03Ha4aeT, 9TO ecad TOYKA Y d-
6amska ko BeeM crerkam Wi, ..., Wiy (T. e. HaxoauTca Ha paccToAnun < d 0T Kaxk 101

CTEHKH), TO OHA %-GJII/IBKa K mepecedeHuio 3Tux creHok (puc. 9). Kpusonunennsin
YTOJl HA3BIBAETCA TTPOCTO HEBLIPOHCOEHHbIM, €CIU HAMAYTCA TaAKAE KOHCTAHTHL ¢ > (
u C > 0, 9TO mepecedeHue 3TOr0 yraa € MPOM3BOALHOM d-mapom ssiserca C-
HEBLIPOXK JEHHBIM.

OCHOBBLIBAsACH HA TAaKOM, «APU(PMETUICCKOM» ONPENENEHUN HEBLIPOXK IEHHOCTH
yTJaa, KOTOPOE, OTMETHM, SKBUBAJEHTHO HEBLIPOXKACHHOCTH B cMbICte CuHAas, aBTO-
pHI cTaThy [12] fOKa3amM CymecTBOBaHNE YHUBEPCATLHON KOHCTAHTH Cy, TpeGyeMon
B «Goabmmom 3ajgade Cunas, (ii).

IpumeHsaa 3TOT PE3yABTAT K KOHGUIYPAIXOHHOMY TPOCTPAHCTBY CUCTEMHI IIa-
POB, OHU MOAYIWIA B [12] CIeayonyo PABHOMEPHYIO OIEHKY A IUCJAA YAAPOB MEXK-
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Puc. 9. HeBeIpoXx 1eHHOCTE yria ¢ kKoHCcTaHToH C

oy mapaMu BO BCEM IIPOCTPAHCTBeE:

N2
Co(re, ..., TN:ml,...,mN):(IG M-Tmﬁ-Ng/g) . (12)

Mmin Tmin

Iosguee, B pabore [13], aBTopam yzatoch u30aBUTHCSI OT COOTHOLIEHUs MEXKIY Pa-
quycamu. OHE [0Ka3aaM, UTO MPU JHOOLIX PAJUYyCax MIAPOB YUCI0 CTOJKHOBEHUU B
CUCTEME MApOB BO BCEM TMPOCTPAHCTBE HE MPEBOCXOJAUT YHUBEDPCATILHON KOHCTAHTHI

Cy = Cy(mq,...,my), KOTOpas HE 3aBUCUT OT HAYANLHBIX IIOJOXKEHUU U CKOPOCTEN

aN4
Cy(my,...,my) = (400N2-M) . (13)
Mmin
3TI/IMI/I HUCCAeI10BAHUAMN 6I>IJIa IIOCTaBJIEHA OKOHYAaTEJbHAadA TOYKa B pEH_IEHI/II/I 3a1aq
A.T. Cunasa. B gasbHenmem 3T pe3yabTaThl OBLTNA UCTIOAL30BAHBL 1A U3YICHUSA CU-
CTEMBI HIapOB B Cocy,aax C «B,EL&BJIQHHBIMI/I» BHyTpB 1 IIJIOCKUMHA CTEHKAaMN.

I1I. KPATKUE UNEA JOKA3ATEJILCTB

B »ToMm pasgene MBI, mpexkae BCero, ChopMyaumpyeM TOYMHOE MPABUIO IEPecyeTa
CKOPOCTEHN YACTHIl U MAPOB MOCIC UX CTOIKHOBCHMA. 3aTEM JaJUM ONUCAHMUE KOH-
(pUrypanmoHHOTO NMPOCTPAHCTRA [JdA YACTUIl HA TPAMOU U IAPOB B MPOCTPAHCTBE.
Hakouern, caeraeMm penyknuio K OuiimapiaM ¥ CBeJIeM 3aNa€Tl PO YACTUILI U IIa-
pul K OmmmmapaueiM 3agadam Cumas. ITocite 3TOro npucTynuM K W3J0XKEHUIO UIen
MOKa3aTeIbCTB TEOpeM, 0 KOTOPBIX MBI pacckasbiBaau B dacTu 11

A. MOIEJb YIAPA

Ecau my, ms — MacChl 9acTUI] HA TIPAMOU, Uy, Vs — WX CKOPOCTHU A0 yAapa, a
U1, Us — CKOPOCTHU TIOCTE YAapa, TO Uy 7 Up HAXONATCA U3 NBYX YPABHEHWUU, MEPBOE
73 KOTOPBIX BBEIPAXKAET 3aKOH COXPAHEHUA UMIIYIbCA, & BTOPOE — 3aKOH COXPAHEHUS
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DHEPTUN:

miuy + Mmos = M1 + MoV = consty ,
(14)

2 2 2 2
miuy  Mmauy _ Mivi | M2
+ = +

2 2 2 2

= consty .

[na mapos, IBMXKYIIMXCA 0O CTOJKHOBEHHWSA CO CKOPOCTAMHU ¥ W V3, 4 IOCHE
CTOJKHOBEHMA — CO CKOPOCTAME U] U U3, CIEAYET NOCTynuTh TakK. CHaYAIA KAXK VIO
CKOPOCTB ¥; HAJO0 PA3/OKUATH B BEKTOPHYIO CYMMY ABYX: CKOPOCTH ¥, BOJb JUHNUH
1meHTpoB O Oy 1 MEPNEH IUKYIAPHOU €U CKOPOCTH
v; 1 (i =1,2), Tak 9T0 v; ,, — TO OPTOrOHANLHAA
mpoekmunsa v Ha npamyio 0102, a v;, 1 = v — v,
(puc 10). Tocae 3TOro maphsl BAOAbL HATPABICHUA
0105 caenyer pacCMOTPETH KAK CTAIKUBAIOLINE-
€A YaCTULEL, IPUMEHUTD 1S UX CKOPOCTEH V1, U
V9, dopMyasr (14), BHIMUCINTL BEINUNHEL HOBBIX
CKOPOCTEN BTUX YaCTHUI Ui, ¥ U3, TOCIE Uero
Puc. 10. Coyjaperme mrapos HAaUTH CKOPOCTH IOCIE yAapa:

uy =uy, +v1,1, Uy = Uz, +v2,1. (15)

Nrak, mepepacmnpeneieHne CKOPOCTEN MAaPOB MTPOUCXOIUT JHUIIb BIOML JUHUY TIEH-
TPOB, & OPTOrOHAJBHBIE COCTABJAIONINE CKOPOCTH He MeHs0TCsa. Hukakoro sakpy«4u-
BAHUA IIAPOB TaKxke He mpoucxonuT. NHBIME CI0BAMU, MBI PACCMATPUBAEM IIAPHI,
Kak «pacmyximues JacTuibl. (KOHEIHO, CTONIKHOBEHNIO DEATbHBIX MAPOB Ha OGUILIA-
apIHOM CTOJIEe COTYTCTBYET BPAIleHNe, HO 3TO IPOUCXOANT B OCHOBHOM M3-32 HAJTMYINA
Tpenus. Be3 Tpenus BpamieHre OTCYTCTBYET, U MBI HE [OJKHBL IPUHUMATE B PACYeT
B HAIIEW MOJEIU MOMEHTHI WHEPIIUY IIAPOB. )

WNuTepecHo, 4T0 ecau mapsl UMEIOT OAUHAKOBYIO MACCY, IPAYEM OJUH IIap IIOKO-
UTCA, TO IPU TEHTPATLHOM yaape (Baoas aunauu 01 Os) HATETEBIINY AP TOJIHOCTHIO
OCTAHABAMBACTCA, & MOKOAIINUCA HAYMHACT IBUTATHCSA CO CKOPOCTHIO HANETEBIIErO;
[IeJI0 TPOUCXOUT TaK, Oy ATO MEPBBIN AP MPOIIEJ] CKBO3b BTOPOU U OHU MPOCTO 006-
MeHsIuch HOMepamu. [Ipyu HemeHTpanrpHOM yxape Takas ke KapTHHA HAOJI0NAeTCsa
A CKOPOCTH V1, ¥ MOPTOMY OJUHAKOBHIE IIAPEL pasneTaioTcs (o Teopeme Inda-
ropa) nog yriom 90°. s mapos pasHBIX MACC KAPTUHA PA3JIETa HAMHOIO CJIOXKHEE.

B. KOH®UTI'YPAIIMOHHOE IIPOCTPAHCTBO YACTHII HA TIPAMOMN

Ilycte 21 < 29 < 23 < ... < TN — KOOPAMHATHI JACTHUIl ¢ MACCAMH 11, M3,
ms3, ..., M N, CTATKUBAIIIAXCA HA TPAMOU COTVIACHO 3aK0oHAM coxpanenus (14). Kon-
durypammonsas Touka = (z1,...,7x) € RV 1Bmxerca paBHOMEPHO MeK Iy COYAa-

PEHUAMEI YACTHUI ¥ MEHSET CBOK TPAEKTOPUIO, €CJAU KAKKUE-TO ABE COCETHIE TACTUILI
m; U M;41 CTATKUBAIOTCA. B 3TOT MOMEHT Z; = Z;y1, & BCE OCTAJIbHBIE KOOD IMHA-
THl PA3InIHbl (fOMee 9eM MBOMHBEIE CTOJKHOBEHWA MBI IJA TPOCTOTHI OTOPOCHUM).
YpaBHeHVE T; = x;41 33JaeT runepmiockocts II; B RY: TakmM 06pasoMm, TOUKA X
Kak-TO oTpaxaercs ot miockocru II;. Acuo, ¥To ectu m; = m;y1, TO 3TO OTpaxKe-
Hue OWaTmapaHoe, HO TpW m; # m;qq DTO yxke He Tak. [lnockoctm Ily, ... TIn_4
obpasytor crenku (N — 1)-rpamsoro yraa B RV (mampumep, B R? »ro gsyrpan-
HEIH yroa, cM. puc. 11), a wacts @ mpoctpanctea RY, 3agapaevan mepasencTBaMm
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I, ¢

Puc. 11. Kougurypaumonuoe npocTpancTBo () cucTeMbl 9aCTHUI] Ha, IPAMOH — MHO-
TOTPAHHBIN YTOT L1 < X2 < ... <IN B RN

71 <12 < ... < Ty — CaM MHOIOIPAHHBIN yroia. OH u ABAAETCA KOHDUTYPATTUOHHBIM
npoctparcteoM @ C RN cucremer N uacrwi.

C. KOH®UTYPAIIMOHHOE TIPOCTPAHCTBO IIAPOB
IIycTs maphl pajuycoB r| U rs CTOIKHYJIUCH B IpocTpaHcTBe R”, Torza
(x1— 1) + (2 — )’ + .+ (T —yn)? = (11 +12)%, (16)

rge O1 = (z1,...,2,) 1 O2 = (Yy1,...,Yn) — KOOPAMHATEHI LEHTPOB MIAPOB B MOMEHT
croaxHoBeHUA. Papenctro (16) samaer (2n — 1)-mepreit mammaap I 3 R27. Ecmn
3aMEHUTL PaBeHCTBO B (16) HA HEPABEHCTBO <, TO MOJYUATCA HEGOZMONCHOE DPAC-
noxoxkenue wapos B R™ u uzobpaxaiomas To4Ka (L1, ..., Tn, Y1, - - - ;Yn) HOITOMY HE
MOKET OKa3aThCA BHyTpy nmimHapa []. O 1HAKO OHA MOXKET MOIACTD HA IOBEPXHOCTD
nuanEApa I], 9To 0TBEYAET CTOJIKHOBEHUIO MAPOB, & TAKXKE JETATh BHE UJINHIDA —
Torga paseHcTBO (16) 3aMeHAETCA HA HEPABEHCTBO >, W IMIAPHl HAXOIATCA HA HEKO-
TOPOM PACCTOAHUU OPYT OT APYTA.

Paccmorpum Tenepr N mrapos B mpocrpancTBe R”, m mycTh Iapol #i u #k
CTONKHYJINUCH. [l HEX TOra BEIIOJAHAETCA paBeHCTBO (16) (B KOTOPOM KO BCeM Ko-
OpAMHATAM I HAJO0 AOOABUTH MHIEKC i, KO BCEM Y — WHIEKC k, a T1,Ts 3aMEHUTH
HA T;,Tk), & IJIA4 BCEX OCTANBHBIX IIAPOB — HEPABEHCTBO >. B pesyabTare MBI MOTy-
4aeM KOH(pUI'YPAIUOHHYIO TOUKY € B IpocTpancTee RV™, mexamiyio B MHOXKECTBe

Cij = L x RPN, (17)

Cj — DTO TOXE LUWIMHJID, HO YK€ B IPOCTPAHCTBE R"N | u y mero rpasuna B Ha-
IPABIEHUAX, OPTOTOHATBLHEIX IOAIPOCTPAHCTRY R2”, B KOTOPOM Je:KUT muauHap 1],
miockad. IlonoxnrenbHyio kKpuBusHy muameip C;; ¥MeeT TOMBKO BIOML IWINH-

apa Il;;.
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Puc. 12. Koudurypamnuonsaoe mpoctpascTso mapos Q C RN

Touxa & He MOXeT JeXaTh BHYTpM HuanHApa Cj;, MOCKOIBKY MIaphl HETPO3pat-
N) _ N(N-1)
2) = 2
¥ HOSTOMY KOH(UI'YPAIMOHHLIM IPOCTPAHCTBOM () cucreMsr mapos asaserca RN ¢
BBLIKAHYTHIMY BHYTPEHHOCTAMA TUAMHIAPOB (17):

Hbl. Tak 9TO @ 1€XWT BHE BCEX UWJIMHAPOB, YUCIO KOTOPHIX PABHO (

_ mnN :
Q=R"N — | | J@ntCy) . (18)
2]
Bax#Ho oT™MeTHTE, YTO BHYTPEHHOCTH BCEX LIWJINHIDPOB Cij — BLIIYKJIBIE T€Ja, U
9TO0

((int Cyj) # 2. (19)

i#]
JeincTBUTENBbHO, HEBO3MOXKHOE HONOXKEHUE A1 KOH(MUIYDPALMOHHON TOYKKA & TAKOE,
KOT'JIa OJIMH WU HECKOJBKO IIAPOB MPOHWKIN APYT B Apyra. B gacTHOCTH, ecau Bee
mapbl UMET HEmyCToe rnepecedenune B R™, TO UM OTBEYAET HEBO3MOXHAA TOYKA
B R™N, jexaman B nepecedenun BHyTpeHHOCTeH Beex muuaipos int Cj;. losTomy
nepecevyeHre BHYTPEHHOCTEN HUINHAPOB HEIMYCTO U SABAAETCS BBIIYKJIBIM MHOXKECT-
BOM (KaK TIEPECEICHNE BHIMYKIBIX MHOKECTR).

B pesyabTaTe mogydaeMm, 9TO KOHGUIYPALMOHHOE MPOCTPAHCTBO () — KPUBO-
JIMHENHBIN MHOIOrpaHHbM yroa (B cuay (19)), y KOTOpOro BCe CTEHKW «BIaBJIEHBI
BHYTDB» () (Tak Kak Bce uuauHAPHl — BBILYKABL). O [HAKO, KAK U B C/1ydae 9acTUL HA
npaMon, aBukenue Toukn € B Q C R™Y GygeT 6umimapIHBIM TOMBKO eCIm m; = mj,
U He Oy4eT TaKOBBIM IpH m; 7# m; (puc. 12).

D. PEAYKINA K BUJIUAPIY

PaceMoTpuM KoH(UIypanuosHOe mpocTpaHcTso @ C R™Y (wactum ma mpamoi
npu n = 1, wim wapos B mpocTpancTee R™). CrenaeM crenymomiee JUHETHOE TIPE-
o6pazopanue npocrpancTsa R™Y, KoTOpoMy Tak:Ke MOJBEPrHETCA KAK MHOIOI'DAH-
HBIA yTOa (), TAK ¥ TPACKTOPHUA KOH(PUTYPAIMOHHON TOYKN I:
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Nubivu crtoBaMu, MaTpuna A JUHENHOTO OMEpaTOpa — AUATOHAIBHASA, C UUCIAMU

IBUXKEHUSA KOHPUIYPAIMOHHON TOYKHU TIOIBEPTHETCSA TOMY Ke IpeoGpa3OBaHMUIO:
. dz;

dz;
b = =Mt = ma. (21)

BrifpaB COOTBETCTBYIOIIYIO €IUHUIY U3MEPEHUA, MOXKHO CIMTATH, 9TO MOMHAA K-
HETUYECKasl DHEPrus Bcex wapos (wiu wactun upu n = 1) pasua E = 1/2. Toraa

HOU TOYKHU & = (Z1,...,TnN) AMEET MOAYIDL 1:
Nn
) =3 P =26 = 1. (22)
i=1

CregoBaTensHO, IIKHA BEKTOPA ¥(t) Beerga HOCTOAHHA U paBHa 1. 3aKOH COXpaHEHU
nMnyabca (14) MoXeT OBITH EPENucaH B BUAE

myvy + mavs = /myty + /mabs = (\/_Vz;) . <Z:> = |m| - |'f1_>| - cos @ = const, (23)

o _ (V) 7 (% o =
rae 1m = (\/nTg) v = (172)’ a @ — yroa Mexny BekTopaMmm 1M u ¥ . Paccmarpu-
Basg CTOJKHOBEHUE TOMLKO IBYX MAPOB, #1 m #2, 1 He MEHAA CKOPOCTEN OCTATLHEIX
[IAPOB, HOXYYAEM, ITO |iy_>| = 1, |m| = consty, Tak 9TO paBeHCTBO (23) yTBEpKAA-
eT: CKAaAApHOe NPou3sedenue 08YT NOCTMOAHHKLIT N0 OAUHE 6EKTNOPOE HE MEHACTNCA
nocae yodapa. SHATUT, COS @ = CONSty, & TAK KAK yrOa (0 TOMKEH U3MEHUTHCA MOCTE
OTPaXKeHWs, TO OH MPOCTO MEHAET 3HAK. JTO W O3HAYAET, 9TO TOUKA & OTPaKa-
eTCs OT COOTBETCTBYIOIIEN CTEHKM yraa () mo OWIIMapIHOMY 3aKOHY (mOoApOGHOE
JOKAa3aTeIbCTBO CM. B [2, ¢. 164-165]). Peaykuus k 6uniuapay 3aBepuieHa.

Tenepb MBI MOXKEM OPUCTYIUThH K KPATKOMY U3JOXKEHUIO AU HOKABATENALCTB.

1. «MAJAA» 3ATAYA CUHAA

TEOPEMA 1. Yucao ompascenuti 40600 6utsuapinot mpaexmopul 6 MHuo20-
epannom yeae () ¢ naockumy cmenrxamy, 8 R" Koneuno; ono 02panuueno ceepry we-
xomopot xoncmanmot C1, 3a6uUcAued MoabKO 0M 2e0MEMPUL YeAa.

MOKABATEJNBCTBO. IlpuBemeMm HarasmgHoe TeOMETPUUIECKOE TOKa3aTeJbCTBO,
caenys [3]. PacemoTrpum equamanyio chepy S~ C R™ ¢ meHTpoM B BepiuHe q MHO-
COMPAHHOTO YIJIa U CIPOEKTUPYEM DTOT Yyroa Ha chepy us neHTpa g (cM. puc. 13a).
IonyuuM BHITYKILIH cdepmiecknit MEOrorpasHnK P C S"~'. [Ipu meHTpaIbHOM
OPOEKINY OWATUAPAHAA TPACKTOPHA 7Y YACTUILL & B yIVIE MEPEAIeT B OMLIAAD IHYIO
TPAEKTOPUIO ¥ IPOEKUuK & B MHOrorpannuxe P (B cdpepudeckon merpuke). Briaps-
MUM TPAEKTOPUIO ¥ B R™, 0Tpaxkad CUMMETPUIHO YTOa () BMECTE C TPACKTOPUEN Y
OTHOCUTEILHO TEX €ro TpPaHer, OT KOTOPHIX OTPAXKaeTCa OuiiuapaHas IacTula &,
IBIDKYIIAACA BAOAEL . lomydmm mpamyio ¢ B mpocTpancTBe R"™; ee mpoexnma Ha
cdepy — TOJOBUHA OOJMBIION OKPYXKHOCTU M uMeeT nauHy 7 (cM. puc. 13b). Cae-
JOBATENBLHO, OUIIMAD THASA TPAEKTOPHUA 7§ YACTUILI & B P mMMeeT KOHEUHYIO MJINHY,
PABHYIO .
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Puc. 13. a) Ilearpamsaas npoexnus () — P; b) IIpoexnusa BEIIPAMICHHOU TPaCK-
topuu Ha S"7!; ¢) TpaexTopua ¥ B P

[lokazaTeasCTBO KOHETHOCTH YUCIA OTPAKEHUN B () TPOBEIEM WHAYKIMEH O Pa3-
mepuocTu. Paccmorpum (cuM. puc. 13¢) o6beaunenue e-0KpecTHOCTER BCex rpamen P,
KOPa3MepPHOCTU KOTODHLIX He MeHee 2 (T.e. BepmuHbl, pebpa U T. 1., 10 [PAaHed pas-
MepHOCTH 1 — 2). BHYTpY KaK 101 TaKO! £-0KPECTHOCTH OWLINAD THAA TPACKTOPHA
OTPAKAETCA OT YIIa MEHBINEN, UM N, PA3MEPHOCTHU. [103TOMY UMCA0 OTPaKEHNN da-
CTUIIBI &, TOKA OHA HAXOJIUTCA B OJHOU U3 £-0KPECTHOCTEN, PABHOMEPHO OrPAHUYEHO
[0 MPEANONOXKEHUIO UHAYKINU. YOepeM 00beInHEeHNe BCEX DTUX £-OKPECTHOCTEN; TO-
raa O0BeINHEHNEe OCTABIINXCSA JaCTEN rpaHen P KopazMepHOCTH 1 OyaeT HEeCBA3HO
(oHO cocTOUT U3 OOBEIMHEHU KOHEYHOIO YUCAa KyCKOB (11— 1)-MepHBIX IpaHen), Tak
YTO PACCTOSHUE MEXAY JIOOBIMU IBYMs TAKUMM YACTAMEU OTIEJEHO CHU3Y OT HYJA
mexkoTopou kouctauntou C. Koucranra C 3aBUCAT TOJIBKO OT MHOTOTPAHHUKA P u
ugncaa . CrenqoBaTenpHO, 9aCTUIA & MOXKET MOOBIBATH B KaXKIOU U3 E-OKPECTHOCTEN
ue Gosee [7/C] pa3, nOCKOABKY 00LIAs LIMHA TPAEKTOPUU 7§ PABHA 7.

Cre0BATENBHO, YACTHIIA £ OTPABUTCA OT I'PAHEN MHOTOTDAHHUKA P KOHEYHOE
YUCI0 pas, He MPEeBOCXOIAIIee HEKOTOPOU KOHCTAHTHI (', 3aBUCAIIEN TOJBKO OT T€0-
MeTpun chHepuIecKoro MHOIOIPAHHIKA P. 3HAUAT, U YUCIO0 OTPAKEHAN IACTULEL T
B MHOTOIpaHHOM yrie () Takxke He npeBocxoaut Cp, mpudem Cp 3aBUCUT TOJBKO OT
reomerpun yriaa ). Teopema 1 mokaszama.

3AMEYAHUE. B pa6ore f.T. Cunas [10] zoxazarenibCTBO Be1eTCs UHIYKUIUEH 110
Pa3MEPHOCTH ¥ OT IPOTUBHOTO — ABHO BLINUCHIBACTCA HEKOTOPASa KOHCTAHTA, IPE-
MOJTAraeTes, YTO YUCAO0 YAAPOB MOXKET €€ MPeB30UTH, a 3aTEM MOIyIaeTCsa MPOTABO-
pedne.

B noxasatenscte M.B. CeBproka B kadecTBe QyHKIUU, KOTOPasA GUTYypUPyeT

B ero aemme (cm. II, 7.1), Gepercst ckaasipHOe NPOU3BEIEHHUE CKOPOCTU HACTHULBL C
(PUKCUPOBAHHEIM BEKTOPOM BHYTpH yria () (puc. 14).
— —

Iycts O — Bepumaa yriaa @, OA = v~ u OB = vt, F — ¢ukcupopanHas

Touka RHYTpu yria. Tak kak ZAOI = ZBOIl (vT noayudaercs ua v~ oTpaxkeHHeM

— —

oTHOCHTEABHO ockocTH II), o ZAOF > /BOF, nostomy f(B) = (OF ,OB ) =

—_— — —_— — — — .

=|OF |-|OB |cos £ZBOF > |OF |-|OA |cos LZAOF = (OF ,0A ) = f(A), n munen-

Hasg QyHKIMA f BO3pacTaeT Mocie KaXIoro OTPaXeHus TOUKNA OTHOCUTENBHO TDAaHN

yraa (). B cuay gemmbr CeBpioka, Takoe BO3pACTAaHUE MOXKET MPOUCXOAWTDH JIWIIH
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o)

B

e —
Puc. 14. @ymruma f(z) = (OX ,OF ) BospacTaeT NOpu OTPAXKEHHH OT TDAHU:

f(B) > f(4)

KOHEIHOE YMCJI0 Pa3, PABHOMEDPHO (M0 HAYAIBHBIM YCIOBUAM) OTPAHUIEHHOE HEKOTO-
pou xoucTauTou C], 3aBUCAILIEA TOJIBKO OT ().

2. YHACTHUIILI HA NIPAMON

TEOPEMA 2. (a) Maxcumasvroe wucao yoapos 6 cucmeme mpex wacmuy, my, ms,
ms 3adaemca gopmyaot (11).
(b) Qucao ydapos 6 cucmeme 4acmuy, ¢ NPOU3BOALHBIMY MACCAMYU KOHEUHO.
(¢) Hucao ydapos 6 cucmeme wacmuly, ¢ NPOU360ALHLIMY MACCAMY PABHOMEPHO 02Pa-
nuueno Konemanwmot Cy(my,...,my) no gopmyae (10).

WUnEM NOKABATEJALCTBA. (a) Ilpexge Bcero, makcumanbuoe ucao N(a) or-
paskeHnn CWAAMADAHON YACTUILI B YIJIE BEJAWYNMHBI (v Ha TUIOCKOCTH PaBHO [7/al,
ecin w/a ¢ 7, n pasHO T/, ecmu m/a € Z (pue. 15). Kondurypaunonsoe mpo-

CTPAHCTBO CHCTEMBI TPEX YACTHI — B5TO ABYrpaHubm yroax Q = {(x1,zs,23) €
€ R® | 2y < 23 < z3}, mmm, mocre mpeobpasosanua A = diag(y/my, /M2, /M3),

T _ X2 _ %3
/1M = A/ 1My = \/ M3
06pa3OBaHHAA TPACKTOPHUA ¥ — OmanmapAHad. JIMHEUHBIN yTOI (. 3TOTO IBYTPAHHO-
ro yrJia paBeH yruy MeXAy eIUHUIHbIMU HopMawamu 1y = (1/,/m1,—1/\/m2,0) u

aByrpanubii yrox Q = { (&1, &, &) € R? | }, B xoTopowm mpe-

S\

Puc. 15. Beinpavaenne 6uiimapHOR TpaeKTopuy B yrie o u HepasencTso N(a) <
<ZI+1
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ny = (0,—1/\/m2,—1/,/m3) k ero rpassam (cm. puc. 11). TlosTomy

_ (n1,n2) 1/mo
. = arccOos ————— = arICcCoSs

[n1] - s 1 1 1 1
mq mo \ my M3

OpToronasbuas npoeKkIua OMIIIAPIHON TPACKTOPHAU 7 HA INIOCKOCTE, OPTOTOHATD-
HYIO TpaHAM yria (), TakxKe OuLImapIHad B IIOCKOM yrie o. ClleJoBaTeIbHO, MAKCH-
MAaJIbHOE IKCIO ee oTpaxkenul pasHo [/« = C1(my,ma, m3), I'le KOHCTAHTA CHPABA
B3sra u3 Gopmyast (11). Eciu my = ma = ms = m, noayuaem Ci(mq, ma,m3) = 3,
KaK M JOMKHO OBITH [ PABHEIX MACC.

(b) KoneunocTs 4mcaa yaapoB B cuCTeMe dacTull (63 NOKa3aTeabCTBAa PABHO-
MEpHOU OIEHKH!) MOKAXKeM OT MPOTUBHOrO, MHAYKIUEH Mo ducty dactui. [laan = 3
YyTBEDKJCHUE JOKA3AHO B IIYHKTE (a).

[Ipegnonoxum, 9TO YUCIO yOAPOB B cucTeMe C N > 4 dacTunamm GeCKoHed-
HO. [lomycTuM, UTO KakWe-TO WYaCTULIHI ¢ W ¢ + 1 CTAIKWUBAIOTCA JUIIL KOHETHOE
YMCIO0 Pa3; TOTAA ¢ KAKOTO-TO MOMEHTA fy CTOJKHOBCHUS MEXKIYy HAMHU MpeKpa-
MIAIOTCA, U BCA CACTEMA Pa3bMBAETCA HA JBE HEB3AUMONEUCTBYIOIIUE II0ICACTEMEL:
I = wactuuet (1,2,...,4) u II = wacrtuuw (¢ + 1, + 2,...,n). o upesnonoxenuio
MHAYKIAA 9ACAO CTOJKHOBCHUE B Kaxkaon ms noacuctem I u II xkorewno, Tak 910 n
BO Bcen cucteme [UIl w3 n gacTum 4mucio cToOMKHOBEHNN KOHEIHO. [Toayummn npoTu-
BOpEYHE C TIPEANOI0KEHTEM.

CaegoBarenbho, abbie dee wacmuybt i u i + 1 6 ucroduoti cucmeme o06a3amb
CMAAKUBATNBCA OECKOHEURO MH020 Pa3d mexcdy coboti. OIHAKO yITeM, 9TO Kaxk1as
YaCTHIA TOMYIACT OT JACTHUIIBI CJACBA MOJOKATENLHLIA UMIYIBC, & OT YACTHIBI CIIPa-
Ba — orpunarenbbin. CaMasa mpaBas YaCTHIOA CHCTEMBL #7 MOLYYAeT UMILYJILC
TOJIBKO CJIEBA, [IODTOMY €€ UMILYJILC Pp(t) = my,v,(t) yBeauduBaeTcs mocie Kaxno-
ro ymapa. OIHAKO CKOPOCTBH YacTUIbl Uy (f) OrpaHmdeHa cBepxy (3TO caemyeT u3
muv? < 2E, rge E — smeprus sceir cuctemsl). IlosTomy dymrknus p,(t) Boapa-
cramomas u orparmiennan. CreqoBaTensHo, mo TeopeMe BemepmTpacca cymecTByeT
npeaen p, = lim p,(t).

t—oo

Ecau pacemorpers cucremy wactun (#(n — 1), #n), To npuMepHO TeM XKe CIO-
co60M MOXKHO NOKA3aTh, ITO UMIYJILC €€ IEHTPA MACC — BO3PACTAIOIIAA U OrDAHU-
YeHHAsA TI0 BPEMeHM (PYHKIUA, a TTIOTOMY y Hee TakKkKe CyMeCTBYeT Mpefea. SHAYWT,
CYIWIECTBYET Tpeneid u y QyHKIMU Pp_1(t) = Mpy_10,—1(t) — UMOyIbCA 9ACTUIBD
#n—1): pp_1 = tlggo DPn—1(t). Touno Tax xe, paccMaTpuBas 10 OYepesu IOACUCTE-

mer gactun (#k,#k+ 1), #k +2),...,#n —1),#n), tae k =n—2,n—3,...,1,

MOXKHO JOKAa3aTh CYyLIECTBOBAHUE BCEX IPENENOB Pj = 2Elim pr(t) = 2Elim myvg (L).
— 00 — 00

B cuny Toro, 9ToO MeX 1y JMIOOBEIMM ABYMs COCEIHUMM YACTULIAMY TTPOUCKOIUT Gec-
KOHEYHO MHOT'O ¥apOB, HETPYAHO JOKA3aTh, 9TO MpeIelbHBIE CKOPOCTH BCEX TaCTHI]
JOJKHBI OBITH PABHBIMU: tlim vt)y=---= tlim vn(t) = v. 3HAYUT, CKOPOCTH LEHTPA

— 00 — 00

macc Been cucremsl, (myvy (0)+...+mpvn(0))/(my+...+my) JOTKHA PABHATHCA U:
cK0pocmy ka0l YACTUYLL CIPEMUMCA K CKOPOCTNU UEHMPA MACC 6CET CUCTIEMbL.

Ilepengem B MHEPUMAILHYIO CUCTEMY KOOPAMHAT LEHTPA MACC; B HEM CKOPOCTD
IICHTPa MaCC paBHa HYJI0, TaK IYTO CKOPOCTH Ka}KﬂOﬁ TaCTUIBI CTPEMUTCA K HYJIO B
cUcTeMe IEHTPa Mace. PACCMOTPUM DHEPIUIO BCEU CUCTEMbI — OHA TAKXKE CTPeMUT-
ca K mymo! B cuny 3akona coxpaHeH:s DHEPruu, HavabHas DHEPrusa TaKXKe DaBHA
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HYJII0; HO Kaxk 1o0e ee craraemoe m;v; (0)/2 meorpunatensno; mostomy v;(0) = 0 s
Kaxa0ro ¢ = 1,...,n. MBIl oay9Yunu, 9T0 B CUCTEME JaCTUI] BOOBIIE He OBLIO yIapoB!

YrBepxaenue 06 OTCYTCTBAU yIAPOB MBI IOJYIUIU, UCXOAA U3 MPEMOIO0KEHIA
0 6ECKOHETHOCTH 9UCAa yAAPOB. [oayYeHHoe NPOTUBOPEINE NOKABEIBAET, ITO TUCI0
YyIApOB KOHETHO.

(c) 3zech MBL OmULIEM TOJBKO IIATM AOKA3aTEAbCTBA, OIyCcKas geraau (1oxpo6-
HOCTH CM. B [2, 3]).

IeperngeM B cucTEMy HEHTPA MACC, KOTOPHIU MOMECTUM B HAYAJIO KOOPAUHAT, T. €.
OyaeM CYMTaTh, YTO

mizy + ...+ mupxy, =0, miv1 + ...+ myu, =0,

3aKOH COXpaHEHWS DHEPIUU 3ANMINETCA B Buge » ., m;v; = 2K, rae £ — noaxas
sueprus. CHoBa 0603Ha4MM 4epes p;(t) = m;v; (1) UMIYIBC 9aCTULEL .

IIpw k-M CTOIKHOBEHWE OBYX 9ACTHUI UMIYJILC JEBOU IACTHUIE! yMEHBLITACTCA HA
Beauuuny Apg > 0, a mpaBou — ysenrmuuBaeTca Ha Apy. Yucao ygapos B cucreme
o6o3HaunM 4depes K (oHO koHewHo B cuay (b)), Tak uro 1 < k < K.

IOTAN 1. Apy + Apr + ... + Apg < 2Pmax; Tle Pmax = MaXo<i<oo P(t), 1

Pt)=1-p1(t) +2-p2(t) + ...+ 71 pn(t) :Zz’~pi(t).

def

Jlerxo nokaswiBaercs, uro AP, = P(ty + 0) — P(tx — 0) = Apg, rge tp — mo-
menT k-ro ygapa. llostomy > Apg < Pmax — Pmin- ACIONB3ya IpaBUIO MHOKUTEIEN
Jlarpamxa, MOXHO IOKA3aTh, YTO

2
Pmax = 2E <M2 - %) 3 (24)

rae M =370 mi, My =300 i-my, My =300, @ m;.

IOTAI 2. Ha »ToMm »Tame BCa 0Chb BpeMeHu pa3buBaeTcsa Ha «OLICTPLIE IPOMEXKY TKID,
B KAXIOM U3 KOTOPBIX KAKWe-TO [IBA COCENHUX LIAPA HU PAa3y HE CTAJKUBATCA U
MMEIOT OOJBIITYI0 OTHOCUTENLHYIO CKOPOCTh:

wi(t) —vi—1 ()] = ¢
JJI8 BCEX ¢ M3 COOTBETCTBYIOMIErO TIPOMEXYTKA [t1, ta).

[loKasbIBaETCA, YTO CYIIECTBYET YHUBEPCAIBHBIM HAOGOP MOCTOAHHBIX Cip,. .., Cp

(3aBUCAIINX TOJIBKO OT MACC YACTHL U [IOJHOKU DHEPIMU CUCTEMBIL), A1 KOTOPBIX BCA
0Cb BPEMEHU TOKPHIBACTCA OBICTPHLIMA MPOMEKYTKAMHE 10 BeeM mapam (i — 1,1).

IDTAM 3. Yucao GBICTPHIX MPOMEKYTKOB OLIEHUBAETCA CBEPXY UUCIOM

n

K=8(3 ) /MM -,

i=1
IDTAN 4. Ha 5TOoM 3Tane 4ucio CTONKHOBEHUU OIEHUBAETCS HEPABEHCTBOM

Ci(ma,...,my,) < 22K)" 72,

rae K — xoncranTa u3 sTana 3, nocae 4ero MoLy4aeTca OKoHdarensHas onernka (10).
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3. «BoabmAsA» 3AAAYA CUHAA W 3AJAYA O TAPAX; YACTH (1)

TEOPEMA 3. (a) Hucao ompasxcenutdi 6uaiuaponot mpaexkmopuu ¥ 6 MHO2oMep-
HOM MHO202PANHOM Yeae ¢ 6dasaennbimy 8HYMPL cmenkamy («KPUBOAUNETHOM
yeaer) Komeurno na écem uwmepsaqe epemenu (0, +00).

(b) Hucao ydapos 6 cucmeme N npou3soabneir meepdvi Wapos 6 NpPocmpa-
cmge R™ xomneuno.

NnEW NOKA3ATEALCTBA. (al) Tlpexme BCEro, m 3TO CAMBIM BaYKHBIM MOMEHT
B IOKA3AaTEILCTBE, MBI MOKAXKEM, UTO OMPANCEHUA HE MO2YM HAKANAUCAMbCA HA
KOHEUHOM UHMEPEAAE GPEMEHU, WU, UHEIMEA CIOBAME, MHOXKECTBO OTPAXKEHUU OT
CTEHOK yIila NUCKpeTHO. MBI cieiyeMm gokasaTeabCcTBy [2].

Puc. 16. Paccrosnue OoT BepuHEl yIJa ¢ 40 OPAMOH || MEHBIIE pacCTOAHUA OT (
A0 OpAMOH la: p1 < pa

[lenCTBATENBLHO, IIyCTh MOMEHTHI YAAPOB HAKAIIMBAIOTCA, TOTAA U TOYKH, B KO-
TOPBIX TPOUCXOAAT OTPAKEHUA B DTU MOMEHTHI, TAKKE HAKATINBAITCA. [IycTh ¢ —
TOYKA HAKOIUIEHWs yIapOB; Ha30BeM ee BepumHou yria (puc. 16). (3amerum, 910
MHOT'OTPAHHEBIA YOI MOXKET MMETH MHOTO BEPIIMH — OOMUX TOYEK CTEHOK; HAPH-
Mep, IBe TpaHCBepCcaThbHEIE CTeHKN B R? mveroT meayio kpusyio BepmmH. Ha pucyrke
[UIA HATJIAHOCTY H300paKeHa IBYMEPHAA KAPTUHKA KPUBOJIMHENHOTO YIJa C OJHON
BEPIIXHOML. )

IMoaromy mnsa moboro € > 0 maigeTcs Takon MoMeHT ¢, uro dist(x(t),q) < €. Mu
Cenvac noJIy4uM [IPOTUBOPEIKE C HTUM HEPABEHCTBOM, f0Ka3as, 4o dist(x(t), g) Bce-
r/1a GOJIBIINE HEKOTOPOW KOHCTAHTHL I (3aBUCAINEN OT HAYAIBHOIO NBYMIKEHUS TOYUKN).

[lycte wacTuma & JeTena BAOAL JAyda i MO CBOErO MEPBOrO CTOJIKHOBEHUS CO
CTEHKOU w1 B TO4YKe M. 3aTeM OHA OTPA3UIACH OT CTEHKHU Wi W TOJETeNa 10 JIy-
qy Iy K CTEHKe ws. BEeKTOp CKOPOCTH IBMKEHUA TOYKH L OTPABWICA CUMMETDPUTHO
OTHOCUTEIBHO KACATENLHON IWIOCKOCTH II; K cTenke w; B Touke Mj, m 9acTh Jay4a
[y mocme Touxku M; oTpasmaach B «3epkages 1l; u mepenia B ayd lo. 3amMeTum, 4TO
BCA CTEHKA W1 — CPAHUIA BHIIYKIOro Teta. CraefroBaTenbHo, nepneaaukyaap qHy,
OIYIIEHHBIN U3 q Ha l1, Kopoue nepnenaukyJsapa qHs, onymensoro u3 g Ha ly (Begsb
orpesok qHs mepecekaer «3epkanaoy 114 !):

lqH1| < |qH:|, wmm py < ps. (25)
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Touro Tak e, MOCTE BTOPOTO OTPAXKEHNUA — B TOUYKe My OT CTEHKH ws — 4YacTh
ayda [y TepensieT B CUMMETPUYHBIM OTHOCUTENLHO TIOCKOCTH Ils ayd I3, u Mb1 Oy-
€M WMEThL II0 TOH XK€ MPUIMHE P2 < p3, U T.[I.. PACCMOANUE OM GEPUUNLL 00
ayuet deurcenus Outiuaponot vacmuubl (t) nocie KaHcdo20 OMPANCENUA CMPO20
séospacmaem: v = p1 < po < p3 < .... IlockoabKy HaKJIOHHAA AJWHHEE MEPTEHINKY-
aspa, dist(x(t),q) > p1. CaenoBarenbHo, npu € < p; MBI HOLYIAEM HPOTUBODEYHLE.
OTMeTuM, 9TO IPH JOKA3ATENLCTBE MBI UCIIOAL30BAIA TOT (hAKT, ITO TOIKA, &L MPH-
OmmxkaeTca K q.

Nrak, MEI ZOKa3amm, 9T0 #a A000M KOHEUHOM UNIMEPEAAE SPEMENY YUCAO OM-
paxcenutd xoneuno. (Boree Toro, MoxuO mokazaThk (cM. [2, c¢. 168-169]), uTo x(t)
OyneT mpubIuKATHCA K BEPIINHE ¢ BPEMs, MEHbIee pi.) Kak MBI OTMeYaay BHIIe
(pazmen I1.3), uMenno 3TorT GakT UrpaeT KAIOHUEBYIO POIb B AOKA3ATEALCTBE 3Pro-
IWIHOCTH CUCTEMEBI MOJEKYJ Ta3a.

(a2) UuTepecHo, 9TO Ha IIOCKOCTHU HaXKe JJA HYJEBOT'O yrila MOXKHO JaTh BEpPX-
HIOIO OLEHKY YMCJIA OTPAXKEHUN (3ABUCALLYIO OT HAYAIBHOIO MOJIOXKEHUS TOUKHU &),

cM. puc. 17.

YTBEPXKAEHUE 1. Ilycmb @ — Y204 nepeo2o ompaxcenus 6uiiuaponotd mouxuy
z(t) om cmoponby KpuGoAUNETEN020 Yeaa ¢ 8ePuUHOT q U O — Yeoa Mendy Kaca-
MEALHBIMYU K CIMOPORAM Yeaa 6 mouxar A u B nepeceuenus oxpyxrcrocmu paduyca
r = p1 ¢ yewmpom q (cm. puc. 17). Toeda wucao ompaxcenut wacmuybl 0m cMoOpPor
yeaa

2¢
N(p,a) < 22. (26)

«

Wo

q

Puc. 17. Yy =p—w, w > «
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CHEACTBUE. Ecau xpusosunetinbili yeoa — nenyiesot u eMewaem 8 ceba yeon
o, Mo HauboabULEE UWUCAO OMPAHCEHUT, OM CNOPOH IMO20 Yeaa < —|— 1.

W3 puc. 17 BugHO, ¥TO ABa BHyTpeHHuUX yriaa a MK My paBHBI g —pui, a

BHEIIHWN yroni B Bepmuue K paBeH g — w (w — yroa mexay kacarenbubivMu I u
Is B Touxkax My u Ms). CremoBaTensHo, g —w= (g - 4,0) + %, oTKyma ¥ = p — w.
Ho w > a, nostomy ¥ < ¢ — a.

SHAUNUT, YrOJI OTPAKEHUA KAXK LU Pa3 YMEHBIAETCA 0 KpanHen Mepe Ha a:

Yr<e—a; Y <Y1 —a<e—205 .5 by <@ —ng;

Orcrona, nockoasky 0 < ¥, < ¥p—1 < ... < Y1 0pu TPUOIMKEHUN TOYKA T K
BepluHe ¢, noayvaeM, 4to na < ¢ u n < ¢/a. Urak, vacruua orpaxaercsa ne 6oiee
/@ pas mpu ee TPUOAMKEHUN K BEpIIIWHE (.

3arTeMm OHa yAAIACTCA OT . MOXKHO cUMTaTh, B CUIY OOPATUMOCTH IBUXKEHUS BO
BPEMEHU, UTO NPU YAAJIEHUU OT ¢ TOYKA & OTPABUTCA OT CTOPOH w1 U we HE Gojee
TOTO YUCAa pa3, KOTOPOEe OHA OTpa3miIach mpu mpubmmkennu K ¢q. [looTomy oOriee
YMCa0 oTpaxkeHnn < 2¢/a.

™ T
Tak kax @ < 5 TO N(p,a) < =, u cIeICTBUE BLITEKAET HEMELIEHHO.
[0

(a3) Ham ocranoch gokasaThb, 970 B HOCJAEI0BATEILHOCTH OTPAXKEHUN OT CTOPOH
MHO20MEPH020 KPUBOJIMHENHOTO yIVIa HACTYIUT MOCIenHee OTpakenne. Mel caeayem
ONJHOMY M3 MYHKTOB JOKa3aTenbcTBa B [20].

Myctb tg < t) <t < ... <t <...— MOMEHTHI OTpaxkenu. PaccmoTpum Tpe-
yrompHuxn Aq = a:(tg)qa:(tl) Ay = w(tl)qw(tg) o Ag = x(tr—1)ga(ty), . . ., BEIpe-
XKeM UX HOXHUIAME U3 OyMaru U PACIOJOKAM Ha (IByMepHOR!) MIOCKOCTH TAK, YTO-
661 Ap u A1 DPUMBIKAAK [0 00LIEN cTOpoHe g (ty) U He nepekpoiBaauch (puc. 18).
WHEIME coBaMH, CIemaeM MIOCKYIO Pa3BEPTKY «TapMOIIKMy TPeyTroabHUKOB { Ay }$°,
PACTIONOKEHHBIX B IPOCTPAHCTBEe R” 1 IPUMBIKAIOIINX MO O6ImUM CTOPOHAM g (t).

OxaseiBaercs, mag kaxgoro k > 1 yron Zx(tp)qx(ty) crporo Menbiue m: vy +
+ 72 + ... <7 (puc. 18). D10 BbITE€KaET U3 BBHIIYKIOCTU CTEHOK YIVIA.

CBOOOIHOE IBUXKEHNE

Puc. 18. PaspepTka nenodku TpEyroabHUKOB HA ILIOCKOCTD
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Puc. 19. JIya V Broas e aexut B nepecedennn Bcex creaok W = (| W; m gacTuna
T OpHOIIKAEeTCA K HEMY

OTciona cregyer CymecTBOBAHUE MPEAEIbHOTO eIUHUTHONO BEKTOPA

= lim 20 =4 _ , @) (27)
t—oo |x(t) —q| t—c lqee(t) |

€CJU TIPEATNOIOKUTE, ITO IUCIO VAAPOB OeckoHewHO. BosbMeM onHy cTenky yraa W,
_—

9aCTULA OTPA3UTCS OT Hee GECKOHEYHO MHOI'O Pa3, a TaK Kak |qx(t) | — 0o, MBI moJIy-
YaeM, ITO CTeHKa W COMEPXKUT MeIUKOM Jyd V| BEIXOJAINNN U3 ¢ B HATIPABJICHUN €.
o N
Tak Kak 5TO BEPHO A OO0 CTeHKM yriIa (), a1y V aexnT B nepecevennn (,_; W;
BCex cTeHok yrua (puc. 19). PazsepTka TpeyroJIbHUKOB TO3BOJIACT TAKKE NOKA3ATH
Tot daxT, 9To dynkuusa d(t) = dist(x(t), (| W;) Bemnykia no ¢. MbI XoTuM Z0Ka3aTh,
910 cymecrByeT Takoe Tp, uro d(t) — aumuennas pyuxuus npu seex t > Ty, Ecau
YUCI0 YAAPOB GECKOHEYHO, TO HAUAYTCA TAKUe TOJOKUTEILHBIE KOHCTAHTH € > 0 u
c > 0, 1TO
d(t) > et — ¢ npum Beex t.
dist(x(t),V
Manee, & — 0 mpn t — oo. OgHako
lqz(t) |

dist(ax(t), V) > dist(ax(t),[ | Wi) = d(t) > et —c,

lgz(t) | < lqz(0) |+ [x(0)2(t) | < |qz(0) [ +1

e
(mer 3amennam |2(0)x(t) | Ha ¢, Tak KaK YaCTUIA IBUKETCS BAOTbL TPAEKTOPUU OT
2(0) zo x(t) co ckopocrsio 1). ITosromy
dist(x(t), V) et —c
>
lqz(t) | lgz(0) [ +1¢

1 JeBasg 9aCTh HEPABEHCTBA HE cTpeMnTca K ) — mpoTusopedne.

Iepexoaum K nokasareabcTBy myHKTa (b).

(b). Beime MBI ¢Aenamm peIyKIuIO CACTEME IIAPOE K OMIINAPAY B KPUBOIUHETHOM
yrae. [losToMy yTBepKIeHNE O MApax ecTh CASICTBAE TYHKTA (a).

IpuseneM erme 0 Ry UACK0, OAM3KYIO K A€ NOKA3ATEALCTBA PO YACTULH (CM. TIO-
apo6rocTn B [2]). W3 (al) crieayer, 9T0 B IH060M KOHEUHOM THTEPBATE BDEMEHN YUCIO
YOApOB B CHUCTeMe mapoB konewno. Kax u npu goxazareascree Teopems 2(b), sakon-

— &> 0 mnpu t — oo,
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9UTH JOKA3ATEILCTBO PO CACTEMY MIAPOB MOXKHO Tak. Ecam Ha uaTepsane (0, +00)
MCJIO0 YAAPOB B CUCTEMe OECKOHEYHO, TO BCS CUCTEMa ¢ KaKoro-To MoMeHTa 1y pas-
6uBaeTCsA HAa IPYNIbl (KAACTEPHI), B KaXKAOU U3 KOTOPBLIX JI0GOU LIAD UCHLITHIBAET
0ECKOHEYHOE YMCJO0 YAAPOB OT MIAPOB TOTO XK€ KJIACTEPA, & CAMU KJIACTEPHI HUKAK
HE B3aMMOAEUCTBYIOT APYT C APYTOM: WX IEHTPHI MACC ABUKYTCA B MPOCTPAHCTBRE
PABHOMEPHO U HPAMOJUHERHO. PaccMOTpUM OfUH KJAACTED U IEeperieM B CUCTEMY
€ro meHTpa Macc.

Kak u B caydae 9acTui], MOXHO NOKa3aTh, YTO CKOPOCTHU BCEX ITAPOB CTPEMATCS
K CKOPOCTH IEeHTpa Mmacc, T.e. K 0. A Torga smeprusa F(t) xracTepa Takxke CTpe-
murcs K 0. Ho ona nocrosuna Bo Bpemenu npu ¢ > T, Tak uro E(t) = 0. 3uauunr,
Iapsl B KJIACTEPE BOOOIIE He ABUrainchk ¢ MomenTa 1y. [loayyummu npoTuBopeyne ¢
6ECKOHETHOCTBIO UNCIa YAAPOB B KAacTepe.

CaeoBaTeNbHO, YUCIO YAAPOB B CUCTEME MOXKET OBITh TOJBKO KOHEYHBIM, 9TO U
TpeOOBAJIOCH TOKA3ATh.

4. «(BoabmMAsA» 3A0A9A CUHAA W 3AQAYA O MMAPAX; YACTH (1)

TEOPEMA 4. (a) Hucao ompasxcenutdi 6uaiuaponot mpaexmopuu ¥ 6 MHO2oMep-
HOM KPUBOAUHETHOM MHO202DAHHOM Y2ie () ¢ 80AEACHHBIMYU BHYMPL CMENKAMUY, HA
Komopwili naaodceno ycaosue nesviposcdennocmu (em. IL.7.4 w puc. 9), ne npesoczo-
dum nexomopot koncmanmur Co, 3asucaueti moavko om 2eomemput yeaa Q.

(b) Hucao ydapos 6 cucmeme N wapos 6 R™ ¢ maccamu my, ..., MmN He NPE60CLO-

dum xoncmanwmer Co(my,...,my), onpedeasemoti pasencmeom (13), xaxumu 6v1 nu
ObIAY HAUAADHBIE NOAOHCEHUA U CKOPOCTNU WAPOS, G MAKNCE UT PAOUYCHL T, ..., TN.

VIEW TOKABATEJLCTB. (a) [JoKaszaTeabCTBO CYIIECTBOBAHUA PABHOMEDHOW TIO
HAYANTBLHBIM yCIOBUAM KOHCTAHTH Co BEAETCA MHAYKINEH 1O YUCIY CTEHOK B yTue ().
Ono ocHOBaHO HA JeMMAaX, CHOPMYIUPOBAHHLIX HUKE.

Cuauana onpegenenre. OOG03HAMUM KOHEIHBIN KYCOK 0UAALAPINOT TPAEKTODPUH,
BBIXOJIAINEA U3 TOYKKM X U 3akaHumBaomenca B Touke Y, qepes ['(X,Y). Hazosem
K000M DTOrO KyCKa NOCJAEIOBATENLHOCTH CTEHOK Wi, ..., W;, , OT KOTOPLIX IPOKC-
xoxunu orpaxkenus tpaekropun I'(X,Y). Mel ckaxem, uro gpyras gomanas (i),
0 < t < 1, naunnatomascs B Touke X = v(0) n xonvatomascs B Touke Y = (1),
UMEET TOT K€ CAMBIN KOMOUKMAMOPHbIY TUI, 9To n Owiamapaaas aomanas ['(X,Y),
eCaM OHA OTPAKAETCA OT TEX KE CTEHOK B TOM K€ MOPAAKE, T.€. CYIIECTBYIOT MO-
meHTH 0 < ¢ <2 < ... <t < 1, B koTopue (t;) € Wj.

BAYKHOE 3AMEYAHUE: yKa3aHHBIE HEPABEHCTBA — HECTPOLKE, TAK YTO BMECTO

oTpaxkeHud oT cTeEku W;, a moTom ot W;, 10MaHad MOXKeT IONACTH CPA3y HA Iepece-
N

aenue W; NW;. B gacTHOCTH, €I B3ATH KaKyio-HUOY Ib BepumnHy yraa q € (-, W;
(T.€. OHY W3 TOYEK HA MEPECEUCHWH BCEX CTEHOK yIJa), TO NBY3BEHHAA JOMAHAA
X qY umeer Tor xe komGuHAaTOPHBIN TUl, 94TO 1 TpaekTopus ['(X,Y).

JIEMMA 1 (COMPARISON LEMMA). Buaauaponas mpaexmopus T(X,Y) xopoue
410601 aomanoti ¥(t) moeo xee xombumamopro2o muna 6 yzie @ ¢ GLINYKABIMU
BHYMPL CMEHKAMU.

HamoMuuM, Kak OOBIMHO AOKA3BLIBAETCA 3Ta JeMMa AJsd MHOTOTPAHHOTO yTia C
wiockuMu crenkamu. Cm. puc. 15: MBI BBIIPAMJIAEM TPAEKTOPUIO, OTpaxKas yroua ()
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OTHOCHUTEJIBHO TPAHEN OTPAKEHUA TPACKTOPUN, U MOTYIAEM OTPE3OK MPAMON MEXK Iy
HAYAJbHON M KOHEYHON TOYKaMM. A OH, KOHEYHO XK€, KOPOUe JO0U JOMAHON C TEMU
ke koHnamu. s KpUBOJIMHEHHOrO yrva MAEs Ta XKe: BbINPAMACHUE MPAEKMOPUL.
ToMBKO OCYIIECTBUTD €€ CIEAYET TyTh UHAYE.

BosbMeM CTOMBKO KONWH KPUBOJIMHENHOTO YIia (), CKOMBLKO MMEETCS 3BEHBEB Y
rpaekTopun [(X,Y) (T.e. Ha 2 GOJBINE YUCIA TOYEK W3IOMA TPACKTODPUU), W Ha-
YHeM UX IPUKICMBATH OJHY K IPYrOH IOCTeJoBaTeIbHO O creHkaM Wi, or KoTo-
PBIX TIPOUCXONWIN OTPAXKEHUA, crenya koxy aomanon ['(X,Y). Torna na passepTke
AW «TapMOIIKey KOomui (1, (2, . .., TOAYIEHHON B PE3YJIAbTATE TAKOT'O CKICUBAHUA
(B ¢BBICOKOM» MATEMATHUKE (CAPMOLIKA» HA3LIBAETCSI OGOOIIEHHEIM PUMAHOBLIM, WK
AJIEKCAHAPOBCKUM, IpocTpancTBoM ), Tpaekropusa I'(X,Y) «pacupamisercsy u 6yger
xpamuaiiwet (Pe0Ie3MIECKON) KPUBOU MEXK Y ABYMA (QUKCAPOBAHHBIMUA TOYKAMEI —
X (B mepBom xomwmu rapMomkn) n Y (B mocaegnen xomun). OTCOAa U CIEAYET JEM-
ma 1: yobas Apyras JoMaHas NIUHHEe reogesndeckor (cm. moapobuoctu B [12]).

IlpuseneM yauBUTEIbHOE, HA HEPBBIN B3IVIAL, YTBEDPXK IEHUE.

JIEMMA 2. IIyemv q — eepwuna kpugoaunetnoeo yeaa Q (q € ﬂfil Wi), u
I'(X,Y) — xoneunstii kycox 6uaauapdnot mpaexmopuu ob6wet daunet |I'(X,Y)|. To-
2da |gX| + |qY| > |T(X,Y)| (puc. 20).

Kak u ma mocreaneM srame A0Ka3aTeIbCTBA «BOAbIIONy TeopeMbl CuHas, BLIpe-
XKeM u3 OymMaru TpeyroabHuku AqXxi, AQT1%s, AQTaX3, ..., AQTrY U CKICHUM UX
mo obmum cTopoHaMm Ge3 nepekpuiTuit. [loayduM IIOCKYI0 pa3sBepTKY «CapMOIIKK»
TexX e TPEYrOJbHUKOB, PACIIOIOKEHHBIX B mpocTpancTse R™ (puc. 18).

B cuny BemyxaocTu crenok W; u 3akoHA «yros MANEHUA PABEH YLy OTPAKEHUD)
JErko nokasarb, uro aomanas y(XY) = Xzzexs ...z, Y Ha miockocTu ewvinykaa:
mobas npavas Xxp, £1Za, ..., TxY [EIUT IMIOCKOCTH HA ABE MOJYILIOCKOCTU, B OJ-
HOU M3 KOTOPBIX HaxonuTca Bes gomanas v(X,Y), a B gpyroun — touka ¢. [Ipu sTom
IivHA mIockon aoManon y(X,Y) paBHa niuHe MpOCTPAHCTBEHHOU OUILIAAP THOU TPa-
exropuu: |[v(X,Y)| = |[I(X,Y)|. (dua yrua ¢ mrockumu crenkamu jJomanas y(X,Y)
OPEICTABIACT COO0N OTPE3OK MPAMOMN).

Coeanaum orpeskom Touku X u Y aomanon v(X,Y) (¢purypa cnpasa ua puc. 20).
Torga muoroyroasuuk M = Xz ... 2 Y — BLINYKILIU, U OH HAXOAUTCA BHY TPU TPE-

Puc. 20. /lokazaTerscTBO JeMMBI 2: IEPUMETD MHOTOYTOIBHUKA M MeHbIne mepu-
MeTpa o XqY
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yroabuuka A X qY , KOTOPHI TakXKe BHIMyKaas Gurypa Ha miockoctu. 1o uzsectTHON
TeopeMe BIEMEHTAPHOU TeOMETPUU O BIOXKEHHBIX BHIMYKJIBIX MHOTOYTOJBHUKAX 3a-
KJII0IaeM, ITO mepuMerp A XqY OGoabine nepumverpa M. Borauras aiuny oTpeska
XY, nonygaem |gX |+ |qY| > [v(X,Y)|. Jemma 2 nokasamna.

JIEMMA 3 (TEXHUYECKAA JEMMA). Jas atobviz wemwviper mouex A, B,C,D €
dist(C, AB)
|CD|

(IAD| +|DB|) — (JAC| + |CB]
|AC| + |CB| — |AB]|
JlokazaTeasCTBO JEMMEL 3 OCHOBHIBAETCS HA PACCMOTDEHUM DABIATHBIX CIyIaeB
pacnonoxkenus Touek B R™ (cm. [12]) u MEI ero omyckaem.

€ R", ecau =>c>0, mo

1 2
<K = K(¢), 2de K(c) = 16 (E + 1) .

HoxasareascTBo Teopembl 4(a) OCHOBBIBAETCS HA TAK HA3BIBAEMOU (IPOLEAYDE
yKOpadunBaHus TpaekTopun 'y ¢ mpusaedenueMm jgemm 1, 2 m 3. OHa cocTonT M3 mMO-
NEePEeMEHHON 3aMeHBl Kycka ommummapaaon tpaextopun ['(Xi, X)), rae X u Xy —
TOYKU OTPAXKEHUs1 OT ONHOU U TOU ke cTeHku W; yraa (), Ha
(1) aBy3BeHHYIO JOMAHYIO — 00BeAMHEHNE ABYX 0Tpe3koB X1 DUD Xy, roe D — Tod-
Ka Ha IIePEeCevYeHNN BCEX CTEHOK ﬂ,IL W;, bk annias K 3apaHee BEIOPAHHOU TOYKE Z
TpaexkTopuu ['; win
(2) oTpesok X1 Xo.

IIpu sTom Touka Z TpaekTopuu I mpemmecTrByeT Touke Xo M ClAeAyeT 3a TOHU-

kot X7 Ha I', ¥ BLINOJIHEHO COOTHOIIEHME
dist(Z, W;
dISt(Z7 ﬂi:1 WZ)

rge xoucranta C B3ATA U3 ONPENENEHUs HEBBIPOXKIEHHOrO yria () (cM. ycaoBue
d/C-6amzoctn n puc. 9).

(1) Bameny I'(Xy,X3) ma X1D U DX, nasoseM «pacTaxeHueM» Tpaekropuu I (B
CUY JIEMMHEL 2) U 0603HAYNM

(IX1D|+ |DX3) — (X1 2]+ |ZX4]) = 5
§ 3aBUCUT OT ToueK X1, Xo 1 7.
(2) 3ameny I'(X7, Xo) Ha X; Xo HA30BEM «CIKATHEM» TPAEKTOPUA U 0603HAMUM
|X1Z] + |Z2Xs| — [ X1 Xo| = p.

Torna mo xemme 3
1 2
s<K(c)p, K()=16 (E + 1) . (29)

JIEMMA 4. Yucao nonapno pazavunuiz xoneunviz xkyckos mpaexmoput I'(A, B)
buaauapdnoti mpaexmopuu T', ompaxcaowuzrcas om ecex N cmenox yeaa QQ u ne
UMENUWUT 00WUT MOUEK (KPomMe, 603MONCHO, 00UWUL KOHY08), He npesoctodum L =
=2K(c) + 4, ede K(c) — xoucmanma u3 aemmvi 3. Taxue xycxu asmopwr [12] na-
3616 AIOM. YUKAGMY.

JlokazaTeabcTBO TeMMBI 4 aBTOPHI TOJYYAI0T OT MPOTUBHOT'O — TIPOTUBOPEYNEM
caemmamu 1 m 2.
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Maaum Temepb KpaTkoe A0Ka3aTelbCcTBO TeopeMmbl 4(a). Ilycts mpu Beex k < N
M06as TPAeKTOpUA, OTpaxkawInaaca oT < k crenok W;, umeer < My oTpaxeHuu B
yrie (). Ilo mpeanofoXenuoo MHAYKINN, KAXKIBN KyCOK TPACKTOPHUH, COMEDXKAIIIN
< My _1 oTpaxenut, cofepxuT nuki. 1o semme 4 gucio nukios < L; cregoBaTeasHo
BCEr0 OTpaxKeHun B yrie () MoxeT 0bTh < My, tae My = L(My_1+1) < 2LMy_;.
IMockoabky My = 1 (0gHO OTpaxKeHue OT CTEHKH), HOLYIaeM

My < (DN = 2Q2K(C) +4)V ' = (4K(C) +8) " =
“(1(Ler) s) < for(Eer)] =@ o0

Taxum o6paszoM, KoHCTAHTY Co B TeopeMe 4 MOXKHO TIOJOXUTH PABHOU

1 2(N-1)
Cr=[8(5+2)] , (31)
rae C — KOHCTAHTa B YCJIOBUM HEBBIPDOXKIEHHOCTH yria () m N — YuCI0 CTEHOK

yria.

(b) /l;na noKa3aTeIBCTBA CYIIECTBOBAHUA PABHOMEPHON OIIEHKY [JIA YACIA Y IAPOB
N mapoB HATO TpexXAe BCEr0 MPOBEPUTH YCJAOBUA HEBLIPOXK IEHHOCTH OWLIMADAA,
06pa30BaHHOrO BEIKUAEIBaHEEM 13 R™Y W numuegpos C;; (em. dopmyas (17)
u (18)). Monoxum Muyin = 1, rmin = 1.

N nea coctonT B TOM, 9TOOBI CIEAUTD 34 IBUKEHUAMH IIAPOB B R™, eCau IBUraTh
KOH(UTYPAIIMOHHYIO TOUKY & K Kax 10U 3 cTeHoK W;; = () cnennaabHbIM 06pa3om,

a TaKXXe eCIU IBUTaTh X K IIePECEYECHNIO0 BCEX CTEHOK CIEIMAIbHBIM 06pa30M. Oxka-

mzazf =

apBaeTcsa, pacctosane oT & € R™ 10 Oy B Metpuke ||{z;;}[|? 7

= 9F i
1
=55 D mg|ci|?, rae ¢; = {z;;} € R" — nentpsl wapos, E — sHeprusa CUCTEMEL,
HE [IPEeBOCXOJUT HEKOTOPOU KOHCTAHTHL (3aBUCsALIEN OT 3Hepruu F cucTeMbl apos),
YMHOXEHHOU HA PACCTOAHUE MEX Iy mapamu ¢ u j B R"™. A uMeHHO, BO3bMEM KaKYIO-
HEOYAbL TPYMNy mapoB [, BCe Taphbl MIAPOB U3 TPYINLL [, U COOTBETCTBYIOIINAE UM
mntuHapsl O .
Ilycts d;; — paccroanue Mex Iy LEHTpPaMU MIAPOB § U j, I, 7j — UX PaJAYCHL U
0ij = dij —ri —r; = 0. PaccmorpuM makcumyMm Beex 0;; u 0603HaqMuM 0 = 0j, 5, =
. )
= max; jes 0;;. MOXKHO OKa3aTh, 4TO maxc,, s dist(z, Cy;) > ——
jer i ; Cu) 2 SR
N - TmaxévmmaxN
V2FE

IMosToMy OTHOIIEHUE JEBBHIX YACTEN NAeT 3HAYEHUE KOHCTAHTHI HEBBIPOXK IEHHOCTHU
st rpynnet 1

, 1 9TO

dist(w, m C”) <

i,jel

1
> .
- 2rmax - NvVmmaxN

Tak kax npaBas 9aCTh HEPABEHCTBA HE 3aBUCUT HU OT &, HU OT rpynnsl I, noxygdaem
VHUBEPCATBHYIO KOHCTAHTY HEBBIDOXK TI€HHOCTH

1
¢= 27"maxA]\/v3/27’77/r1n/2;2x - (32)

Crran ()
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Moacrasnaa ee B popmyay (31), HAXOAUM, 9TO UHUCJAO YAAPOB B CUCTEME WIAPOB HE
TIPEBOCXOTUT

N2

(8'2TmaxN3/2\/m>2"<_N£_]g__ll _1> - (167’max'N3/2\/m)

Ioka 4ro monyunnack ouenka (12), BKAIOYAOMAS PasKyChl IAPOB (HAOMHKUM, 9TO
Mmin = 1 B Tmip = 1, Tak 970, ecam OTOPOCATL 3TU YCAOBUA, MBI JOMKHBI TTACATH
TMmax Tmax
Be3Jle OTHOIIEHUS ——— U —— ).
min Tmin
O 1HAaKO MAapPEl MOXKHO IBATAThL B R” HECKOIBKO xuTpee. BoibepeM onmaTs HEKOTO-
po€e MHOXKECTBO CTEHOK 1.

BosbmeMm TOUKy Tg € Q = R™V\ (U(ij)el Cl-j) ¥ HAAJEM MAKCUMAaJIbHOE PACCTOS-

aue B R™Y o1 29 20 cTenok (mmameapoB) n3 Mpoxectsa I: § = max(;j)e dist(xo, Cyj).
OuenuM Tenepn pacCTOsAHUE dist(mo,ﬂ(ij>el C;j) 1epes 6. Haumem aBurate TOUKy
z(0) B R™ rak. O6oznauum Iy = {i | C;; € I'}. Bosemenm kaxoe-To i; € Iy u Bee
mapsl ¢ HoMepamn k € Iy \ {i} 3amycTuM OTHOBPEMEHHO C TIOCTOSHHON CKOPOCTBIO
BJOJMb MPAMEIX, COCAMHAIINX WX IEHTPHE ¢ NEHTPOM INapa i1, MOKA KaxXAas Mapa
mwapos (k,i1) He cONPUKOCHETCs (KaK TOIBKO COIPUKOCHOBEHKE IPOU30UAET, KOHDU-
rypauuoHHasA ToUKa nonaget Ha nuauaap C; ). B Moment, korga map #k xocuercs
mapa #i1, map #k npekpaiaeT IBUXKEHUE, & OCTAJBHEIE €Ille HE COTPUKOCHY BIITUECS
MIAPEL IPOLOMKAIT PABHOMEPHO ABATATHLCA K IIApy #i1. Takum o6paszom, kKordury-
palmoHHasI TOYKA &(t) CHAYANA IONAJaeT Ha OFUH u3 UuanHIpoB Buaa Cj, j,, HOTOM
ABUraeTCA N0 HeMy U IONafaeT Ha apyrou muimHap rpynmet I suaa Cj, 4, (Temepn
OHA HA TEPECEYCHWH IBYX IUIAHIPOB), MOTOM JBUCAETCA W MOMAJAET HA TPETUN
numuegp rpynnsl I Buga Cj, j,, U T. 1., IOK& HOCIeIHUH AP U3 IPyNIsL | He OCTAHO-
BHTCA, COMPUKOCHYBIIACH C IIAPOM Fi1. B 5TOT MOMEHT KOH(pUIYypanmmoHHAS TOYKA
HAXOAUTCA B HEKOTOPOH Touke €, € R™Y. Tak kak mpum KaxkIOM IBIKEHHH o (t)
npoucxoaua cABUr Ha < 0, a aBuxkenud 6610 < N (N — quciao wapos B cucre-
me), To dist(xo, 1) < Mmayx - N6. HanomanM, 4ro «Summmapanasy merpuka B R™Y
3aJaeTCA PABEHCTBOM

N
dist (21, -, 2n), U1, -, 9n)) = 4| > mi - dist(z;,9:)?,
i=1
OTKYyJa M TMOABAAETCA MHOXUTEND Mimax-

Tak xak BCe IMAPHl ABUTAIUCH PAGHOMEPHO BAOIL MPAMBIX B R", HApaBIeHHBIX
B OQHY TOYKY — LIEHTD Iapa F£i;, PACCTOAHNE MEXK Y KaXKIOU [IaPOU MAPOB yMEeHb-
ITAJI0Ch; CIeI0BATENIBHO, JIa HOBOU TOYKM @1 max(; jyer dist(z1, Cij) < 6.

Teneps BozbMeM Apyron HoMep iz € Ip \ {i1} u, HavaB ¢ x;, Tem xke crmocobom
HaH IeM HOBYIO TOUKY To € R™V, maxyo, uto dist(21, 2) < Mmax-N§; 3aTem TpeThio
TOYKY €3 C TEM K€ CBOUCTBOM M T. .., IOKa HE MCYEpIaeM BCEX IIapOB U3 MHOXKe-
crea Io. Ilo nocrpoenuto, nocaesuas KOHQUIYPAMUOHHAA TOUKA & |f,| IPUHALICKUT
TIePECEeIeHUIO ﬂ(ij)el (;; BCEX NMIMHIPOB M3 MHOXKecTBa /. 3HAUNT,

[Io|—1
dist(xo, ®|7,|) < Z dist(zi, ir1) < Mmax - N20. (33)
i=1
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1
2
MmaxV
(n1A 3TOro HANO MOAEIUTH § HA TIPABYI YACTh HEPABEHCTBA (33) U MOMEHATH 3HAK
HEPABEHCTBA HA («>», KAK U JOIKHO OBITh B OOPEACTICHUM HEBLIPOXKACHHOCTH: CM.
puc. 9).

3HAUUT, BLINOAHEHO CBOTUCMBO Hesbiponcdennocmu ¢ Koncmanumot C =

el _ nN .. A
Ormverum Takxe, 9To Guanuapgaeiin croa Q = R™Y \ (Ui# C”) COCTOUT U3

GOJIBINIOTO YUCIA KPUBOJIMHENHBIX MHOTOTPAHHBIX Yo {Q,} (¢ aBy™ms, Tpems, .. .,
N(N-1 .
% CTEHKaMU), U MbI JOJXKHBL OleHKY (31), cupaBeqiuByIo B IeACTBATELHOCTH
JUITE B MIAPE OMPENeNeHHOTO Paguyca, BHYTPHM KOTOPOTO OTPAKEHWUA MPOUCXOAAT
TOJBKO OT CTEHOK OJHOrO m3 YrioB {(),}, IPeBPATUTL B I00AMBHYIO OLEHKY HAa

BceM crone (). Aprops [12] HAXOAAT TAKyIO [IOGAILHYIO OLEHKY: YUCIO YAAPOB B ()

HE HpeBOCXO,E[I/IT
1 aN?
(200 (6 + 2)) ; (34)

IIOOCTAaBJAAA C = DOJy4vaeM 3aBE€OOMO 3aBBIINICHHYIO OLICHKY

R
Mmax

c 4 c 4
(200(max N2 +2)) ™ < (400N mumas) ™", (35)
kKoTopas cosnagaer ¢ (13), ecau BCHOMHUTB, 9TO y HAC Muyin = 1. Teopema 4 noka-
3aHa.

B zakaroueHne npuBeseM TeOpeMy O rase B COCY/E.

TEOPEMA 5. Jas 4106020 Hesbipoxcdenno2o noaypacceusarouweeo buasuapda (c
BHINYKALIMY BHYMPL CINEHKAMU) cyuecmeyem maxas xonemawma C > 0, 3asuca-
WaAAs MOALKO OM 2E0MEMPUL CMOAG, UMO OUAAULAPINAL YacMUYA 36 épemi b ompa-
sumesa om e2o cmenox < Ct pas. B wacmuocmu, sma sce oyenka cnpagedauvsa das
DPASPANCERHOT CuCembl cucmemvt moaekys (wapurxos) 6 cocyde, CMENKY KOMOPO20
NAOCKUE UAU BLINYKALL BHYMPL COCYIQ.

llokazaTelbLCTBO 3TOU TEOPEMEL CJAEAyeT U3 TeOpPeMEL 4.
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CpennaAsa amuHa Ipodera B OMIIMAPIHBIX CHCTEMAX

H. . Yepuos

B craTbe BRIBOAWTCA GHOPMYyIa NJIA CPeNHEN AAMHBI CBOOOAHOrO Tpobera B
OuaIrapAHBIX CHCTEMAaX M Ha MPUMePax IIOKa3bIBaeTCd, Kak oHa paboraer. IIpu-
MeH:AA ee K Ta3y TBePABIX cdep, BEIBOAATCA KIaccuieckue dhbopMyasl boabmmana.

BBEAEHUE. B sTon 3ameTrke MBI pacckaxeMmM 00 OJHOM 3aMEYaTeJLHOU, HO HE
OY€Hb IMUPOKO U3BECTHOU (POPMYJIe B TEOPUH OMLIAAPIOB, NAIOIIEN CPEIHION TINHY
mpobera Mex Iy OTpaxkeHusAMHu. Ecan cKopocTh OMIInap IHON YaCTUIET PABHA € UHY-
e (Kax 3T0 OOBIYHO IPUHAMAOT ), TO CPEIHAA JIMHA TPoHera COBOATAET CO CPEIHUM
BPEMEHEM MPOGEra, W 3Ta MHTEPNPETANNA TAKKE BAXKHA B (DU3UKE.

Nrak, mycTs () — orpanmdensas o61acTs B R? wru ma Tope T? ¢ xycouno-ria Ko
rpannnen 9Q). O6ozmatnm {P!} noTox aBMKeEMA Ha PazoBoM mpocTpaHcTBe M =
= QxS%! (xax o6erano, S?! ozmauaer (d—1)-MepHyI0 eIMHEIHYIO chepy BEKTOPOB
cxopocret). PazmeprocTs npoctpanctsa M pasra d + (d— 1) = 2d — 1. Ilorox {®!}
coxpanseT Mepy Jluyemias Ha dasoBom mpocTpancTse M:

dp = ¢, dgdv, (1)

rae dg — Mepa Jebera B obmactu Q, dv — mepa JleGera Ha cdepe S41, a Cy —
IPOCTO HOPMUPOBOYHAA KOHCTAHTA, obecneunsatomasn ycaosue u(M) = 1. [laa mac
BaXKHO 3HATDL DTy KOHCTAHTY TOTHO:

1
Cu = T 2)
Q[ - 157
rae |Q| — d-mepmeni o6mem obmactu @, a [SY| — (d — 1)-mepwErit 06beM (MOKHO
HA3BATH €r0 («LIOMAIbI0 TOBepXHOCTM) ceprr S4™1. [locneuan BemrHA YHUBED-
caabHA:
Y 3)
I'(d/2)
saeck ['(z) osmagaer ramma-gpyukumio. Ham gocrarowno sHath, uto [(n + 1) = n!
npu measx n, I'(x + 1) = 20(2) gaa scex z > 0un I'(1/2) = /7.
Bunmmap anoe oro6paxkenune 3anaerca Ha rpaamanon nosepxuoctu My C OM:

My ={z=(r,v) e M: re€dqQ, (v,n(r)) >0},

rge n(r) o3HavaeT eIMHUYHBIL BEKTOD HOpMaau K O) B TOUYKe T, HANDPABJICHHLIN
BHYTpB (), ¥ — BEKTOD CKOPOCTH, a (-,-) — CKaJApHOe mpom3BeaeHne. NHBIMM CJ0-
BaM#, M7 ABIAETCA CEMEMCTBOM BCEX BEKTOPOB C HAYAJIOM Ha O(), HAMPABICHHBIX
BHYTPb (). DTO — MHOXKECTBO BCEX BO3MOXKHEIX BEKTOPOB CKOPOCTH IACTHUIIEL II0-
cae orpaxennn or 0Q). flcao, uro M, ects (2d — 2)-MepHOE MHOTNOOOpA3UE ¢ KpaeMm
(2d—2 = dim M —1). Hotok {®} onpegenser oTobpakenue nocrenosanusa [yanka-
pe Ha M;, nepesogsmee Touky ¢ = (r,v) € My B rouky T'(z) = (r+7v,v1) € My, rge

571 =
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7 = 7(x) — BpeMaA CBOGONHOTO IBUKEHUA OT TOYKHU X 10 HOBOT'O OTPAKEHUA OT (),

a U1 — BEKTOpP CKOPOCTH, IPUOOPETCHHBEIA YACTHUIEH MOCAE OTPAXKCHUA. 3aMETUM,

9TO UMEHHO CpejHee 3HadeHue QyHKUuM 7(L) MHTEPecyeT HAC B 3TOU CTAThE.
Orobpaxenue T: M; — M; coxpanser mepy

dv = ¢, (v,n(r)) dr dv, 4)

rae dr — wmepa Jle6era ma mmoroo6pasum 9@, dv — wmepa Jle6era ma S¢! (kax
u paHee), a ¢, — OIATH HOPMUPOBOYHBIM MHOXKUTEIb. HECI0KHBIN MHTErPATbHLLIN
MOACYET TMOKA3LIBAET, 9TO
1
- 5)
et (
10Q] - B

rae |0Q| osmauaer (d — 1)-mepmrrit 06Bvem MuOroo6pasua 0Q, a |[B41| — (d — 1)-
MepHBI 06bem egurmanoro mapa B4t ¢ R~ Tocreanas Bermuuna cHOBa yHU-
BepCaJbHA U DABHA:

Cy

Sd72| B opld=1)/2
d—1 ~— (d-1)T((d-1)/2) (6)

|Bd71| — |

[JIABHAA ®OPMYJIA. Tenepn MOXKHO HEIOCPEACTBEHHO IEPEUTH K BLIYUCACHIIO CPe-
HEro 3HAYEHNUA [IUHLI (AU BpEMEHY) CBOOGOAHOrO pobera. [Ipex e Bcero, sana amm-
€A BOMPOCOM — €TO O3HA4YaeT «cpeanee»? WUuTerpan mo kakou-am6o Mepe? Tormga
MOXKHO OIPEIEIUTDL €0 IBOAKO — UHTErPUPOBATDH yKE UMEIOyIocsa GpyHKuuio 7(x)
mo Mepe v Ha, M7 uiu onpeneauTh IIUHY Ipobera Mexay IBYMS COCeTHUME OTPaxKe-
HUAMM HA BCEM IMPOCTPAHCTRBe M M MHTErpHUpOBATH ee TIO Mepe 4. Pe3yabTaTs OyayT
pasHbBIe, KCTATU. MBI IpuMeM «(pU3NIeCKIN» CMBICI CJIOBA «CpeIHee» KAK «BPEMEHHOe
cpenHeey, T.e. Ipeae] CPeIHed NIAHLL IPOOera 3a n OTPAXKEHHUN, KOTAa 1 — 00;

o) = tim TATTD) (T )

ITo Teopeme Bupkroda, 7(x) cymecryer nouatu Bcrogy Ha M. Ecau 6umtuapn sp-
COAUYEH, TO BEAMYUHA T(Z) HOCTOSHHA NOYTK BCIOAY U DABHA

f:/ T(x) dv(z). (7
My

Ecau 6wimmapn He sproguyen, T0 GyHKOuUA 7() CYLIECTBEHHO 3aBUCAT OT TOYKU
T, HO BCE Xe ee CpelHee pPaBHO (7) W MMEET CMBICA €r0 BBIYUCAUTHL. DTHUM MBI 1
3aMeMCS. SAIUIIeM

Foe, /Ml r(r,v) v, n(r) dr do = ¢, /Ml / ) e, (®)

rge t — noka (opMaibHasi nepeMenHas, Mensomasnaca ot 0 xo 7(z). O4eBugno, ¢ na-
paMeTPU3YEeT OTPE30K OMIMAD JHOU TPAEKTOPUHU OT TOYKHU T 00 T + TU, T.€. MEKIY
IByMA OTpaxeHuAMU. [10CKOIBKY BCe (pasoBO€ MPOCTPAHCTBO M COCTOUT W3 TAKUX
OTPE3KOB TPAECKTOPUH, TO KOODAUHATHL 7, U, OMACHIBAIOT Bce M. DTO OUeHb WHTE-
pecHas 1 HeOOBIYHAA NApPaMETPU3ALUA, XOTA 7, U, t MOTYT OLITH JIETKO PACCIATAHEL
no ¢q,v u HaobopotT (cMm. puc. 1). B gacTHOCTH, ¥ OJHO U TO XKe B 06EUX CHCTEMAX
KOODIWHAT, ¢ = r + tv, & t TEOPETUIECKU MOKHO HAUTHU U3 YCAOBUA ¢ — tv € O (HO
HAM 5TO HE [OHATOOUTCA).
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Puc. 1. Koopaunarer v € 0Q) u t, paccroanue MeIy T U q

I'naBHOoe — mepa g MOXeT OBITH BBEIPDAXKEHA B KOOPAWHATAX T, U,1 CJAELYIOLIMM
obpas3om:

du = ¢, (v,n(r)) dr dv dt.
ITO OPOUCXOAUT MOTOMY, ITO 3JAeMEHT 00BeMa B M MOXKHO 3aIMCATL B BUIE
dgdv = (v,n(r))drdvdt (9)

u 3areM npumenuTsb (1). PaBercreo (9) MOXeT HOKa3aTbCA CTPAHHEIM, HO Ha Ca-
MOM [eJIe OHO FeOMeTprIecKr npocTo. Ha puc. 2 m306paxkeno «10Ka3aTenbLCTBOY 1A
caygas mwiockoctu (d = 2). Mur npencrasnsem dg = dx dy, rae © — KOOpAWHATA,
mapanienbHas v, a y — oproroHanbHas. Torga dz = dt, a dy = dr{v,n(r)) mo ompe-
IEJEHNIO KOCUHYCA. AHAJIOIMYHLIN apryMeHT paboraeT npu d > 2, 1 MBI OCTABAAEM
ero YUTATEIHO.

Tenepb MBI JIEIKO 3aKOHYMM BBIYHCIeHUE T B (8):

T c,,/ dqdv:c—",
M Cu

__ Qs
0Q1- BT

T.e., cornacuo (2) u (5),

(10)

ITO U €CTh 3aMedaATeNbHAL (POPMYNa 1A T.

OTMeTuM, 9TO CPENHAL BEIUIMHA CBOOOTHOTO Mpobera T He 3aBUCHT OT (POPMEI
U XapakTepa rpanuibl 0@, 06JaacThb () MOXKeT OLITH JaXKe HECBI3HOU.

JI1s KTACCUIecKoro OMITHAp THOTO CTOa Ha TIocKocTy nmeeM |St| = 27 u |BY| =
= 2, U MBI IIOIYYaEM

- _ Q)
T= = 11
2Q] ()
Ananoruuno, nia npoctpauctsa d = 3 u
- _ 49|
T = .
10Q|

I[TpuMEP. Paccmorpum 6mmimaps HA IIIOCKOM TOPE, U3 KOTOPOr'O BBEIPE3aH KPYKOK
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Q
dx

dr

Puc. 2. Unnroctpanns k cooTHomernaM dx = dt n dy = dr(v,n(r))

paauyca e > 0. [Ipu MaabIX € TPAEKTOPUY JOATO «TYAAKOT» TI0 TOPY 0€3 OTPAKEHUN, &
HEKOTOPBIE IEPUOJUIECKUE TPACKTOPUE BOOOIIE HE UCIBITHIBAIOT OTpaxenun. Hama
dopmyaa maeT cpegHee BpeMs cBOOOAHOTO npobera:

2
= (1l — me )

2me ’
OTKya BUAHO, 9TO T PacTeT MpMMepHO Kak 1/2¢ mpn & — 0.

NcToprusa. Popmyaa (10), koneano, e HoBa. OHA UCTOAB30BANACH B HEKOTOPHIX Pa-
foTax mo OWITMAPAHOW AWHAMUKE. HO B OCHOBHOM OHA M3BECTHA B MHTETDAJBLHOU
FeOMEeTPUN U MEOMETPUIECKOU TEOPUU BEPOATHOCTEN. [JOKAa3aTeNbCTBO s Caydas
d = 2 pauno B xuure JI. A. Canrano [4], nosromy (11) unorga HazweBAOT (HOPMYJION
CanmTano. [JoxkazaTeabCcTBO 41 BCeX d > 2 MOXKHO MOJIYUNTH W3 OIEHOK B KHUTE [3],
XOTA TPAMO 3Ta (POpMyJTa TaM He TPUBOIUTCA.

ABTOp HaCTOAIIEN 3aMETKM yYIaCTBOBAT B Pa0OTE HAYIHOTO CEMUHAPA, TIO TUHA-
MudeckuM cuctemam nog pykosoactsoM B. M. Anekceesa u fI. T'. Cunas ¢ konua 70-x
rogos, u tam ¢opmyaa (10) u ee gokazareabcTBo ObLIM XOpOwO u3BecTHbL O nHA-
KO, TOXOXe, OHA He OBLIa OMyOJWKOBAHA HU B OJHOW padoTe Mo GWInapmaM TOro
BpeMeHu. [103:Ke HEKOTOpHIE 3amaube PU3nKu «OTKphBaam dopmyay (10) zanoso
Ha OCHOBE YMCJEHHLIX PACUYETOB M 3BPUCTUIECKUX PACCYXKIeHUN. ABTOP NJaHHOU CTa-
e npuBoaua Gopmyay (10) ¢ mokasareancTBOM B ABYX cBOMX pabotax [1, 2], u3
KOTOPBIX BTOpaa OBLIA HAMUCAHA UMEHHO C IeJbl0 ¢aenaTh popmyay (10) ussecTron
cpenu (pU3UKOB.

I"'A3BI TBEPBIX CPEP. B 3akmiouenne onuiieM O1HO WHTEPECHOE MpuMeHeHne pop-
myasl (10) B craTucrudeckon ¢pusuke. Paccmorpum ras us N 0 guHaKOBBIX k-MepPHBIX
TBEpBIX mAapoB amameTpa o > 0 ma k-meprom Tope T co cToponoi L > 0. Bemu-
anmy n = N/L* moxHO Ha3BaTE CpETHEN MIOTHOCTRIO Ta3a, a

_ o"N|B¥|
(2L)*
cpesHen 0OGBEMHOU IOTHOCTEIO (3TO 9aCTh 00BEMA, 3AHUMAEMAA MAPAMH, TAK KAK
o6mem ogHOr0 mapa paser (o/2)%|B¥|). Mot canraem, 1To Maccs mapos pasHH 1, n

0603HAINM KMHETHICCKYT0 pHepruio rasa depes EN = (vi+---+0v%/)/2,rne E > 0 —
CpelHAA KHHeTHICCKAA SHEPTHA.
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N3BecTHO, UTO AMHAMUKA TBEPABIX MIAPOB C YIPYTUMU COYIAPEHUAMU CBOMUTCS
K OMAIMapaIHOU 3amade B 061acTh

Q = TIEN\ U Cij,
iZj

rie Ci; = {ll¢s — ¢;|| < ¢} — mmmEIp, OTBeYANOUMN NEPEKPEITUAM (-IO U
j-To mapa (MepeKpHITHA 3alpereHbl, TOITOMY MUINHAPH yaatmoTca us THY). 3a-
METHUM, UTO OWILINAPIHAA YACTHILA B 00JacTH () ABMKETCA CO CKOpOCThIo V2EN, a
HE C eJUHUYIHON, KAK MPUHATO.

Hama ¢opumyna (10) mosponseT paccauTaTh CpegHEE BPEMA MEXKIY IOCTIENOBa-
TeNLHBIMU OTPAKEHUAMHI OT O@), T. €. TOCAEIOBATEILHBIMYA CTOJKHOBCHUAME TIAPOB
BO BCen cucreMe. [las 5TOro Hago BeMECANTE | u |0Q)|. Boruucants TOUHO 5TH
BEJIMYMHBL HE IIPeICTAB/IACTCA BO3MOKHBIM, IOCKOIBKY HNUINHAPLL Cjj NepeceKaTcs
IPYT € OPYTOM BEChbMA BAIyTAHHBIM 00pa3oM. HO MOXKHO NOAYIUTE NPUOIMKEHHLIC
sHaveHns |Q| u |0Q)| mpu MaIBIX IWIOTHOCTAX p, NTHOPUPYS MepeCcedeHns IUINHIPOB:

Q= L (1 +o(1))

9] = ZHAN = 1o (14 o),

rae o(1) crpemntes k Hymio npu p — 0. [leTany BEIMUCIEHUN MBI OCTABIAEM UNTa-
reno (eM. [2]). C momomeio (10) nonyuaem

o(kN —1) - |SFN-1
2%kpVEN(N — 1) - |SFN 2|

T = (1 +0(1)), (12)
rae IPUHATO BO BHUMAHUE, 9TO CKOPOCTh IBMXKEHUA d9acTunsl B () pasua vV 2EN.

IMorygennas gopMmyaa TpaBuabHAS, HO (PUBWYECKN MAJO ToaesHa. [lemo B Tow,
410 ra3 u3 N IIApOB HA TOPE COXPAHSIET MOJHBIA MOMeHT V = w1 + ...+ vy. Aua-
Y€ rOBOpA, CHCTEMA HE DProamdHa — ee (a30BOe IPOCTPAHCTBO PACCIAUBAETCA HA
MHBAPMAHTHEIE TIOAMHOT000pasus V = const. flcuo, uro ecim ||V|| Beamko, To oT-
HOCUTEIBHBIE CKOPOCTH MIAPOB MATHI (MpU (HUKCUPOBAHHON TOJIHOU dHepruu 2E N,
pasyMeercs), U CTOJAKHOBeHus npoucxonar pexe. Ecau ||V || mano, To nao6opor, o1-
HOCUTEJIBHEIE CKOPOCTH BEJIMKHA W CTOJNKHOBEHUA IPOUCXOIAT dame. Takum 06paszom,
dopmyaa (12) oxBaThIBaeT HE ONHY, a IIEI0E CEMEACTBO PA3HBIX MOJENEH C PA3HON
eqmaunon 7. Hambonee marepecnas mogens — 510 V = 0, rae BCa »HEPrua TPaTUT-
€A HA B3aMMHOE IBUKEHWE IAPOB U HET OOLIEr0 «BETPa», KOTOPBIX HECET BECH I'a3 B
oauoM Hampaaenuu. Ha dpusutteckom a3bike, Mogens V = () HaXOIUTCA B pABHOBECUH.

Yeaosue V' = 0 onpepgeiser cedenue obaactu () nexkoropou (kN —k)-meprou maoc-
KOCTBIO, 0603HAMUM IOJNYIEHHOE cedenne (Jp, B HEM ONATH MOLYIAETCA OULIIAP THAL
sanada (¢ orpaxenuamu or 0Qg). Bce Takue cedenua obaactu () mapanieabHBL U
KOHIDYSHTHHI, NOdTOMY |(Qo|/|0Q0] = |Q|/|0Q|. Ho mockoabky obaacte Qo Oyner
(kN — k)-mepuon, To popmyaa (12) mas mogenu V = 0 npunumaer Bug

o(kN —k —1) - |SEN k-1
2k kpV/EN(N — 1) - |SHN k=2

OTa GopMyaa JaeT CpelHee BpeMsa MeXIY CTOJIKHOBEHUAME BO BCEU CUCTEME, KOTO-
poe, o4eBuUIHO, cTpeMuTcsa K Hyaio npu N — oo. [Tonpobyem paccumTaTh cpennee

7=

(1 + o(1)). (13)
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BpEMSA MEXKAY TOCIENORATEIBHBIMYI CTOIKHOBCHUAMY I8 OJHON TUMWIHON JACTUITEL.
IMockonbky B cucTeme N 9aCTHUIl, ¥ B KAXKAOM CTOJIKHOBCHUM YIACTBYIOT ABE 9ACTH-
OBl, TO yMHOXUM T Ha N/2:

oN(EN —k —1) - |SFN—k=1)
2 epVEN(N — 1) - |SHN=F2]

OKa3bIBACTCA, TIOCTEIHAA BEJUTNHA VUMEET MOJOKUTENbHBIN mpener mpu N — oo.
Ipumenss (3) u npocTeie CBOUCTBA raMMa-QYHKIUM, HETPYLHO HOLYIAThH

n=7N/2= (1 +0(1)).

N Vo
A}Enoo T = L, BT -(1+0(1)). (14)
Nurepecuo, 4To B pusuke cpeausas sueprus E cBa3zana ¢ Temmeparypou rasa T crau-
papraeiMu cooTHowenuamu: E = kT B aymepuoM cayqae (k=2)u E = 3kgT/2 B
TpexmepHoM (k = 3), 31ech kg — YCIOBHBIN MHOXKWUTEb, HA3BIBAEMBIN MOCTOAHHON
Boabumana. [Moncrasasas otu cootHomenus B (14), monyuum (or6packiBas wiaen o(1),
T.€. CIUTasA IWIOTHOCTH MaJION)

_ B _ _ 1
nk=2N=00) = T
n
1
F(h=3N=oc0)= —— '
il ' ) (20)*n\/7kpT

IMocaenumne mBe GOPMYJIBI — HE UTO WHOE, KaK Kaaccuueckue popMmyasl BoabiiMana,
BBIBeJIeHHBIE dMnupuydecku 6osee 100 seT Hazan. 3aMedaTenbHO, 9TO TeOpUs OUJIU-
apIOB HO3BOJsSET AATH MareMaTuueckoe obocHoBanue Teopuu Boabnmana.
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Pacceanne, nepoKycnpoBKa M aCTUTMATU3M

JI. A. ByaumoBn4

BBEIEHUE

Pacemorpum gBMXKeHUE JIyda CBETA B OMPAHUYEHHON 061acTH () eBKIUIOBA MIPO-
crparcrea R? ¢ kycouno ruagkon rpammmest. IIpeImonoxmy, 9TO KaKIas [UIAJKAS
KOMIIOHEHTA MPAHUILI (CTEHKA) 3ePKATBLHO OTPAXKAET NATAIINE HA HEE Jydu. DTO
yCIOBHUE O3HAYAeT, 4TO yroJa HnageHus (yroa Mex [y IaJaloluM Ha CTEHKY Jy<IOM U
HAIPABJICHUEM BHYTDEHHEN, 10 OTHOLIEHUIO K (), HOPDMaJK K CTEHKE B 3TOU TOYKeE)
PaBeH YUy MEXAy DTOU HOPMAJBI0 W OTPAXKEHHBIM JYUOM, KOTOPHIM HA3LIBACTCA
yraom oTpaxkenns. (Mbl mpeanonraraeM, 9To JIyd OTPAKAETCA BO BHYTPEHHEN TOYKE
crenku.) Bmecro ayda cBeTa MOXKHO paccMaTpUBATh, HANPUMED, ABIIKEHUE AKyCTH-
9eCKOr'0 JIyda Wi MaTepUuaibHON ToYKU. B nmocaenuem caygae (TOT ke caMblil) 3aKOH
OTpaKeHUA TPUHATO HA3LIBATL yOPYTUM (& He 3epKadbHbIM). [lonydarmanca tuHa-
MUYECKasd CACTEMa HA3LIBAETCA OUILINAPIOM B ().

OueBuano, uro d = 1 oTBEYaeT TPUBUAIBLHOMY CIydaio. I103TOMY MBI Ipeanoso-
KUM, 9TO PA3MEPHOCTE obaacTu () (@urtuapaaoro crogay) d > 2. Yke u3 npuse-
TEHHOTO HePOPMATBHOTO OMMUCAHUA MOIEIN SICHO, 9TO M3ydeHue eé dBOIIouuu (1u-
HAMUKM) UMEET MHOIOYUCACHHBIE IPUIOKEHUs B ONTUKE, AKYCTUKE U KIACCUIECKOU
vexauvke. OKa3pBaeTCsA, YTO U3YUEHUE TUHAMUKYU OUILIMAPIA MO3BOJIET HOLYIUTH
BAXHYI0 HHGOPMALAIO U O COOTBETCTBYIOIIEN KBAHTOBONU 3aa4e B obaacTu () (cM.,
Hanpumep, [19]).

IMoxanyn, nanbosee eCTECTBEHHLIM BOIPOCOM O MOBEIEHUM OULIMAPIHLIX OpOUT
B 00JacTH () ABIAETCA CAEAYIOMMN: OYAYT JM OPOUTHEL GUIIMAPAA BCIOAY TIOTHEL (B
obaactu Q)7 OBBIYHO 3TOT BOMPOC HA3LIBAETCA 33Ja9el 00 OCBEIIAEMOCTH OOJACTH.
(3agata 06 OCBEIIAEMOCTH MOXKET OBITH CPOPMYIUPOBAHA HECKOALKUMU CIOCOGAMU
B 3aBUCHMOCTU OT TOI'O, KAKOI'O THUIA UCTOYHUKM CBETA MBI DacCMaTpUBaeM (CM.,
HanpuMmep, [4]). B namHOM cTaThe MBI GyZ€M MHTEPECOBATHCSA TOMBKO MCTOTHUKAMU
Tuta HOHAPSA, KOTOPHINA UCIYCKAET GO0 OJWH Iy, TUO0 Y3KUU MYU0K TapALIEIbHBIX
Jyden.)

Op6uThsl 6mIHAp 12 IPEACTABIAIT co60H JoMankle B obaactu (). flcao, o Ta-
Kas JOMaHasA He MOXKET MPOUTH dYepe3 BCe BHyTpeHHue TOoukm obaactu (). [losTomy
3ajga4a 06 ocBermaeMocT pOPMYJUPYETCS UMEHHO KAK BCIOAY IIOTHOCTH OPOUT CO-
OTBETCTBYIOIIEro OWIINAp 12 Ha OCuinapaHoM cToje (.

C Opyrom CTOpPOHBI, SCHO, U9TO [AJA MHOIMUX OGJIACTEN JErKO TOCTPOUTH TAKWE
OPOUTHI, 1A KOTOPBIX COOTBETCTBYIOIINE JOMAHBIE OYAYT UMETh TOJIBKO KOHEYHOE
qucao 3BenbeB (puc. 1). Takue opOUTH HABBIBAIOTCA NEPUOAUIECKUMU. TeM CaMbIM,
3a7a4a 00 OCBEIIAEMOCTH JOJXKHA, CTABUTHLCA [JA TUNUIHBIX, & HE [JsA BCEX OPOUT
ommtnapaa. ([lanee MBI OGBACHUM, KAK BBECTH €CTECTBEHHBLIM 06DPA30M TIOHATHUE THU-
OUYHOCTU OULINAPIHBIX OPOUT).
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B

Puc. 1. Bunnuapg B xkpyre. A1 As, By Bo B3 — mepuojudeckue TpaeKTOpUd

Bonee nim Menee cpasy 09e€BHIHO, 9TO MOBENEHNE OUIINAPIA CYIIECTBEHHO OMpe-
IeaseTca CBOUCTBaMu rpanunsl obaactu (.

Nmeromueca B HACTOAIIEE BPEMA PE3YJILTATE OTHOCATCA K CIy9ar, KOTIa Pery-
JSIPHBIE KOMIIOHEHTHI I'paHunbl obaactu () (CTeHKM GULIHApAHOrO CTONA) SIBLATCS
Jau00 BBIMYKJIBIMU BHYTDPh 06aacTH () (Takme KOMIOHEHTHI HA3LIBAIOTCS PACCENBAO-
mumu), 1u60o BoBHE 06/1acTy () (Takue CTEHKU HA3BIBAIOTCA (DOKYCUPYIOMUMHE), Ju6O
(d — 1)-MepHBIMU T'UIEPIIOCKOCTAMU (TaKue KOMIOHEHTH HABBIBAIOTCS HEUTPALb-
meiMu), puc. 2. Caydan, KOrga KpUBU3HA PETYJIAPHON KOMIOHEHTHI TPAHUIIL MEHAET
3HAK, TPAKTUIECKN HE MUCCICTOBAH.

B namHOU CcTaThe MBI OyAeM PACCMATPUBATEH GUIUAPALI B OOJACTAX C XOTA OBI
OJHOK He HEUTPANLHON KOMIOHEHTO! rpanuusl. (Tem caMbiM, MBI HCKII09aeM U3 Pac-
CMOTPEHUsI MHOI'OYT'OJIBHUKY U MHOTOI'DAHHUKH).

IIycTe ny4ok mapa/ielbHbIX Jy el OTPAKaeTCA OQUH Pa3 OT OJHOU 1 TOU 2Ke KOM-
noHEHTH rpanunsbl 0Q). Toraa, Kak Jerko BUAeTh (HUKE MbI TPUBEIEM GOPMYJIBL 1A
KPUBU3HBL (DPOHTOB TAKUX OTPAKEHHLIX IIy9KOB), BO3MOXKHBL TPU CUTYALUU: [OCIE
OTPAaXKEHUs OT HEUTPAJIBHOU CTEHKY [IyHY0K OCTASTCA NapalIeIbHBIM, DUC. 3a), HOCIe
OTPaXKEHUA OT PACCEUBAIOIIEH CTEHKU MYYOK CTAHOBUTCA PACXOMAIINMCA (PACCEUBA-
IOIUMCA ), puc. 3b), mocae 0TpaX)eHus oT GOKYCUPYIOIIEH CTeHKHU IyI0K CTAHOBUTCA
cxopaummcs (POKyCUPYIOIUMC), PUC. 3¢).

Inans ma puc. 3, €CTECTBEHHO MPEANONIOKNATE, ITO PACCENBAIIINE CTEHKH CIIO-
COOGCTBYIOT YBEIUIEHUIO OCBEMEHHOCTH 06.1acTu. JIenCTBUTENBHO, IOCKOIBKY Jy9d B

D

Puc. 2. AB — menrpansnas komnoneara, BC, F'E — ¢okycupyomume KOMIIOHEHTHI,
CD, DE, FA — paccenBaromye KOMIOHCHTEI
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L -

a) b) c)

Puc. 3. a) napamwreasunii; b) pacxogammuiicsa (pacCceUBAIOIUHCA) U C) CXOQALUHCA
(pokycupyromuncsa) oy 1Kk TPACKTOPUH

MyYKe PACXOMATCA MOCTE OTPAKEHNS OT PACCENBAOIIEN CTEHKHU, DTOT My90K OCBeIIa-
eT co BpeMeHeM Bce (osee u 6osee mupoKyo mogobaacts. C Apyrou CTOPOHBL, MOCIe
OTPaXKEeHMA OT HEUTPAJLHOU CTEHKHU IIMPUHA IIydKa JIydel He U3MEHAETCH. UTO XKe
KACAETCA OTPAKEHUSA OT (POKYCUPYIONIEH CTEHKU, TO B DTOM CIyYae MYYIOK CXOTUTCA
7 OCBeIaeT MOCIe OTpaxkKeHns Oolee y3KyI0 MOA00IACTD.

IMosToMmy Hammume (HOKYCHPYIOUIEH MPAHUIBI TPAIUIUOHHO CUYATAIOCH IPENaT-
CTBUEM K OCBEIIAeMOCTH. [JeUCTBUTEIBHO, JEMKO BIAETh, HAIIPUMED, YTO NaPAIeIb-
HBIA TYYOK JIy4Yed, He TPOXOMNANINU Yepe3 MEeHTP KPYTa, OCBEMIAeT TOJIBKO KOJIBIIO
C BHYTPEHHUM DANUYCOM, PABHBIM DACCTOSHUIO OT IEHTpA A0 OJMKAUIIETO JyUa B
TOM HYUKe.

C apyrou croponsl, B ocuoBonoaaratouen padore fl. I'. Cunas [6] 66110 nokasamo,
YTO €CIU BCE KOMIOHEHTHI TPAHUIIBI () ABJIAIOTCA PACCEUBAIONIMMHA U TVIATKAMHA, TO
npobaema oceemaeMocTu obnactu () pemaeTca MoI0KUTENLHO. Takue OuLiuap 1Hbe
CTOJBI, HA3bIBaeMble OuuauapaamMu CUHAS, TOAYYAIOTCA, €CAU, HATPUMED, BEIPE3ATH
U3 TOPa KOHEIHOE YUCIO BHIMYKJBIX 061acTen ¢ raankon rpanunen (puc. 4). (Ha ca-
MOM fieie, B paboTe [6] 6BUIM MOMTyHeHE! CYIeCTBEHHO (oee CUIbHBIE DE3YIbTATHI, a
UMEHHO, NOKA3aHBI 3PrOJAUYHOCTL, NepeMemuBanue u K -CBOUCTBO s GULINAD OB
Cunas.) Heckonbko nosanee [3] 6bL10 IOKA3aHO, YTO AHAIOIUUHBIE PE3YILTATEL BEP-
HEI ¥ /I PACCEMBAIOMINX OWLIHAPIOB C TPAHUIEN, NMEIOIIEN CUHTYJIAPHBIE TOYKM.

OTMeueHHBIE PE3YIBTATHL, KA3ATOCH Obl, TOATBEPK IAI0T MHTYUTUBHOE MPEICTA-
BJEHUE O TOM, YTO PACCEUBAIOIINE KOMIOHEHTHI TPAHUILI OUIIAAPIHOTO CTOJA
CIOCOOCTBYIOT OCBEIIAEMOCTH, B TO BPEMsA KaK (POKYCUPYIOIINE KOMIOHEHTHI Mpe-
maTcTeyoT ei. Ogmako B padote [1] 6BITO MOKa3aHO, YTO CYHMIECTBYIOT KIACCHI

a) b)

Puc. 4. Burmap ot Cunas (paccenBaomue GUILIAAD ABL)
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OCOC

Puc. 5. Illpocrenmue ¢popMBI (pOKYCUPYIONAX OULTAAPIOB CO CTOXACTAICCKAM IO~
BEJECHHEM

a) cerMeHT Kpyra, BMemaomun yroJ, Meabumy 90°,

b) mpegeraymas 06.1aCTh, OTPAXKEHHAA OTHOCUTEIBHO MPAMOJUHEHHOIO KYyCKa IPa-
HUIIBI,

€) ABa HOJLYKpPYyra, COeUHEHHBIE KACATCAbHBIMY IPAMOJIUHEHHBIME OTPEe3KaMU («CTa-
AUOH»)

OMAIMApP 0B, BOOOIIE HE MMEIOIINE PACCEUBAIONINX KOMIIOHEHT, B KOTOPBLIX, TEM He
MeHee, TpobJeMa OCBEIaeMOCTH PeIaeTcsa moao)uTeasHo0. boree Toro, »tu 6unan-
apabl 06IaNAI0T TAKUMU K€ CUIBHBIMYA CTOXACTUIECKAMU CBOUCTBAMU, KAK U OWI-
auapasl Cunas [1]. [Ipocrenmue npuMepsl Takux GUIMAD 0B OIPUBELEHBL HA PUC. .

Pab6ora [1] nokasana, 4To, BOIpEKU OOMIUM IPEACTABICHUAM, OBITYIOUIMM KaK
Cpeir MaTEeMATUKOB, TaK W Cpean (hU3WKOB, UMEETCA APYTOW, OTIUYHBIA OT MEXa-
HU3Ma PACCEAHUsA, MEXAHU3M, KOTOPBIM MOXET IPUBOAUTH K OCBEIAeMOCTH 001acTh
gaxe ¢ 9UCTO (POKYCUPYIOIIEW TPAHUIen uau, Gojee OO0, K CTOXaCTUIHOCTHU CO-
OTBETCTBYIOIIEN TUHAMUIECKON CUCTEMEL. JTOT MEXAHU3M HAZHIBACTCA MEXAHU3MOM
degoxycuposru. Boaee TOro, 0Ka3an0Ch, 9TO TOJABLKO DTH [Ba MEXAHU3MA, PACCEAHUE
7 1e(pOKyCUPOBKA, MOI'yT ['€HEePUPOBATH CTOXACTUYHOCTE OUJLIAADIOB.

OzHako cTOXacTUYIHOCTD (mnu Gosee cr1abo, OCBEIAEMOCTh) PACCENBAIOIIMX OHI-
JauapaoB OblIa T0Ka3aHa 1/ 06gacTer 060U (KOHEIHOU) Pa3MEPHOCTH, B TO BPEM
KaK 15 (POKYCUPYIOUINX OMIINAP OB BCE TPUMEDPHI OTPAHUYUBAIUCE TOJIBKO TBYMED-
HBIMU OUITAAD TAMU.

ToapKO COBCEM HENABHO, Yepes 25 JjeT mocie paboTh [1], 6BIIO nOKa3aHO, UTO
MexaHu3M nedOKYCUPOBKM TAKKE MOXKET TeHEPUPOBATL OCBEMAeMOCThb (CTOXACTUY-
HOCTB) (OKyCUpYOIWUX GuaarapaoB B aobon (koxednon) pasmepuoctu [15, 16, 17].

To, uT0 »TOT BOIpOC OBLI OTKPHIT B TEYEHUE CTO/Ib MJINTEALHOIO BPEMEHU, He-
yauBuTenasHO. [leno B TOM, 94TO B pasMepHOCTsAX d > 2 BO3HUKAET OYEHb CEPBLE3HOE
MPENATCTBUE K JEUCTBUI0 MEXAHU3MA, 1e(OKYCUPOBKU. JTO MPETATCTBUE €CTh, HA Ca-
MOM JleJie, XOPOIIIO N3BECTHOE B T€OMETPUIECKON ONTHKE sBIeHne acTurmatusma [20].

AcTurmaTusM 0O3HAYAET, UTO MPU OTPAKEHUN MyUIKa JyUen OT (POKYCUPYIOUIETO
3epkana (POKyCUPYIOLUIEN KOMIOHEHTHI I'DAHULEI) CUIA (POKYCUPOBKYA OKA3BIBAETCH
CYUIECTBEHHO PABJUYIHOU B PA3HBIX ILIOCKOCTSAX.

B naunon crarbe MbI OOBACHUM BCE DTH PE3YIbTATH HATVIALHO U ¢ MUHUMAIBHBIM
KOJU9IeCTBOM (hOPMYJI, IPUBOMAS CCBLIKYU HA PAOOTHI C TIOJHBIMHU NOKA3ATEILCTBAMM.
Boaee Toro, MBI pacCMOTPUM U BOTIPOC O TOM, KAKUMU CBOUCTBAMU MOJKHA 0072~
JaTh (OKYCUPYIOMAsA KOMIIOHEHTA I'DAHULB OWLIMapa ((HOKyCUDPYIOLee 3epKaJo)
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IJISL TOTO, 9TOOKI er0 MOXKHO OBLIO UCMIOIB30BATH B KAYECTBE KOMIOHEHTHI TPAHUIIEI
cTOXacTHIeCKOro ommumapaa [10].

N3eecTHO, 9TO M1060€ PACCEMBAIOIIEE 3EPKAMO MOXKHO MCIONIB30BATL B KAYECTBE
KOMIIOHEHTHI TPAHUIBI CTOXACTUYIECKOTO (OCBEMaeMoro) GuLImap aa.

[lns pokycupyromumx 3epKai 310 yxe He Tak. OKasslBaeTCA, 9TO 14 TOTO, 9TOORI
(hOKyCHpYOIIee 3ePKAI0 MOKHO OBLIO UCIOAL30BATE AJIA TPAHUIEI CTOXACTUIECKOTO
furiuapaa, OHO JOJKHO OBITH abcooTHO Gokycupyionmym [10, 13].

TonsaTne abcomoTHO Gpokycupytomero zepkana [10, 13] ABaseTCA HOBHIM MOHATH-
eM B reomeTpuyeckon ontuke. QOOBIHOE NOHATHE (POKYCUPYIOUIEr0 3epKada O3HAYA-
€T, 9TO OHO (POKYCHPYET, IIOCJIE MEPBOTO OTPAKEHUA OT HErO, BCE MAJAIOMINE HA HETO
napaJienbupie nydku ayder. O IHAKO NapaUIeJbHBIR MYYOK JIy4Yell MOXKET UCIBITHI-
BATh CEPUIO U3 JHO0T0 KOHEIHOTO YUCIA TOCIENOBATEILHEIX OTPAXKEHUN OT POKY-
cupyiomero 3epkana. (OTMeTHM, 9TO OT PACCEUBAIOLIEr0 3€PKAIA y NaPaIEILHOIO
mydKa Jydedr He MoxeT ObIThb (B R?) 1ByX mocaemoBaTenbHEIX oTpaxkenuil.) Doxy-
CUDYIOIIEE 3€PKAJO0 HA3BIBACTCA A6COMOMHO HOKYCUPYIOUUM, €CIN OHO (POKYCUPYET
BCe TAJAOIINE HA HEroO MapALIeTbHEIC TTYIKH Jy9er TOCIe TOCIeIHer0 OTPAKEHNA B
COOTBETCTBYIOLIEU CEPUU II0CJIEL0BATENLHBIX OTPAKEHUN 0T HTOr0 3epkaja (puc. 6).

a) b)

Puc. 6. a) poxycupyoiee 3epkaio, b) abcoIOTHO (POKYCHPYIOMIEE 36PKAJIO0

1. BUaanAPABl U UX OCHOBHBIE CBOMUCTBA

Mycts Q@ C R? (d > 2) — d-MepHas 061aCThb €BKIMIOBA TPOCTPAHCTBA C KyCOU-
HO Tviagkou Tpauumen 0Q). Mul mpeamosaraem, 9TO Kax[as KOMIOHEHTA TDAHUIIEI
(0Q);, i = 1,2,...,k, mpuragiexuT k1accy C%, xoTa HekOTOpHIEe (GOPMYIUPYeEMbIe
HmKe peayapTaTel cnpaseauenl u B C2. (Hame mpegnosoxenue mossosseT uaGe-
raTh MATOJOTUICCKON CATYAIN, KOT 14 TPACKTOPH OMIINAPAA MOKET UCILITHIBATE
HECKOHEUHOE YUCI0 OTPAKEHNN B KOHEYHOM MHTEpBaJe BpeMenu [23]).

Ilycte rpanuna 0() ocuauleHa moseM BHYTpeHHUX (IO OTHOmIEHUIO K obaacTu ()
HOPMAJBHLIX K Hell BeKTOPoB 1n(q), ¢ € 0Q). flcHo, 4T0 BO BCex peryaspHbIX TOYKaX
¢ TPaHUUB BEKTOD 7(g) ONpenejéH ONHO3HAYHO. B CHHryJAApHBIX TOUYKax ¢ € OQ
YMCI0 HOPMAJTBHEIX BEKTOPOB COBMAJACT C YMCIOM PEryJAPHBIX KOMIIOHCHT, TIepece-
KAIOIIMXCA B DTOU TOYKE.

3adUKCUPOBAB EIUHUYHKEIN HOPMAJbLHBIN BEKTOD B KAXKIOW DPEryJIAPHOU TOUKE
g € 0@, MBI MOXKEM OIpeNenTh KPUBU3HY TPaHUIE! (uiu, ecan d > 2, BTOpyw pyH-
JaMEHTAIbHYI0 (OPMY, MHOIZA TAKXKe Ha3blBaeMyio omnepaTopoM kpuBusHbl K (g))
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B TOUKe ¢. MEI TIpeamosaraeM, 9TO Ha KaXKIOM PEeryaapHOM KOMIOHEHTE TDAHMUITEI
(0Q)i, © = 1,2,...,k, omepatop kpusususl K (q) onpeenéH aub0 HEOTPUIATENb-

o (K(q) > 0, ¢ € (9Q);), mmbo menonoxurensro (K(g) < 0, ¢ € (0Q);), mubo
K (q) = 0 Bo Bcex Toukax g € (0Q);. (B nBymMmepHOM caydae, d = 2, 3TO yCIOBUE O3HA~
YaeT, 9YTO KPUBU3HA KAXKJIOU KOMITOHEHTHI MPAHUIIE TIOJI0KUTEIBHA, OTPUIATEIbHA,
aub0 TOXKAECTBEHHO PaBHA Hy.i0, cM. puc. 2). EcrecTBenno HaszbBaThL pery/sapHble
KOMIIOHEHTEI IPAHUILI TAKAX OOJACTEH PACCEMBAIOMMUMEU, (POKYCHPYIOMAMA U HEW-
TpasbHEIME (mau wockuMu). Hanpumep, 6uinmap | Ha3bIBAETCA PACCEUBAIOIINM, €C-
au K(g) > 0 BO BCeX peryaapHBIX TOYKaX ¢ TpaHuisl JQ). Buumapn HazmiBaeTcsa
uurge ue pacceusawomum, eciu K (g) < 0 Bo Bcex peryasipubix To4kax ¢ € 0Q).

Mer yxke He pas ynoTpebJamm CIOBO «OWAIMAPMA», TOBOPA MOKA Wb O (gopMme
paccMaTpUBAEMBIX «CH/UIMAD JHEIX CTOJIOBy (06Gaacren (). () TakiKe HABLIBAETCS KOH-
Uy palMOHHLIM IPOCTPAHCTBOM Omanuapaa. Tenepb e Mbl ONPEIeIuM COOTBET-
CTBYIOIIYIO AMHAMAYECKYIO CUCTEMY, KOTOPAsA U HA3KIBAETCA OWIHAPIOM.

ONPEJEJEHUE 1. Buainaps ecTs IMHAMUYIECKAs CUCTEMA, [MOPOXKIEHHAA IBU-
JKEHMeM TOYeYHOM YaCTUILI ¢ eIMHUYIHON CKOPOCTLIO BHyTpu (). Ilpu mocruxkenun
rpaHuisl 0@ TOUYKA OTPAKAETCA OT HEE TO 3aKOHY «yrOJ TANEHWs PaBeH Iy OT-
paxenusm. [locaeqHee 03HAYAET, UTO TIPU OTPAKEHUU OT T'PAHUITEI TAHMEHINATBHAA
KOMIIOHEHTA CKOPOCTY YACTUILI COXPAHAETCS, & HOPMAJIbHAS KOMIOHEHTA CKOPOCTH
9aCTULLL MEHAET 3HaK, T.e. vy = v_ — 2(n(q),v_)n(q), rae vy (v_) ecTb CKOPOCTH
JACTUIILI B MOMEHT HETOCPENCTBEHHO MOCae ([0) MOMEHTA OTPAXKEHU.

N3 onpepenenns 6uanuapaa Cpas3y BUAHO, 9TO 6€3 OrPAHMYEHUA OOITHOCTH MOKHO
CUUTATL CKOPOCTH YaCTHUUBL €IMHUYIHON, T.e. |[v| = 1.

dazoroe MPOCTPaHCTBO M OWLTHAD A TPEACTABIAET COOOU OTPAHUYEHNE HA 00-
1acTh () eIMHUYHOTO KacaTelbHOro myuka K RY. Ml GygeM HCIOTL30OBATEH CTAH-
gapTHOe ofo3HaveHue aasA Todek & = (¢,v) € M (pa30BOro npocrpancTea, rae g
€CThb TOYKA KOH(QUTYPAIMOHHOTO MPOCTPAHCTBA (), a v €CTh (eIUHUYHEIN) BEKTOD
CKOPOCTH YACTUIIHL.

Buimmapn npeacrasiser co60M TUHAMHYIECKYIO CHCTEMY C HENPEPBIBHLIM BpEMe-
mem {S'}, —oo < t < oo. (Takme IMHAMAYECKME CUCTEMBI HA3BBIBAIOTCA TIOTOKAMMT).
Korewno, sTa fmHAMPYECKas CHCTEMa OMpefeNeHa TOMBKO IIS TAKUX TOYEK T, TPa-
€KTOPHUU KOTOPBLIX HUKOI'AA HE MOMALAIOT B OCOOBIE TOYKM IpaHunbl. [unaMudeckasn
cuctema {S'} coxpanser mepy Jluysunna dv = dq - dw, rae dg ects 1e6erosa mMepa
Ha (), a dw — paBHOMepHaa Mepa Ha (d — 1)-mepHon chepe. HeTpyHo nokasaTs, 910
Mepa Tex TOYeK ¥, TpaeKTopuu KoTopwrx {Six} xora 6v1 pas momagaroT B ocobbie
TOYKY I'PAHUIEI, DABHA HY.JIIO.

Buimmapab o61agaoT TaK HABBEIBAGMBIM TIOOATLHBIM cedeHmeM Ilyamkape, Ko-
TOpOE TIO3BOIAECT CBECTH U3YICHUE CBOUCTB GULIHAPAHOTO NOToKa { St} K maywenuio
IVHAMIYIECKON CUCTEMBI C TMCKPETHBIM BPEMEHEM, MOPOXK IAEMOU OMIIMAD IHBIM OTO-
Opaxennem 7.

O6oznaum M = {z = (¢,v),q € 0Q, (v,n(q)) > 0}. IlycT 7 ecTb ecTecTBenHAN
OPOEKIMA (PA30BOr0 MPOCTPAHCTRA Ouammapaa M Ha ero KOH(PUTyPAIMOHHOE TIPOCT-
parcTBO @, T.e. w(x) = ¢. OGo3HAYUM Yepe3 7(2) MEPBBIU MONOKUTEIBHEI MOMEHT
BPEMEHHU, KOI'1a TPAEKTOPUs TOUYKU T = (g, V) OTPaXKaercsa oT rpanunsl 0Q).

Omnpenenum Teneps 6uaamapaaoe orodpaxenue kak Tx = (¢',v') = S7x. Takum
o6pasoM, ¢’ eCTb TOYKA IPAHULEI, B KOTOPOU MPOMCXOAUT CAENYIOIIEE OTPAKEHUE
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TPAEKTOPUU TOUKA T OT OF), a v — BEKTOP CKOPOCTH YACTUIEI B MOMEHT CDPasy
TOCTEe 5TOTO OTpayKeHus (puc. 2).

IIpocrpancTeo M maseBaeTCa (pa30BEIM MPOCTPAHCTBOM GUILTHAD JTHOTO OTOOPA-
wenua T. Herpyauo ybeautses (cM., HampuMmep, [5]), 910 T cOXpaHseT MPOEKINIO
dp vepsl Jluysunia dv, sagaBaemyo GpoOpMyJaon

du(q,v) = const(v,n(q)) dq dv, (1)

rge dq ects (d — 1)-mepuas Jeberosa Mepa Ha rpanue 9Q), IOpoxgaemMas 06bEMOM,
a dv ectb (d — 1)-mepuas aeGerosa (paBHOMepHas) Mepa Ha eguHuaHou cdepe. Hop-
MAaTU3YIOMAA MHOXKATENb const o0ycaasausaet, uto u(M) = 1.

2. PACCEAHUE, ®OKYCUPOBKA U JEDOKYCHUPOBKA

Kak yxe oTmedanoch BO BBeIeHWH, HAC OyIeT MHTEPECOBATDL MOBEICHUE Y3KUX
ny4KoB TpaexkTopun Owmrtmapaa (ayuen). Ha camom mene gocrarodHo HadaTh ¢ ma-
PAUTEIBHBIX TMYYKOB TPACKTOPUU. [IpM >TOM MOJ Y3KUM MYyYKOM TPAEKTOPUM MBI
Bcerga OyaeM UMEThb B BUAY MHPUHUTE3UMAJLHO Y3KHE IIYYKU JydeH, T.e. KPUuBasd,
OPTOrOHANBHAA BCEM JydaM B Iydke (PPOHT), ABAAETCA MHPUHUTEIUMAILHO MaJIOK
7 TIOCJIE JH000T0 KOHETHOTO YUCIa OTPAXKEHUN TYYU0K HU Pa3y He TIONajaeT B 0COOBIe
TOYKU TPAHUIIH.

Kak mam yxXe M3BECTHO, y3KUE Iy4KHU JIy4el MOIYT OLITL PacCerBAIOIIMMIUCSH,
GOKYCUPYIOMIUMHUCA WU TJIOCKUMHU B 3aBUCUMOCTHY OT 3HAKA KPUBU3HBI UX (PPOHTA
(puc. 3). MBI paccMOTPUM CEMYAC, YTO MPOUCXOMUT C TAKAMU MyIKAMH B MIPOIECCe
OUHAMUKEA OUIInapaa.

Od4eBUAHO, YTO DTA AUHAMUKA, COCTOUT M3 ABYX MPOIECCOB:

1. Ceo6ogHOE ABMIKEHME YaCTUILI BHYTpU o6aacTu () MEXAy ABYMs MOCIENOBA-
TeAbHBIMU €€ OTpaKeHUAMU 0T OQ).

2. OTpameHme YaCTUIOBI OT I'PDAaHUITHL.

Mgur paccMoTpuM, 9TO HPOUCXOAUT C Y3KUMU MyUKaAMU JAyder (TpaeKTopui Gui-
JMap0B) IPU KAXKAOM U3 3TUX [IPOLECCOB.

Bce Bo3aMOXHEBIE CUTYAIINT 17151 CBOOO THOTO ABMXKEHUA TACTUITHI MEXK Y ABYMS IO-
CJIeJOBATEILHBIMEU OTPAKEHUAMY n3006paxKeHs! Ha puc. 7. [lycTs HavaipHas KPUBU3HA,
(poHTA TAKOI'O IyYKAa B €r0 «LEeHTPAILHOWY TOUYKE Lo PaBHA »(Zg), & KpUBU3HA e

Lo |—> Tt |—> X0 = Zo t Zo =
t t

a) b) C) d)

Puc. 7. llopenerne mydKOB Jy9ed MEXKAY ABYMA MOCAEI0BATEIEHEIMA OTPAXKEHUAMIA
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o6pasa x; = Stzg paBHa s(x;). Torga MMeeM OYeBUAHOE COOTHOTICHNE I COOTRET-
CTBYIOIIUX PAINYCOB KPUBU3HEI

1 !
) T ) @)
Orkyna umeem
) = o) 3)
! 1+ tx(xo)

W3 coornomenus (3) cpasy caegyer, 9TO Hy4OK Jy4Uel C ILIOCKAM (PPOHTOM
(s(xg) = 0) ocraérca mmockum (puc. 7a), PACCEHBAIONIANCA TMYIOK € BBIMTYKJIBLIM

dbporTom (3(xg) > 0) octaérea pumykasim (s(z;) > 0), B To Bpems kax auaa ¢o-
KyCHDYIONEroCsA My9YKa ¢ BOrHYTHM (porToM (2(2p) < 0) BO3MOXHEBI ABA CIyYas.
JerCTBATENLHO, TAKON MyY0K 60 0CTABTCA BOTHYTHIM (PHC. 7C), €CIu IIAHA CBO-
6OAHOTO TPOGera MeX Iy ABYMS MOCICIOBATEILHEIMY OTPAKCHUAME OT TPAHUIET OQ
JIOCTATOYHO Mata, Aub0 3TOT My9IOK MPOXOAUT HYepe3 COMPAKEHHYI TOUKY (B MO-
MenT Bpemenu ¢ = —1/3(2¢)) u cTamopuTca pacxogsmmmcs (puc. 7d). Sleno, To
NOCJAEIHAA CATYAINA UMEET MECTO TOMBKO TOTJA, KOTJa IJIUHA CBOGOTHOTO Mpobera
TOCTATOTHO BEIUKA.

PaccMoTpuM Temepb, 9TO NPOUCXOAUT ¢ KPUBU3HOM MydKa MPH €r0 OTPaXKCHUN
ot rpanuust. O6o3uaqum depes 4 (x) (s (x)) KpuBU3HY (DPOHTA MydUKa B TOIKE X
B MOMEHT Cpa3y mocie (10) ero orpaxenusa oT rpanuns 0Q. Toraa

2k(x)
= s /7 4
sr0) = () + 2L @)
rge £ — TOYKA, B KOTOPOU NPOUCXOAUT OTPAXKEHUE OT IpaHuubl, T.e. w(z) € 0Q),

k(x) — xpuBusHa rpanunsl B Touke (), a ¢(x) — yroua nagenus (Kim OTPAKEHUs).
®dopmyaa (4) B TeOMETPUYIECKON ONTHUKE HA3HIBACTCA GOPMYJION 3epKana. dura-
Teab MOXKET JUG0 CaM BHIBECTHU €€, TMG0 HAUTH STOT DIEMEHTAPHBIN BHIBOJ B JIOOOU
KHUL'E 110 [eOMETPUYIECKON ONTUKe (MM BO MHOIMX CTATHAX [0 TEOPUM OULIAAD I0B).
Henocpegcrsenno us gopmya (3) u (4) Borekaer, kak paboTal0OT MEXaHU3M PAC-
CesHUA B PACCEMBAOIINX OMIINAPAaX U MeXaHM3M neOKYCUPOBKY B OmLIuapaax 6e3
PACCEMBAOIINX KOMIIOHEHT T'DAHUIII.

Mer mauném ¢ 60Jee MpOCTOro MEXaHw3Ma pacceanus. [lycTh pacxonamuncs my-
YOK JIy9er 3a BpeMs ¢ UCIIBITAA 12 OTPANKEHUN OT IPAHULEI 0) PAaCCEUBAIOIIEr0 OUIIT-
apna. Ecam paccMaTpuBaeMbll Myv0K — Y3KWUU, TO MO CACTAHHOMY BBIIIE IIPENOJ0-
KEHMIO BCE JIYYM B HEM 33 PACCMATPUBAEMOE BPEMs OTPAKAINCH OT OMHUX U TEX K
PEryJAAPHEIX KOMIIOHEHT rpaHunsl O(Q), TaK 9T0 PPOHT TAKOrO IMyH9Ka OCTAETCA IVIaI-
kuM. Ero (qokanbrag) spomonusa mzobpaxkena Ha puc. 8. Mex 1y KakIbMu IBYMA
MOCJAEI0OBATEILHBIMA OTPAXKEHUAMY DBOMIONAA MYyIKA TAKasd XK€, KAK W HA PUC. Th).
OHAKO NP KaXAOM OTPAKEHWM KPWBH3HA NMY9KA WCIBITHIBAET CKAYOK, PABHBIN,
coriacHo popmyae sepkaia (4), 2k(z)/ cos p(x). 3amerum, 9To 0 < cosp < 1 (mano-
MHIM, 9TO YTOJ (0 U3MEPAETCA OT BHYTPEHHEN HOPMAJN), &

E(z) > min k(z) > kmin > 0.
zeM
m(z)€EOQ

NMeHHO B 5TOM MECT€e MBI UCTIONB3YEeM, MTO BCE KOMIOHEHTHI TPAHUIILI PACCENBAIO-
mero Ouimapaa riagkue U CTPOro BBINYKJALIE BOBHE obnacTu Q.
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To ) ’ ............................... Lt

Puc. 8. JlokaabHas 3BOIIONUA PACXOAAMIErOCA IMY9Ka Jy9eHd B PACCEUBAIOIIEM OHJI-
Jauapje

Ormerum, 4TO0, ecau rpanuna 0 umeer u mIOCKUe (HEMTPAIbHBIE) KOMIIOHEH-
ThI, TO OTPAKEHUE OT HUX HE MEHAET KAPTUHBL. [[eNCTBUTEABLHO, CONMACHO (hOpPMYyJIe
sepkasna (4), IpU OTPAXKEHUW OT TUIOCKAX KOMIOHEHT T'DAHUIB KPUBH3HA (PPOHTA
OydKa HE MEHIeTCs. TeM CaMbiM, MOXHO CYMTATh, 9TO IIYYOK KAK OBl «OPOXOIUT
CKBO3b TAKYI0 KOMIIOHEHTY T'PAHUILI U MPONOIKAET PACXOIUTHCA.

IDTO cOOOpaXKkeHne TPUBOAUT K XOPOIIO MU3BECTHOMY B T€OMETPUIECKOU OMTUKE
TPIOKY (/A4 TOCTPOEHUA M300PaKEHUA UCTOIHUKA). [[e0 B TOM, 9TO BMECTO TOTO,
4TOOBI OTPAKATH JAYUM IIYYKA OT ILIOCKOW KOMIIOHEHTHI TPAHUILI OF), MBI MOXKEM
0TPa3uTh 06IACTH () OTHOCUTEIHHO 3TOU KOMIIOHEHTHI, & JIyY B IIYYKE OPOJOJKUTH
npaMoanHernHo (puc. 9). Tem caMbiM, HATUYNE y TPAHUIB OWIIAAD 1A HE TOMBKO PAC-
CEMBAIOIINX, HO ¥ HEUTPAILHBIX KOMIOHEHT, He M3MEHACT XapaKTepa DBOJIOINU PaC-
XOOAMIMXCA MYIKOB TPaeKTOpul. [JerCTBUTENLHO, OTPaXKeHne 0T HEeUTPAILHOU da-
CTU TpaHUNG (GAKTAICCKU 00YCAABINBAECT TOJBKO YBEJUUIEHNE CBOOOIHOTO MPOOEra
MydYKa MEXIY ABYMA MOCTEOBATEILHBIMUA OTPAKEHUAMU OT PACCEUBAIOIICH TACTU
CPaHWLEBl, B TO BpeMs KaK OOIIAs 3BOMIONUA OCTAETCA TAKOU XKe, KAK Ha puc. 8.
ExuucTBEeHHO, 9TO MBI JOMXKHBI TOTPEGOBATHL — 3TO YTOOBI MEPA TPAEKTOPUU, KO-
TOpHBIE OTPAKAITCA HE TOJBLKO OT HEUTPATBLHBEIX KOMIIOHEHT TDAHUILI, OLLIA PABHA
eIUHATIE.

Yno6HO BBECTH CIeYIOLIEE OLIpeNeIeHue.

Puc. 9. Orpaxenne obractu () OTHOCHTEIBHO ILIOCKOH KOMIOHEHTHI I'PAHHUIIBI OQ)
¥ IPOJOIKEHHAE JY IeH
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ONPEJAEJEHUE 2. OTpaXeHus 0T HEUTPATLHEIX KOMIOHEHT TPAHULE 0() HA3HI-
BAIOTCS HECYULECTNBEHHBIMU, B TO BPEMs KaK OTPAYXKEHUs OT paccenBaromunx mwin Go-
KYCHUPYIOIIUX KOMIIOHEHT O() HA3BIBAIOTCI CYUECTNGEHHBLMIL.

Tewm cambiM, Ha pUC. 8§ U300PAKEHBI TOJBKO CYIIECTBEHHbBIE OTpaxKeHus. 3 31oro
PUCYHKA BUAHO, YTO B PACCEMBAIONMX OWLIAADAAX (PPOHTHl PACXOMANMXCSA MYIKOB
Jy9en DKCIOHEHIMAIBHO YBEIUUINBAIOTCA CO BpEMeHeM (HUXKe MBI MIPUBEIEM TOYHYIO
dopmyiy). DTO SABIEHUE U IPUBOLUT, B YACTHOCTHU, K OCBELIAEMOCTH COOTBETCTBY-
IOIUX PACCENBAIOIINX OUILIHAD JHEIX CTOMOB (obaacTenn). [encTBUTENLHO, TePBOHA-
YATBHO TAPALIENBHBIN MyY0K Jy9ed B TAKUX 00JACTAX yKE TOCTE TIEPBOTO OTPaKe-
HUsI OT PACCEUBAIONIEN TPAHUILI CTAHOBUTCS PACXOIAIIAMCS.

O6paTumMcs Tenepb K MEXaHU3MY 1e(POKYCHPOBKU. DTOT MEXAHU3M TEUCTBYET B
HEKOTOPHIX (BEChMa MMPOKKUX) KJIACCAX OWIMAPIOB, TPAHUIBI KOTOPHIX COMEPKAT
(oxycupymoime KOMIOHEHTHI.

PaccMoTpuM Teneps 5BOTONAD QOKYCUPYIOMIET0CA (CXOAAMErOCa) My IKa Jyden
(puc. 3c). Kax yxe orMedasoch, MexAy ABYMs HOCAEIOBATEILHBIMU OTPAXKEHUAME
JTOrO MyYKa OT IPAHUIEI () BO3MOXHEI IBE CATYyAUUU: JUO0 K MOMEHTY CJIeIyIOIIe-
0 OTPaYKEHWA OT MPAHUINBI MY9IOK BCE eIé OCTAETCA CXOMAMUMCA (puc. 7c¢), aubo K
STOMY MOMEHTY TYYOK y¥Ke cTaa pacxomamumca (puc. 7d). B mocaeguem caydae my-
YOK Jydel yCIeBAET NPOUTH Uepe3 TOYKY HepecedeHus (B JMHEMHOM IPUOJIKEHUY,
HATIOMHUM, 9TO MYyY0K — Y3KHHU) Jy9el B Ny9IKe (COMPAKEHHYIO TOUKY ).

ONPEAEJEHUE 3. Mul Gyzem roBopuTh, 9TO CXOAAIIMUACS (B MOMEHT CPa3sy IO-
cje orTpaxeHus OT rpaHuubl 0Q)) nyuwok mpaexmopui dedoxycupyemcsa BO BpeMs
ero CBOGOJHOTO TPODEra, eClu K MOMEHTY €ro CIEAVIONEro OTPAXKEHUsa OT J() oH
CTAHOBUTCA PACKOIAIAMCA.

AcHo, 4T0 nmydok nedoxycupyeTrcs, ecan BpeMsa MeX Iy HOCJAe[OBATENLHBIMU €r0
OTPAXKEHUAMHU NOCTATOTHO BEIUKO.

Kak u npu paccMOTpEHUU BHIMIE SBOJIONAN PACXOAAMINXCA MTYyIKOB TPACKTOPUM,
B 3TOM OIpeleJeHUH MOXHO PacCMaTpPUBATh TOJBKO CYIIeCTBEHHBIE OTDaXKEHU.

ONPEJAEJEHUE 4. Mu1 6y eM FOBOPUTH, UTO B OWLIAAPAE B 00JaCTH () NEeUCTBY-
eT MeTanU3M 0ePoRKYCUPOBKU, €CIU IJIA KAXK JOTO CXOAAMETOCA TIYIKA JYIen U CePUn
ero MOCAeNOBATENBHLIX OTPAKEHUN OT IPAHUIBL J() HOCAe KaXA0ro OTpaxKeHus (3a
HCKJIIOYEHUEM, BO3MOXKHO, KOHEYHOI'O, 33aBUCAIIEr0 OT 3TOr0 IMyYKa, IUCJIA HAYAIb-
HEIX OTPaXEHHU B CEpUHU) OT (POKYCUPYIOIIEH YacTh T'PAHUIBI () TydYOK yCreBaeT
IePOKYyCUPOBATHCA.

Ecnu Bce KOMIOHEHTHI MPAHUIIBL ABIAIOTCA (GOKYCUPYIOIIAMY U HEUTPATHHBIMHU,
TO B 6mwumapae, B KOTOPOM IEeUCTBYET MEXaHU3M AeOKYCUPOBKU (BO3ZMOXKHO, IOCIAE
0TOpACHBAHNA KOHETHON U (PUKCUPOBAHHON [JTA KAXK JOT0 CXOMAIIETOCA Ty IKa CEPUN)
SBOJIONUSA CXOIAMIEr0Cs Y IKA TPAEKTOPUN ABJISETCA TAKOU, KOTOPas n300pakeHa Ha
puc. 10.

ScHO, uTO 6€3 NedOKYCUPOBKM TPYIHO PACCIUTHIBATBL, YTO TPOOJIEMa OCBe-
IAEMOCTH COOTBETCTBYIOUIEH OULINAPAHOU OOJIACTU PEHIAeTCS MOJOKUTEIBHO.
[leACTBUTENBHO, B CATYAIUA HA PUC. 7C) PPOHT IMYUKA MPU €0 DBOJIONUAA CYKACT-
ca. OHAKO U TIPU EUCTBUM MEXaHU3Ma Ae(POKYCUPOBKU 06IACTH () MOXKET OBITH HE
ocsemaema. [lenCTBUTENLHO, 31eMEHTAPHEIN aHAU3 [2] IOKA3BEIBAET, 9TO MEXAHU3M
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o< ) Pt

Puc. 10. BozmoxHasA JOKAILHAA SBOJIOLUA CXOAAMIEIOCA Iy IKa JIyI€H B (POKYCUDY-
omux 6uLIHAD AaX

neOKyCUPOBKYU IEUCTBYET B OMAIMAPIE B KPyTe, [ie Ipo0JeMa OCBEIIaeMOCTH, O4e-
BHUJHO, PEMIAETCA OTPULATEABLHO.

[lercTBUTENBHO, MeXaHU3M 1eOKYCUPOBKHU ABIACTCA TOPA3I0 O0TCE TOHKUM, IeM
MexaHu3M paccesuus. [Ipu 1edoKycrpoBKe pe3yJabTAT OMPeAeIaeTcs KOHKYDEHIuen
IBYX IIPOIECCOB, (POKYCUPOBKHU U paccesHus. B camom mene, MEX Iy ABYMs IIOCTIEIO-
BAaTENBHBIMU OTPAXKEHUAMH IIyIO0K HEKOTOPOE BpeMs (POKYCHUPYeTCs, a IOTOM pacce-
uBaeTca (puc. 7d). OUeBugHO, 9TO «MOGENUTENBY OMPENEIAeTCA COOTBETCTBY FOIIAMY
BPEMEHAMU.

Ilycte 7(x) — BpeMsa cBOGOAHOrO HpoOEra «LIEeHTPAILHOIO) Jyda B CXOLALIEMCS
nyuke. Torzga

7(2) = 74(2) + 1a(2), ()
rae 7¢(z) (74(x)) — Bpems GOKyCHPOBKH (pacCesHMs) STOrO MydKa.
OxaspIBaeTCs, 9TO B Kpyre AIf J00r0 CXOLAMErocH Iy IKa

i
- — 1.
B 10 Bpewms, kKak mJs HOJOKUTEIBLHOIO PEIeHns IPO6AeMBl OCBEIIAEMOCTH () HYKHO,
9TOOBl IJIMHA (PPOHTA MydKa AOCTATOUHO OBICTPO pocia. Takum o6paszoM, B 3TOM
MecTe mpobaeMa yKe CTAHOBUTCA HE KAYeCTBEHHOU, a KOJUIECTBEHHON.

[ GOPpMYIUPOBKYU COOTBETCTBYIOIMIErO YCAOBUA PACCMOTPUM JIIOOOU (CXO AAIINN-
Cs1, PACXO QALUIMACS WU IIOCKUHA) 1y40K Tpaexkroputt (ayuen). [lycrs nauansuas kpu-
Bu3HA (PPOHTA MyUKa B TOUKE Ty OBLIA PaBHA g (T).

Hanpém dopmyary mis kosdduimenTa pacTaxenus A, () GpoHTa 3TOr0 Mydka B
Touxe T™x, T.e. TOCIE N-TO OTPAKEHUA 3TOTO MYIKA OT TPAHUILI OQ).

W3 popmyast (3) u puc. 7 merxo caeayer [2], uro

n—1
An(@) = [T+ (@) mi(=) (6)
i=0
rae 7;(x) — Bpema Mexay i-M u (i + 1)-M OTpakeHUAMH OT TDAHUILL, a ;(T) —

KpuBU3HA (PPOHTA IMyYIKA B MOMEHT CPA3y MOCJIE $-I'0 OTPAXKEHUs OT IPAHUIIEL.
OxasplBaeTCs, 9TO €CaM BeauduHa A, () pacTér SKCIOHEHUUANLHO, TO 3a1a4a
OCBEIAeMOCTHU OWLTAAD AHOW 00JACTH () PEeIIaeTcsa TOJI0KUTETHHO.
Bunnaunapabi, naa KOTOpHIX BEIpaxkenue (6) pacTéT BKCIOHEHIMAIBHO, OYE€BHUIHO,
00J1a13I0T CBOICTBOM JOKAJLHOU 3KCIOHEHIMAILHON HEYCTOUIUBOCTU. JTO O3HAYA-
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eT, 9To (JI0KaIbHO!) UX TPAEKTOPUY HKCIOHEHIIMAILHO PACXOAATCA B (DA3OBOM MPO-
CTPAHCTBeE.

[luraMudecKkne CUCTEMBI ¢ TAKUM CBOUCTBOM HA3BLIBAIOTCA TUTEPOOMAIECKUMU.
Onn 06pasynT O4YeHb OOGIUPHBEIA W OAWH U3 HamboJee (ecau He MpoCTO HamboIee)
BAaXHBIA KJACC IUHAMUYECKUX CUCTEM.

[lnsa MHOMMX KJacCOB CMIMADIOB, HAMPUMED, A PACCEMBAIONIMX (OUIIMADIOB
Cunas), 6uaMapnoB HAa PUC. 5 U UX CyMIeCTBEHHLIX 0006mmenui (cM. HanpumMep [13,
9, 26, 24, 21]), mokasambl ropas3io 60Jee CHUALHBEIE CBOUCTBA, U€M IOJOKUTEALHOE
petieHre TPOOIEMBI OCBENIAEMOCTH.

A umenHo, aas 3TuX GUAIMAPAOB JOKA3AHO, YTO OHU ABJAIOTCA SPrOAUICCKUMA U
[epPEeMEIIUBAIOIIAMY JUHAMUIECKUMA CUCTeMaMu (CM. TOYHBIE OLPeeIeHUs, HAIPU-
Mep, B [5]). Boaee TOro, 5Tu cucTEMEI METPUYECKN U30MOP(QHET GEPHYLIMEBCKUM [22].
Tem campiM, runepbonudeckre OWITUAP OB ABAAITCA TUHAMUYIECKUMY CUCTEMAMU C
OY€Hb CUWIBHBIMEU CTOXACTUIECKUMHU CBOUCTBaMu. Hampumep, Kak CAEACTBUE CAMO-
o cAab0T0 W3 DTUX CBOUCTB, DPTOAWYHOCTH, MBI MOJYYaeM CpPasy He TOJLKO IO-
JOXUTEJBLHOE pelleHne 331349 00 OCBeIaeMOCTH OWIIMApHLIX obaacTen (), HO U
BCIOAY IJIOTHOCTH TUIMYHLIX TPAEKTOPUUA B COOTBETCTBYIOMINX (PA3OBBIX MPOCTPAH-
crBax M. Ilocaenuee o3Ha4YaeT, 9TO TUNWYHAS TPAEKTOPUA OWAIAAPIA HE TOIBKO
OPOXOAUT Yepe3 KAk Ay (MAIy) OTKPHITYI MOA06IACTh OMIINAPIHOTO CToJa (),
HO OHA TEPECeKaeT HTY MOAOOJACTH MO BCIOAY IUIOTHOMY MHOXKECTBY HAIPABICHUU.

3. BUJAIMAPABL B BHICHUX (BOJIBLIIE ABYX) PABMEPHOCTSAX U
ACTUTMATHU3M

Meur o6paTtuMcs Teneps K MHOroMepubiM Guanuapgam (d > 2). Paccmorpennbin
BHIIIE TBYMEPHBIN CIydal O3BOIAET CPA3Y YKA3ATh, OYeMy mia Gunanapnos CuHas
3a4ada OCBEIAaeMOCTH (A TAKXKEe BPrOAUTIHOCTH, IEePEMEIIUBAHUE U T. 1.) OBLIA pe-
IeHa cpa3y s Ji060U pa3MepHOCTH, B TO BPeMs KaK COOTBETCTBYIOIIAE BONPOCHL
U1 (POKY CUPYIOMUX OUILIUAD 0B OBLIA OTKPHEITEL 9€TBEPTH Beka. (OTMeTnm, 94To 1as
PACCEMBAOIIUX OULINAPIOB C HETJIAAKON MPAHUIen pu d > 2 BOZHUKAKIOT CEPhE3HbIE,
HO YUCTO TEXHUYIECKUEe TPYAHOCTH NIPY JOKA3aTeAbCTBE UX sproguynocru [8, 7, 18]).

[lenCcTBUTENBHO, BMECTO KPUBU3HBL (DPOHTOR JOKATLHEIX Ty IKOB TPACKTOPUN TIPU
d > 2 npuxOAUTCA PACCMATPUBATL COOTBETCTBYIOLIAE ONEPATODPLl KPUBU3HLL (BTO-
pyIo kBaapaTudnyio ¢opmy). HerpyaHo BugeTs, 9T0 3TH OLEPATOPHL A5 PACCEUBAIO-
muxX GUITUAD OB ABIATCA 3HAKOONPENEJIEHHBIMA (OJOXKUTENBLHO ONPEIeTEHHEIMY)
BJOJb BCEH (MOJOXKUTEILHOU MO BPEMEHU) TPAEGKTOPUM TAKOTO MyYKa, B TO BPEMSA
KaK i OmaimapaoB B 06JaCTAX, I'Ae eCThb X0TA Obl OgHA (POKYCHUPYIOMIAS KOMIIO-
HEHTA, DTO ykKe He TaK. HeT HyXK bl CIeNUuaAIbHO MOAIEPKUBATD, 9TO MOJOKATEABLHO
OTIpeIeNEHHBIE OTIEPATOPEI OOBLITHO MHOTO JIerde N3y 9aTh, YeM HE3HAKOONPEAeIEHHbIE
onepaTopel. Ty HpobiaeMy MOXHO BCE ke, B KAKOU-TO Mepe, 000UTHU, UCIOAb3Ys
unewo aedokycupopku. OQnHAKO, CYIIECTBYET MPENATCTBUE, KOTOPOE HE 06OUAEIID,
MOTOMY 9TO DTO MPENATCTBHAE €CTh (PU3MIECKOE ABICHNE — ACTUTMATHU3M.

HamoMuuM, 9TO MEXaHU3M DPACCESHUs ABISAETCA YUCTO KOJIUMYECTBEHHBIM, B TO
BpEMsA KaK MEXaHU3M J1ePOKYCUPOBKHU ABIACTCA KAICCTBEHHBIM U KOJIUIECTBEHHBIM.
Ham my:xxHa He mPOCTO QPOKYCUPOBKA, ITOOHI My4UOK ycmea nedOKyCUpOBATHLCA Me-
PeJ MOCAEAYIOMINM OTPAKEHUEM OT TPAHUILI, & TOCTATOYHO CUIbHAA (POKYCUPOBKA



118 JI. A. ByauymoBu4

npu (kaxkgom!) orpaxkenun or rpanunsl. (Hampumep, kak MBI yKe 3HAEM, KPYT HE
MOXO/IUT. )

AcTurMaTusM 03HAYAET, UTO MPHU OTPAKEHUM Iy9IKA JYIeHr OT (POKYCHPYIOMIETO
3epKana cmia GOKYyCUPOBKHA B PA3HBLIX IIOCKOCTAX ABIAETCA pPasamaHou. Boaee Toro,
BJOJb HEKOTOPHIX (HA CAMOM [eje, HelPEPLIBHOINO CEeMEMCTBA) TLIOCKOCTEN (POKY-
CUPOBKA OKA3BIBAETCA AOBOJIBHO CAA0OU. ITO OOCTOATENLCTBO HECOMHEHHO TIPEMAT-
CTBYET NEUCTBUIO MEXAHU3MA NepOKYyCHPOBKHU. 1103TOMY HEYIMBATENILHO, 9TO OBLIN
Jaxke OmyOMIUKOBAHKEI HEKOTOPHIE PAOOTH, B KOTOPBIX CTABUJIOCH MO COMHEHUE, ITO
MeXaHW3M 1eGOKYCUPOBKA MOKET MPUBOAUTL K OCBEIIAEMOCTU 0baacTen ¢ hOKyCH-
pyomen rpanunen B Beiciuux (d > 2) pasMepHOCTSIX.

B »ToM naparpade Mbl 0OOBACHAM ABICHAE ACTUTMATH3MA, 8 TAKKE PE3YAbTATHL
HegaBHUX padoT [15, 16, 17, 14], rae 6BLI0 MOKA3aHO, YTO MEXaHM3M AeOKYCUPOBKN
paboraer u npu d > 2.

Mer 6yzemM paccMaTpUBaThL TOALKO (POKYCHPYIOIINE KOMIOHEHTHI, ABIAIOIIAECT
kyckamu cdep (chepudeckue 3epkana). [Ipeanonoxum, 4T0 y3Kul My<d0K Jy4den a-
IaeT Ha TAaKOoe 3epKaJo. PaccMOTpuM ero (ieHTpalbHBIN JYd .

[lunaMuka BOJIU3M COOTBETCTBYIOIIEH CULIMAPAHON TPACKTOPUU MOXKET OBITH
O0XapaKTepU30BaHa IIOBEJEHUEM BTOPOU (PYHIAMEHTAILHON (POPMEL JOKAJILHOU I'Hd-
neprnosepxaoctu W (¢ppoHTa), OpTOrOHANIBLHOU K IOTOKY (PacCMaTpUBAEMOMY Iy 9Ky
TpaekTopun). MaTpuily 5Tol KBaAPATUIHOU (HOPMBL MBI OyI€M HA3BLIBATH OMEPATO-
POM KPWBU3HBL 1 0003HavaTh (G, ).

Ilycte n(g) — eAMHUYHBIN BEKTOD BHyTPEHHEN (T.e. HANPABICHHOU K LEHTPY
cdepnl) HOpMaau K cepudeckoMy 3epkady B TO4ke ¢. IlockoabKy 4depes ayd x u
MeHTD chephbl MPOXOAUT €IUHCTBEHHAA ABYMEPHAA TMIOCKOCTL P TO 13 Guiamap IHoTo
3aKOHA OTPAKEHUA BHITEKAET, ITO U OTPAXKEHHBIN JTyY Oy eT JeXKaTh B TLIOCKOCTH P.
(DT0 yxe yKasplBaeT HA ACTUIMATU3M — BBLAEICHHOCTE mwiockoctu P.) Bouee Toro,
JIETKO BUAETH, UTO BO BCEW CEPUM TIOCAENOBATENBHBIX OTPAKEHUN OT C(HEpUIeCKOTO
3epKaia TPAEKTOPHUA Jyda x OyIeT BCE BpeMs HAXOAUThCA B ockoctu P (puc. 11).

Paccmorpum (d — 1)-mepHoe kacaTenbroe mpocTpadcTso U K ¢pouTy (rumep-
TIOBEPXHOCTH U) B Touke z. [lmockocTes P pacmemiger U Ha aBa mOANpPOCTPAHCTBA

U=U,0U;, rae U, =UNP, alU; ectsb (d — 2)-MepHOE OPTOIOHAILHOE TOMOJHEHKE
kUpBU.

Puc. 11. Orpaxenune ay4a 0T CHEPAIECKOTO 3ePKATA
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Mzur npuBeném Teneps GOPMYJIL, TAOIINE DBOJIONNIO OTIEPATOPA KPUBU3HLI ()P OH-
Ta. [lockoARKY B pasHble MOMEHTHI BDEMEHU OTIEPATOPHI KPUBU3HBL JEUCTBYIOT B Pas-
HBIX IPOCTPAHCTBAX (KACATEIbHBIX K COOTBETCTBYIOMIMM MIHOBEHHBIM (GPOHTAM ), TO
HAM TPUIETCA BBECTU U HEKOTOPHIE MOTIOJHUTEIBHEIE ONIEPATOPHI, TIEPEBOIAIINE DTH
IPOCTPAHCTBA APYT B Apyra [25].

IMycts V — m3oMeTpuvHBIN OepaTop, 0TOOPaXKAOIIMY IOCKOCTh T, KacaTelb-
HYI0 K GPOHTY TyYKa B MOMEHT TIEPe]] €ro OTPAKEHNEM OT I'PAHUIIE J(), B TIOCKOCTH
T, KacaTelbHYIO K HEMY B MOMEHT Tioce ero orpaxenus. Onepatop V oTtobpaxaer
T_ 8T, nmapawiensHo BeKTOpy HOpMaau 11(g) B TOUKe oTpaxeHus. V peanusyer He0O-
XOOUMOE BPAIIEHUE KACATEIHHOU MUMEPINIOCKOCTH TaK, ITO T OCTaércs mepreH -
KYJAPHOU BEKTOPY cKopocTu. Amamorumwuo, W — omepaTop, KOTOPHI 0TOOpaXKaeT
T_ na kacaTerbHyIO K TpaHuie 0@ B TOUKe OTPAKEHUA TUMIEPILIOCKOCTE Ty BIOJIbL
HANPABACHUS, TAPAIEJBHOTO OTPAKEHHOMY BEKTOPY CKOpOCTH vy, a W* — comps-
KEHHBIN omepaTop, orobpaxkatomun Ty wa 1. Tem cambim, onepatop W mpeotpa-
3yeT OomepaTop KPUBU3HEI TPAHUIE! J() B OMepaTop, MEUCTBYIOIIAN B KACATEILHOM
IIPOCTPAHCTBE K PPOHTY.

CooTsercTBytomas GopMyta nmeet Buj [25]:

Gy =V7IG_V = 2wy, n(q))W* KW, (7)

rge K — oneparop kpuBusnbl rpasunsl 0@ B Touxe orpaxkenus . Coornomenue (7)
ABJAETCA MHOTOMEDHBIM aHATOrOoM GOpMyJs (4).
dopMyaa IiA M3MEHEeHUA KPUBU3HLI GPOHTA BO Bpema cBoGoanoro (6e3 oTpaxe-
HWU OT TPAHWIEI) ABMKEHWA YACTUNLI BLIMVIALAT OPOIMIE W TOXKE IOJHOCTBIO AHAIO-
CUYHA COOTBETCTBYIOIIEMY COOTHOIIEHWIO (3) mas nBymepHoro caydaa. OHa mmeeT
BUI:
Gi(y) = Go()(1 + Go(2)) ™, (8)
rae G¢(y) (Go(z)) — omepaTop KpMBU3HBI, I€NCTBYIOMNI Ha runepmiockoctu U (y)
(U(z)), mepnenauKyISpHON HapaBIeHNIO ABMXKeHnA (BeKTOpy ckopocTn), ny = Stx.
TIpOMILIIOCTPUPYEM HATIAIHO, 9TO MPOUCXOAUT ¢ (PpPOHTOM U mydka Qyded mpu

ero oTpaxenuu OT rpauuibl. PUKCHPyeM HEKOTOPOe HampasieHue ¢ B KacaTelb-
vom npocrpancree U (puc. 12). Beruuuna xpususuer ponra U g0 orpaxenus B

Up

0 Al
/ Ui
T~ b

Puc. 12. Paznoxenne KacaTeIbHOTO MPOCTPAHCTBA
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manpasaeanu £ pasaa (G_/, ¢). lnga Toro, 9T00B MOAYYATH AHAJOTUIHOE BEIPAKEHUE
[JIA KPUBU3HBI (PPOHTA MOCJE OTpakeHus B HampasieHuu ¢, T.e. (Gl ), nanumem
O4EBUHOE COOTHOIICHNE

0=1"{,cos6 + ¢, sinb, (9)
rae § — yrox mexay ¢ u Uy, a £p, ¢, — (HOpMaIu3oBaHHBIE) IPOEKIMHU £ COOTBET-

crBerHo Ha U, un U;. Torja msMmeHeHue KpUBU3HBEL (PppOHTA (BAOML HanpasaeHHs ()
[IOCJIe OTPAYXKEHUS PABHO

) +sin? 6 (QC—‘;S@) (10)

rge r — paguyC HAIIero chepuaecKoro 3epKaJa.
®Popmyaa (10) B kadecrse cnequaasaoro caydas (8 = 0) gaér ¢popmyay (4). I1o
€CTECTBEHHO, MOCKOJIBKY, KAK YK€ OTMEYAIOCH, IPU OTPAXKEHUH OT CHEePUIECKOro
sepkasna (M3HYTpH!), MATAIOMUNA U OTPAKEHHBIN JyIn JEXKAT B OJHOU INIOCKOCTH.
OHaxo AA KPUBUBHEL BIOJb OPTOTOHAJBLHOTO K HAMPABICHUIO PACTPOCTPAHCHUA
Jy9a IPOCTPAHCTBA BMECTO (hOpMYyJIbl (4) MBI uMeeM

sy — k= 2kcosp, (11)

2
¥y — x_ = COS 9(
+ rcosf

raek=1/r.

®opmyaa (11) moKa3EBAET, YTO U3MEHEHNE KPUBU3HEI (DPOHTA TOCIE OTPAKEHUAA
OKA3BIBAETCA CYMIECTBEHHO PABJIUYHEIM BOIb PA3HBIX HAPABICHUN (ACTUTMATHA3M ).
IIpu sTom dokycuposka okaseiBaercs (cM. (11)) BecbMa €1aG0OU 0 HEKOTOPHIM Ha-
MPABJIEHUAM. DTO 06CTOATENALCTBO MPUBOJUT K UL, ITO MEXAHU3M 1e(pOKYCUPOBKU
He paboTaeT B pa3sMepHOCTAX d > 2. [lencTBUTENBLHO, DTOT MeXaHU3M TpebGyeT, 9To-
OBl MEXK Y KAXKABIMU ABYMs [MOCJAENOBATEABHBIMU OTPAKEHUAME B 000U KAK yro/-
HO JJIMHHOU CEPUHU IIOC/IEL0BATEAbHBIX (CYLIECTBEHHBIX!) OTPaKeHUi OT rpaHuusl 0
(31eck mpeamonaraeTcA, 9To O) He COMEPKUT PACCEUBAIIINX KOMIIOHEHT ) IMEET Me-
CTO cuTyanus, u3obpaxkénnas Ha puc. 7d) u puc. 10. (Kak o6brum0, npegnonaraercs,
YTO HAYAILHBEIM, (PUKCUpPOSanubimM 044 Kaxcdot mouku x € M KyCKOM TPaeKTOPUH
MOXKHO TipeHebpeds.) Ho uz gpopmya (10), (11) cpasy caegyer, 9TO I OTpaXKeHUR
OT TPAHUIILI C KAK YTOMHO GOMBITAM HOMEPOM MYyYO0K MOXKET CTATh CXOMANIUMCA, HO
KPUBU3HA ero (hPOHTA IPHU 3TOM MOKET OBITH CKOIb yroguo Mamnou (puc. 13). Torza,
€C/IU 3T KPUBU3HA MEHDINE JUaMeTpa OMIIUADIHOTO CTOJAa (), TO My4YOK HE yCIeeT
OpOUTH 4Uepe3 POKYC (COMPAKEHHYIO TOUKY) N0 CIEAYIONIEr0 OTPAKEHUA OT TPAHU-
el Tem caMbiM, MexaHU3M NeOKYCUPOBKY Pa3pyIIaeTcs.

TaxoBo u OBLTO «OOIIECTBEHHOEC MHEHNE» B TedeHne MHOruX jeT. O aHaKo, B pado-
tax [15, 16, 17, 14] 6bw10 HOKA3aHO, YTO CHOBA, KakK 4 3a 25 aeT 10 3roro [1] «obrue-
CTBEHHOE MHEHUEe» OKa3anoch HempasuabHbiM. (Iox «obmecTBeHHBIM MHEHUEM» MBI
3[eCh UMEEeM B BUJY HE TOJBKO MHEHWE MAaTEMATWKOB, HO U (DU3WKOB, MEXAHWKOB,

>,

Puc. 13. Bo3MmoxHOE HapyIHieHAE MEXaHU3Ma Je(HOKYCHDOBKU
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uHxKeHepoB u T. 1. Ciaeqyer OTMETUTH, TEeM HE MeHee, 9TO MBI HUKOT/A HE UHTE-
PECOBANNCH MHEHUWEM IO 3TOMY BOTNPOCY GuaocodoB, (GpUIOIOTOB U MPEACTABUTEICH
APYTUX I'yMaHUTAPHBIX Ipodeccuin).

Mer npusegém 3gech (B onucaTeabHOn GopMe) COOTBETCTBYIOMIUE PE3YIAbTATHL U
OaIUM OOUH KOHKDPETHBIA IpuMep 00JacTh ¢ (POKYCUPYIOUIUMU U ILJIOCKUMU KOMIIO-
HEHTAMU TPAHUIILL, VIOBJIETBOPAIOIIEN TPEOYEMBIM YCIOBUAM.

[peanonoxum, 910 GuanuapaHas 061acTh () 06JaMAET CACTYIONUMY CBOUCTBAMMU:

0. Bunauapn B () ABAseTCA HUTJE HE PACCEMBAIOIINM, T. €. IpaHuna 0@ He coxep-
KUT PACCENBAIOIINX KOMIIOHEHT.

1. Bece ¢oxycupyromme KOMNOHEHTHI TPAHWUILI ABIAIOTCA CHEPUICCKUMA 3EPKa-
aamu (T.e. HOLYYAIOTCA B pesyabrare «orcekanusy oT (d — 1)-mepHou cdepst
cdepuaeckorn manodku HeKOTopou (d — 1)-MepHOU IUIepILIOCKOCTHIO).

2. CooTBeTcTByMIOmNE ChHEPUIECKUE IIATIOUKN HE OYE€HL BEIUKM, A UMEHHO, COOT-
BETCTBYIOIMN (MAKCUMAIBHLIN) BHYTPEHHUA yroa He npesocxoanT 60° (yrom
Ha puc. 14).

3. Hononnenue kaxaou (PpOKYCUPYIOMIEN KOMIOHEHTH O} IO COOTBETCTBYIOIIEH
TIOJHOU C(PEPHI TEJUKOM JEKUT BHYTPHU ().

4. Tpannma Kaxaou GOKYCUPYIOIMEN KOMIOHEHTH OF) (Chepnaeckon MmamoIKn)
OPUHAIJICKUT KAKOU-TO (0qHOM!) MIOCKON KOMIIOHEHTE IpaHunbl 0.

5. Ecam maockas xomnonenTa rpanunsl (0Q)); COAEPKUT IDAHULY KAKOU-TO Che-
pudecKon manouku (poKycupyromen KOMIOHEHTH J()), TO BCe ILIOCKUE KOMIIO-
HeHTH 0@, nepecekatommecs ¢ (0Q);, TOMKHBI OBIThH MEPIEH INKYIAPHEL TUTIEP-
IUIOCKOCTH, conepxkamien (0Q);.

6. Mepa MHOXKECTBA TPAEKTOPUH, KOTOPBIE OTPAXKAIOTCA TOJABKO OT ILIOCKUX KOM-
[IOHEHT I'DAaHULIBI, paBHA HY.JIO.

Ha puc. 14 usobpaxena Ouatmaparas 06JacTh, KOTOPYIO €CTECTBEHHO HA3BATh
MHOI'OMEDHEIM CTaIUOHOM U3-3a €€ aHatoruu craiuony (puc. 5¢). DTa 06aacTb Co-
CTOUT U3 KyDa, K MPOTUBOIMOJOXKHBIM I'PAHAM KOTOPOTO MPUTOPOUEHHI CheputiecKne
manouky. (Ecau B3aTs cTanmon (puc. 5¢) u BpammaTh €ro BOKPYT ero GOJBIION OCH, TO
OWLIMAp g B MOJY9UBIIENCa TpéxMepHon obaacTu He Oyner aproaudeckuM. HeTpya-
HO BUAETH, 9TO B DTOM OULIMAPLE €CTh IEePBBIU UHTErpa (MHBAPUAHTHAA (DyHKIINA,

Puc. 14. MHOrOMEpHEBIT CTaqUOH
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HA3LIBAEMAaA B MEXAHUKE MOMEHTOM). DTy (HEeMpephIBHY!) CHMMETDHIO HAIO0 Paspy-
muTh. B3 ky6 (BMECTO MUIMHPA), COCAUHAIIAN CHEPUIECKUE MATOIKYA, MBI U
paspyiiaem eé.)

B pa6orax [15, 16, 17] paccmarpuBaioTcs cymecTBeHHO 6Goaee obmue 061acTH,
OMAIUAP BT B KOTOPHIX ABIAIOTCA DPTONNIECKUMU, TEPEMEITUBAOIINMY U SBIIIOTCS
OepHyIIneBCKUMN cucTeMamu. B craTwe [14] 5T pesyabTaTel 0600IIEHb 17151 0614
CTeH, MPAHUIBI KOTOPBIX MOI'YT BKJIKYATH HE TOJBKO (POKYCUPYIOUINE ¥ HEUTPATIb-
HBIE, HO U PACCEUBAOIINE KOMIIOHEHTEL.

Me1 He nprBOAMM 31€Ch NOKA3ATEJbLCTB, OTCHLIAA K COOTBETCTBYOMIUM CTATHAM.
OTMeTHM TOMBKO, YTO yCAOBHE 2 (OTHOCATEIBHAA «MAMOCTBY (POKYCUPYIOIIAX KOM-
MOHEHT) — BTO IEHA, 3ATUIAYeHHAA aCTUIMATU3My. [[eMCTBUTENRHO, B JBYMEPHOM
cay4ae GOKyCUPyIOmre KOMIOHEHTHI 3PrOANYeCKOro OMIInapaa MOryT OBITH CKOJIb
YLOAHO GJU3KK K NOJHBIM OKPYXKHOCTAM (puc. 5a).

4. YCJI0BUA SPTOANYHOCTHU BUJJINAPIOB U ABCOJIIOTHO
DPOKYCUPYIOIINE 3EPKAJIA

EcTecTBeHHO MOCTABUTE OOIIUN BOMPOC: KAKUM OOIIMM CBOUCTBOM NOJXKHA 064~
IaTh PAHUIA OMLIMAPJHOTO cToAa () 4 TOro, 9To0bl Ouwwmaps B () 6LL1 3proau-
qen?

Kax MBI yiKe oTMedaan, 5ProguyHOCTh BJAEIET HE TOJBKO MOJOKUTETHLHOE peltre-
HUE 337391 OCBEIIAEMOCTHU 00JaCTH (), HO U TOpa3no 6oee CUILHEIE CBOUCTBA.

B padorax [11, 12] 66 ¢hHOPMYIUPOBAHEI COOTBETCTBYIOIINE YCIOBUS U NOKA-
3aHa TeopeMa 00 dProIUYHOCTH LIS ABYMEPHOI'O CJAydad.

OCHOBHBIM TIPY 3TOM OKA3BIBAETCS BOIPOC O TOM, Kakue (POKYCUPYIOIIUE 3ePKAIA
MOI'YT CAYXKWUTh KOMIIOHEHTAMHU CPAHUIEI ProgundecKoro duwinapaa. flcao, 1To He
BCe (POKYCHPYIOUINEe 3epKaja MOTYT OBITHL MCHOJIL30BaHbl. Hampumep, ecan Gpokycu-
pyolIee 36pKaio TMPEICTABMAET COGON YaCTh JLIUINCA, COAEPKUT KOHIBI €r0 MAJIOU
[MOJIYOCH ¥ GOJbINE MOIYDLINICA. TOr1a, KAK XOPOIIO U3BECTHO, JI000U Jy4, CTAPTY-
oMy BOJIM3Y 3TOU [OLYOCH, HABEUHO ocTadrcs B eé okpecTHocTu (puc. 15).

OxaspiBaerca [12], 910 Kax 1as1 HOKYCUPYIOMAs KOMIOHEHTA PAHULBL PO aute-
CKOT'0 OWITHapAa JOMKHA OBITH a0COMIOTHO (poKycupyiomen. Kak yxke OBLI0 06BAC-
HEHO BO BBeeHUU, GOKYCUPYIOLIAsd KOMIIOHEHTA (KPUBAs) ABJIAETCI aOCOMIOTHO (HO-

Puc. 15. OcTpOBOK yCTOMYUBOCTH «(BHYTPHY (POKYCHPYIOIIEH KOMIOHEHTHI
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KYCUPYIOIEeN, eCIu JI000U Ao Ha Heé Jyd (HOKYCUPYETCA MOCAe TOCAeTHErO
OTPaXKEHUA B CEPUU MOCIETOBATEIBHBIX OTPAXKEHUU OT 3TOU KOMIOHEHTHI. JKBUBA-
JIEHTHO, JI000U IVIOCKUK Iy 90K TPAECKTOPUH, A IAIONMHA Ha a0COMIOTHO (POKYCUPYIO-
Imee 3epKaso, MOMKeH (POKYCUPOBATHCA TIOCIE MOCTEIHET0 OTPAXKEHUA B DTOU CEpPUn
(puc. 6).

IIpumepom ¢oxycupyromer, HO He abCOMIOTHO (POKYCUPYIOMEH KPUBOU MOXKET
CJYXKUTb HOLYSLIUNC (CONEepPKAIUY KOHIBL er0 MAJOU IOJYyOCH), €CAU OTHOIIEHUE
amE ero ocei 6ombire /2 (eM. [21, 13]; pa6orta [13] cogepuT sremenTapHOE JOKa-
3aTENBCTBO DTOTO QaKTa).

B mmoromeproM caydae momaTue aGCOMIOTHO (POKYCHPYIOMIEro 3epPKaia Ompee-
asiercs: anagorudHo. B paGorax [15, 16, 17, 14] 6bl1 caesad TOJIBKO IEPBBIA LIAr
K OMpeJeIeHui0 OOUNX YCJAOBUU, MPU KOTOPHIX OWIIMADALI HA MHOTOMEDPHBIX OWJI-
auapaubx croaax (dim @ > 2), uMeromume KOMIOHEHTHI IPAHULIEL BCEX TPEX TUIIOB
(mmockue, pacceuBaromue U GOKYyCUPYIOLIKE), SBIAOTCA 3proaudeckuMu. Hama ru-
MOTE33 COCTOUT B TOM, YTO ¥ nph d > 2 Kaxaas PpOKyCUPYIOIAA KOMIIOHEHTA IPa-
HUIIBL PTOAUYIECKOT0 OWITHAD 1A JOMKHA OBITH aOCOTIOTHO (DOKYCUPYIOIIEH, KAK U B
IBYMEPHOM CJIyd4ae.
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Bruemaun 6uiiuap

C. JI. TabauaukoB

1. OOPEJEJIEHUE U NIPUMEPHI

[ns Wrpel BO BHEIIHWE OWLIMAD HY¥KeH OWMLIMAPIHBEIA CTOM — OTpPAHUICHHAS
BEIIIYKIasA 061aCTh Ha mWIockocTu. Urpa cocrout B caenyomem. Havanpnas nozunus
OmLIMap AHOrO mapa - 3To To9ka A BHe 6umimaparoro croma. U3 toukm A MoxKHO
NPOBECTH [BE KACATEJbHbIE (TOYHEE, OMOPHEIE) MPAMBIE K TDAHUILE OUIIAAPIHOTO
CTOJA ¥ — JEBYIO | W TPaBYIO 7, ecium cMOTpeTh u3 Touku A. [Ipomomkum mpasyo
KacaTeabHyIo 3a TOUYKy kacauus X g0 Touku B tak, ywro BX = AX (cm. puc. 1).
Touka B m ecTb HOBOE moJoxkeHne Oumiuapauoro mapa. Obosuadas BHemHee OWI-
auapauoe oTobpaxkenue depes T (wim, ecoium HyKHO TOTYEPKHYTH 3ABUCUMOCTH OT
crona, depes T,), nmeem: B = T'(A).

A

Punc. 1.

Y manHoro omnpefgeseHus ecTb OauH AeekT: TOUYKa X MOXKET 0Ka3aThCsA He €IUH-
CTBEHHOU. JTO MPOU3OUAET, €CAU T'PAHUNA OWIIAAPAHOTO CTOJMA CONEPXKUT OTPe-
30K TMPAMOU, HATIPUMED, €CAN OUILIUADAHBIA CTOJ — MHOTOYTOJIBHUK. DTOT HEIOCTA-
TOK OMPENeTeHNA HEYCTPAHUM W MBI CIUTaeM, 9TO oToGpaxkenue T He ompemeneHo
B T€X TOYKAX, KOTOPBIE JEXAT HA IPONOIKEHUAX OTPE3KOB, ABAIOMIUXCA IACTHIO
KPUBOHU 7. DTO HATIOMUHAET OOBIYHBLIN (BHYTPEHHUN) OWLIMAD: ECAN OWLINAD THBIA
map monajgaeT B yro, ero JAJbLHEUIee IBUKEHUE He ONPENeJeHo.

Buenmun 6unnuaps usydeH ropas3fo MEHee OCHOBATEAbHO, YeM BHyTpenuun. Ja-
K€ TEPMUHOJIOTUA HE BIIOJHE YCTOSANACh: BHEIIHUN OWIIUADI U3BECTEH TAKKe KaK
«TYATBHBIN OWIIUAPIDY U «AHTUOMIIMADDY (TO-aHTIMUCKH, «Outery, «exteriors, «dualy
u «antibilliard»). fI #e 3HAI0, KTO MEPBLIM W300PEN BHEIIHUN OUILTAAPI. SHAMEHUTHIN
MaTeMaTuK BTOpou noaoBuHbl XX Beka FOpren Mozep onucan BHeImHUNA Guaiuapi
B OKazaBIey GoJbINoe BiAusHME KHuTe [5]. Mosep ysHam o BHemHeM GUIMApIE W3
JEKIYA aBCTpaauuckoro Maremaruka b. Horomana B xonne 1950-x or.

PaceMoTpuM HECKOABKO IPUMEPOB.



126 C.JI. Taba4HuKOB

[MruMEP 1. Ecau BHEMHUU OUAIUAPAHLIU CTOJ — KPYT, TO KaXKAasd TOUYKA IBU-
KETCA TIO KOHIIEHTPUUIECKON OKPYKHOCTU. TeM caMBIM, KaXKAasd KOHIEHTPUIECKAa
OKPYKHOCTh — MHBAPUAHTHAS KPUBAS BHEIIHErO OMLInapaHoro orobpaxenus 1.

OTMeTnM, 9TO BHelIHee OUATUAPIHOE OTOOPAKEHNE HE YYBCTBUTENBHO K aduH-
HBIM MPeoOPA30BAHUAM IIOCKOCTH. TouHee roBops, nycTs f — adpdurnoe mpeodpa-
30BaHUe, a Y — BHEIH:AA Owuinapanas kpueas. Llorga

foly =T of
(cM. puc. 2).

B A f(B) f(4)

Puc. 2.

IMockoawky samunc — agUHEET 00pa3 OKPYKHOCTH, BCE, CKA3AHHOE 0 KPYTJIOM
BHEIHEM OWIIMAPAHOM CTOJE, OTHOCUTCA B PABHOU MepPe U K DILTUITAIECKOMY .

[MrpuMEP 2. Eciu BHeNHUN GWIIUADAHBIA CTOJA — KBAJAPAT, TO IBUKEHUE Ka-
KAOU TOUKKU — nepuogundeckoe. CTpykTypa opOoUT m300pakeHa Ha PUC. 3: KaxkKIas
TOYKA KBALPATUKA, OTMEYEHHOI'0 HOMEDPOM N, IOCEIIAaeT BCE OCTAIbHBIE KBAIPATHU-
KU C DTHM HOMepoM (uX 4n) mo OJHOMY pasy, TPEXIe UeM BEPHYTHCA B MCXOIHOE
moJIoXKeHre. IuTaTensb JIerko yCTAHOBUT aHAMOIUYIHEIE (DAKTHL O TPEYTOJBHOM BHEII-
HeM OWIIXApPIHOM CTOJE U O CTONE B (hOPME IPABWIBLHOIO MIECTUYTOJBHUKA. B cury
adPUHHON MHBAPUAHTHOCTH, CKA3AHHOE O KBAJPATE OTHOCATCA U K TTPOU3BOILHOMY
MapaLIeJorPaAMMY.

[MruMEP 3. Ecau BHemmHUN GUAAMAPIHBIA CTOJ — TPABUILHLIN MATUYTOJLHUK,
TO HAPALY C MEPUOIUYIECKUMU OpOUTaMu, eCThb U Oeckoneunsie. OaHa Takas opouTa,

3
3|23
3l2(1]2]|3
3121 1{2]3
3l2(1]2]|3
30213
3 g
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mokasana Ha puc. 4. OTMeTuMm GpocarIneecsa B Iasa caMononobne n300pakeHHOn
op6uTh (TouHee, ee 3aMbikanua). CymecTBoBaHue GECKOHEIHBIX OPOUT BOBCE HE OYUe-
BUIHO, ¥ JOKa3aTelbCTBO (ganHOe B [8] u [9]) onmpaercs HA OTMEYEHHOE CaMOIIO0-
6ue. OHO XKe TO3BOJAET BLIYUCIATE (IPOOHYIO!) PA3MEPHOCTH MHOXKECTBA GECKOHET-
HBIX OPOUT, KOTOpas OKA3LIBAETCS PaBHOU 1g 6/ lg(vb+2)=1.24...

KoMnbrooTepHEIe 3KCIEPUMEHTH IOKA3BIBAIOT, 9TO HEYTO MOJ0GHOE MPOUCXOAUT
U C IPYTMMHA TPABUIBHBIMEU N-yrOAbHUKaMU (3a uckaoodenuem n = 3,4,6 — cM.
PeABI YUY IPUMED).

2. COXPAHEHUE ILJIOIIA A

HezaBucumo OT (pOpMBI BHEITHENO OWIIHAPIHOTO CTOJA, BHEIIHEE OWLINApIHOE
oTobpaxkenue 00Ja1aeT CBOUCTBOM COXPAaHATEH ILIOMALb. [Jokaxem 3To.

Bospmem 6mskme Toukn X n X' Ha xpuson 7. Beibepem aucao r > 0 u mposegem
KACATEJNbHEIE OTPE3KH MIMHLL ' K 7y B Kaxaon touke mexay X m X'. Konnwr stmx
orpesxos npoberawt kpuskie AA" u BB’, u npu stom T(AA’) = BB’. TIpogenaem
TO XKe MOCTPOEHUE, 3AMEHAA " HA 1 — £ (Ipeanonaras KOHEIHO, 9TO € — OECKOHEIHO
mazoe); Mbl nonyduMm kpusyio C'C’ u ee obpaz DD’. O6osuauum uepes Y Touky
nepecedenus orpeskoB AB u A’B’ u depes § (ewe oguo Geckoneuno magoe!) yroa
MEX Iy 3TUMHA OTPEe3KaMu (CM. puc. 5).

Beramcany nuioma e KpuBoaunHEHHOTO YeTeipexyronbanka ACC' A’ ¢ TounocTeIo
70 MAJBIX BTOPOTO MOPAJKA, TO €CTh, mpeHebperas € u 2. Umeem:

n_ 1ea n_ 1 g 1.9

Mnomagas (AY A”) = 567" , Maomagas (CYC') = 56(7“ —g)° = 567‘ — der,

a 3HAYUT

Mnomans (ACC'A") = der.
Anamoruuno,

Mnomans (BDD'B') = der,

TO ecTh OoToOpaxkenue T COXpaHAET MIOMAAL OECKOHEYHO MAJOTO Y€ THIPEXYT OJLHU-
ka ACC’'A’. DTo m nOKa3EIBaeT CBOMCTBO BHEIIHErO OWIIUAPIHOTO OTOOPAKEHUA
COXPAHATD TLIOMIA Th.

Punc. 5.
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Puc. 6. Puc. 7.

CoxpaHenne TIOMIAIN UMEeT PA3HOOOPA3HBIE CIeACTBUA. SaTafnMCs, HAIPUMED,
TakuM BornpocoMm. IIpexnmonoxum, 9TO rpaHUa BHEIIHEro OUAInap HOIO CTOMA, Y —
[IaJKas CTPOro BHEIIYKJAA KPUBasd (T.e. ee KPUBU3HA BCIOAY Hoaoxkurensna). [lycrs
3aaHO 1eqoe 9ucao n > 3. CyIecTByeT Ju y BHEMIHETO OUIIAAP THOTO OTOOPAKEHU
n-mepuoandeckas opoura?

OTBeT HA DTOT BOMPOC TOJOKUTEILHBIA, KAK MOKA3HKIBAET CJAEAYIONIEE PACCY-
K’ jaerue. PaccMoTpuM n-yroJbHUK HAMMEHBIIEH ILIOIIA W, ONMUCAHHBIA BOKPYT . S
VTBEPKAAI0, ITO CTOPOHBI DTOT'O MHOTOYT'OJBHUKA, AEAATCA TOTOJAM TOUKAMU Kaca-
HUA C KPUBOHU ¥, TO €CTh UTO 3TO — N-TMEPUOANIECKAA OPOUTA BHEIIHETO OUILIUAD I-
HOI'O OTOOpaKeHUs.

leucrBuTensuo, ecan cropona AB He gernTcs TOYKOM KACAHMUA IIONOJaM, TO,
CJIerKa, IOBEPHYB 0Tpe3ok AB B nHoBoe nonoxenue A’ B’, MOXHO yMEHBIIATE ILIOMIAIE
MHOTOYTOMbHUKA (CM. puc. 6). DTO pacCyKIeHUe TMOUYTH UIACHTAIHO MPEIBIIYIIEMY,
NOKAa3BIBAIOMIEMY, ITO 1 COXPAHAET ILIOMATh.

DTO XKe PACCYKACHUE JOKABBIBAET, 9YTO Y BHEIIHErO OULINAD THONO OTOOPaKEHU s
€CThb N-IEPUOUIeCKre OpOUTHI, 06X0AAIIe BOKPYT OMIINapaHOro croaa k pas, rie
1<k <n/2 (cm. puc. 7, Ha KOoTOpOM N = b, k = 2).

B gencrBuTensHOCTH mas Kaxaex n > 3 m 1 < k < n/2 HaugeTcs mo KpanHen
Mepe IBe mepuogumydeckue OpOUTHI BHEITHEIO OMLINAPIHOTO OTOOPAXKEHNUs, HO TOKAa-
3aTh 5TO 3HAYUTEJIBHO CIOKHEe. AHANOIMYHBIM (PAKT NS BHYTPEHHErO Ouaiuapia
O6bLT qoKazaH bupkrodom B 1920-x rr.

PaccmoTpum eme ogHO caeAcTBUE COXpaHEHMS TOmaan. llpeamosoxuM, UTo y
BHEIITHEr 0 OWUTIAP AHOTO OTOOPAKEHNUs €CTh BLIMYKIAA MHBAPUAHTHAA Kpusas [ (ro-
BOpsA 00 MHBAPUAHTHOU KPUBOU, A BCErAa NPEeANnoarawn, 4To I' 06xoauT BOKpPyT Oui-
JUAPAHOTO CTOJMA POBHO OAWH pas). MOXKHO Ju BOCCTAHOBATHL OGUIIHAPIHBIA CTOJ
no ['? OTBeT maeTcsa caenymoinen KOHCTPYKIAEN.

3adukcupyem €ucao ¢ > 0 U pacCMOTPUM CEMEUCTBO MPAMBIX, OTCEKAIINAX OT
¢urypsl, orpanutdessHon [', cerMeHTHI MOCTOAHHOU MIOWAAU ¢. llomy<deHHoe OIHO-
MapaMeTPUIECKOe CEMENCTBO MPAMBIX MMEET Orubarollyio, T.e. TAKYI KPUBYIO 7,
KOTOpas KACaeTCs MPAMBIX CEMENCTBA B KaXKJOM CBOEN ToUKe (cM. puc. 8).

Boo0re roBops, KpuBas Y MOXKET HE OBLITh TVIAAKOU (3TOT BONPOC MOAPOGHO 06-
cyxgaercsa B cratbe [10]), HO MBI IPEANOIOXKUM, 9TO Y — [uIagkas Kpusasd. fI yrsep-
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AI

B/

Puc. 8.

xJa0, 470 ' — vHBapmaHTHAA KPUBaA BHEIHErO OMIIMAPIHOrO OTOOpaxeHus 1.
[lernCcTBUTENBHO, TUIOMAAN 3AMTPUXOBAHHEIX MH(PUHATE3UMATLHEIX TPEYTOJLHAKOB
HA PUC. 8 PABHLI, & ATO, KAK MBI YK€ BUIEIN, O3HAYAET, 9TO OTPe3oK AB nemmrca
TOYKOU KACAHUS C KPUBOU 7Y TOMOJIAM.

OTMeTuM, 9TO OMUCAHHAA KOHCTPYKIUA 3aBUCAT OT IaPaMETPAa ¢, HOSTOMY KPH-
Bas [ 3amaeT men0e oHOMAPAMETPUIECKOE CEMENCTRBO OIILINAD THEIX CTONOB. AHamor
STOW KOHCTPYKIMK [ BHY TPEHHETO OWINAPIA XOPOIIO U3BECTEH (MPOU3BOANTCA C
HOMOLIBIO HEPACTSKUMOU HUTHU) — CM., HAaIpumep, [2].

Bepremca x npumepy 1 w3 npeaergymero naparpadga. Ecin saemuun 6uammapi-
HEIA CTOJ — KPYI, TO KaXIasd TOYKA BHE HErO JEeXWUT Ha MHBAPUAHTHON KPUBOU; B
DTOM CJIydae TOBOPAT, UTO BHEIIHEe CUIINAD THOE 0TOOpakeHne nuterpupyemo. Nu-
TErpupyeMoCTb — OYEeHb PEeNKOe SBJEHUE; OHA O3HAYAET, YTO OTOOPAKEHNE BECHMA
PETYJAAPHO, T. €. MOBENEHNE TOUKHU IPU MTEPAINMAX OTOOPAKEHUA IOJHOCTBIO MPEI-
ckazyemo. CyliecTByeT rumoTesa, ITO WHTETPUPYEMOCTH BHENTHErO GUIINAD THOTO
0TOGPAKEHUA UMEET MECTO, TOJIBKO €CJAU BHEITHUN GULIMAD IHBIN ¢TOT — diunc. [1o
BCEUl BUAUMOCTH, NOKa3aTh 3TO BECbMA TPYAHO (s BEpIO, YTO 3Ta MUIOTE3a BEPHA);
AHAIOIUYHAA CUIOTe3a s BHYTPEHHEro Owiiuappaa (npunuceiBaeMmas Bupkrody)
TOXE He TOKa3aHa, HECMOTPS HA YCUIUA MHOTHX MATEMATUKOB.

3. [BOUCTBEHHOCTL MEXKJIY BHEIIHAM W BHYTPEHHUM
BUJIJINMAPOIAMU

YuraTenb, BEPOATHO, YKE OTMETHI CBOCOGPA3HYIO IBOUCTBEHHOCTE MEXK Ay BHEII-
HUM ¥ BHYTDPEHHUM OwtuapaaMu. TpaexkTopusa BHYTPEHHErO OWIInapaa — BIUCAH-
HEIA MHOT'OYIOJLHUK, & BHEIIHEr0 — OMUCAHHLIN, [PUYEM IIE€PBLEIA MMEET 3KCTpe-
MAJbHBIA [EPUMETD, & IOCIeNHUNM — BKCTPEMANBHYIO IIOMEALL (CM. HIPeIBIAyLIT
naparpad). Yem 0OBACHUTL TAKYIO ABOMCTBEHHOCTH MEXIY IJIAHOW U TLIOMIANBIO?

Curyaums mposSCHUTCA, €CIU PACCMOTPETH OUIIMAP] He HA IIOCKOCTH, a Ha cde-
pe. Poib mpaMbix B chepudeckon reoMeTpun UrpaioT Goabmme Kpyru. UmeeTcsa 3ame-
YATEIBHASA JBOUCTBEHHOCTDH MEX Y TOYKAMU U OPUEHTUPYEMBIMU MPAMBIMU: TTOJIOCY
OTBEYALT DKBATOD (CM. puC. 9, HA KOTOPOM TOYKM HA3BAHBLI OOJBIMMU OYKBAMMU, 2
COOTBETCTBYIONINE MPAMBIE — CTPOYHBIMEA). OTMeTUM, 9TO (Cdepuaeckoe) paccTo-
aaue AB paBHO yIuly MEXIy HPAMBIMEA @ 1 b.
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Puc. 9.

Baxnoe CBOUCTBO CHepUyuecKOn IBOUCTBEHHOCTU COCTOUT B CJACAYIONIEM: €CIu
TOYKa A JeXWUT HA NpAMOK b, TO ABOUCTBEHHAA TOYKA B J€XWUT HA IBOUCTBEHHOU
upsMon a (gokaxkure!).

[IBOMCTBEHHOCTD PACTPOCTPAHACTCA HA Chepuieckue KpuBhie. [uagkas OpueH-
TUPOBAHHASA KPUBASA 7y ONPENeNsaeT OTHONAPAMETPUIECKOE CEMEUCTBO KACATEJbHBIX
npsaMbix. COMOCTABAASL 3TUM MPAMBIM ABOUCTBEHHBIE TOYKY, IOLYIAEM OJHOIAPAME-
TPUIECKOE CEMEUCTBO TOYUEK, T. €. HOBYIO KPUBYIO Y*. DTO U €CTh KPUBAA, TBOUCTBEH-
HasA KPUBOU . [[BOMCTBEHHYIO KPUBYIO ¥* MOXKHO TIOCTPOUTD TaK: KAXAYI0 TOUKY X
UCXOJHOU KPUBOU 7y HYKHO CABUHYTH HA paccTosuue 7/2 (TO eCcTh Ha YeTBEPTH 6O0/b-
IOr0 KPYTa) BIOJb OPUEHTUPOBAHHON HOPMAJM K 7y B TOYKE X ; OPUEHTAIINA HOPMa~
JIU OTIPEIEIACTCA OPUEHTAIINEN KPUBOU -y TI0 MPABUIY TpaBou pyku. Hampuwmep, ecan
7y — mapaJuieNb CEBEPHOU IMUPOTHL (v, TO, B 3ABUCUMOCTH OT OPUEHTAINY 7Y, KPUBAS
" — mapaJsiesab CeBEPHOU WK I0KHOU MUPOTHL /2 — au.

OTMETHM BaXKHOE CBOMCTBO JBONCTBEHHOCTH: KPUBAs, JBONCTBEHHAA JBONCTBEH-
HOMU, IEHTPAJLHO-CUMMETPUIHA, UCXOIHOH, T. €.

()" =7
Yurarenb, He 3HAKOMBIN CO CHEPUIeCKOU TBONCTBEHHOCTDLIO, MOJAYIUT VIOBOILCTBUE
OT IOKa3aTeJbCTBA C(HOPMYJUPOBAHHOIO CBOUCTBA; NOAPOOHOE OOCYXK AEHIE MeoMe-
TpuM ¢HEPUIECKNX KPUBBIX CONEPIKNUTCA B cTaThe [1].

Pacemorpum orpaxenue GWIAAP AHOTO MAPa OT OUIIUAP THOU KPUBOK Y B TOUKE
X (cm. puc. 10, neBas gacts). JpoucTBennas kapruna usobpaxena ua puc. 10 cupasa
(kak u paHbIle, TBOUCTBEHHEIE O0BEKTH 0003HAYEHBI OINHAKOBEIMY OyKBAMH).

3aKOH OMIIAP JHOTO OTPAXKEHHA [JIACAT: «yTOJI A JeHUA PABEH YIVIY OTPAKCHUM) ,
T.€e. yIVIBl, 00pa30OBaHHBIE NPAMBIMEA G U b ¢ Kacareabnonu [, pasuel. Ha neoucTsen-
HOM KapTHHE 3TO O3Ha4aeT, 9To AL = LB, a 3HauUUT, ABOMCTBEHHOC OWJLINADIHOE
0TOOpaXKEHNE OTHOCUTENBHO KPUBOU Y* nepeBoauT Touky A B Touky B. Urak, cohe-
pUYECKUEe BHEITHUM ¥ BHYTPEHHUNA OULIUAD AL TBOUCTBEHHBL IPYT APYLY.

A xax OOBACHUTEL MBOUCTBEHHOCTH MEXAY IJUHOU U Tomanbio? TpaekTopusa
BHYTPEHHErO OWLIMAPIA — BIUCAHHBIM MHOTOYLOJBHUK DKCTPEMAILHOIO IIEePUME-
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a

Pwuc. 10.

Tpa. [Jauuel gBoucTBeHHbI yrviaMm. CiegoBaTeabH0, TPAEKTOPUSI BHENIHEro OULInap-
& — OMUCAHHBIA MHOTOYT'OJbHUK, UMEIOUIUA SKCTPEMAIBHYIO cyMMy yriaoB. Cymma
YIJIOB C(hepUIeCcKOro n-yrolbHAKA CBA3aHA C €ro IIOMIALbIO:

Zai:w(n72)+A

(konevHo, moaHas mIoOWALL cdepsl paBHa 47). DTo — Teopema Laycca—Bounne mis
cdepriecknx MHOTOYTOABHIAKOB; CM., HApuMeD, [2].

Nrak, opbuTa BHEmHEr0 OUIIAAPIHONO OTOOpaxKeHusa Ha cdhepe — DTO OMUCAH-
HBLIA MHOTOYTOIBHAK SKCTPEMATBHOR IIOmA L. [LI0CKOCTD MOXKHO IPENCTABIATE KAK
cdepy 6eckoredHOro paauyca. CyMMa yIioB 1-yrOMBHUKA TIEPECTACT OBITH MePEMeH-
HOU (OHA paBHA T(n — 2)), ONHAKO IIOMAIb COXPAHAET POJIb (PYHKIIUYA HA OMUCAHHBIX
MHOT'OYTOMLHUKAX, IbU SKCTPEMYMEL OTBEIAI0T OPOUTAM BHEITHErO OMLIAAPIA.

4. MOXKET JIU OPBUTA YUTU B BECKOHEYHOCTbL?

IMocMoTpuM Ha BHEMIHUN GUILIKAP [ «C BBICOTHI ITUYLETO TOJIETAY, T. €. 33,13 JUM-
€51 BOIIPOCOM: KAK YCTPOEHBI OPOUTHI OYeHb NaleKo oT Ouanuapauoro crona? Ecan
CMOTPETh M3JaJeKa, TO OGWiIuapaHad KPUBaA 7y TPEACTABIACTCA TOYKOU, a BHEI-
Hee GuummapaHoe oToOpawenue T — MEHTPAJBLHOW CUMMETPHUEN. JBOJIONUAA TOYU-
KN TIOJ JIeHCTBUEM OTOOpaxeHna 12 BHIMVIAINT KaK HEIPEPEIBHOE IBILKEHWE BIOIb
[EHTPANBHO- CAMMETPUIHON 3AaMKHYTOUN KpUBOU [, TpU€eM 3T0 ABUKEHUE VIOBICTBO-
pseT BTopoMmy 3akoHy Kemaepa: cekTopuanbHas CKOPOCTL TIOCTOAHHA (T. €. B PABHBIE
BPEMEHA DA JMyC-BEKTOD 3aMETAET PABHBIE ILIOMIAIN; €IAHALA BPEMEHH — 3TO, KO-
HEYHO, 0Ha uTepamus oTobpaxkenus T2). Ha puc. 11 u306pazxenbl HEKOTOPHIE BHEIII-
HUE OWLIMADIHBIE KPUBHIE ¥ (BEPXHAA CTPOKA) U COOTBETCTBYIOIINE WHBAPUAHTHLIE

/\ N

>0

Puc. 11.
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A ()

5

B

Puc. 12.

KpUBbLIE B GeckoHedHOCTH | (mocaenumi ¢cTonGer COCTOUT U3 MOMYKPYra U U3 ABYX
PaBHBIX IyT TMapaboJ, MepeceKaIUXCaA MO IPAMBIM YIJIOM ).

Cenuac a 0OBACHIO 5TU HAOIONeHUA. /18 ONPEneIeHHOCTH, PACCMOTPUAM CJIy9Ian
[VIAJKON KPUBOU 7y (YATATENO MPENIaraeTca CaMOCTOATEIBHO U3YIATh CAyYal, KO-
12 7y — BBILYKJABIA MHOOYIOJBHUK ). PaccMoTpuM Kakyo-HuOY 4b TapaMeTPU3ALUIo
BHeIIHer Ouiiuapanon Kpuson 7y (¢) u 0603naqum depes v(t) BEKTOP, KOHEL KOTOPO-
ro — touka (), a HAYAI0 — TOYKA KACAHUA OTIOPHOU MPAMOU K 7y, TAPALICILHON
BekTopy 7' (t) (cM. aeBy1o wacThb puc. 12).

[lnsa TodUek, O¥EHB YAAJIEHHBIX OT OMAIMAapAHOro cToaa, yroa ABC Ha mpason
qacTu puc. 12 npeHebpexuMo MaJi, IO3TOMY UCKOMas WHBAPUAHTHASA KpuBas B 6ec-
koneunoctu ['(t) (ompeneneHnas UMb ¢ TOYHOCTHIO 10 NOAO0US) AOIKHA UMETh Ka-
CATENBbHBIN BEKTOD, MPONOPIUOHANLHEIN ¥ (). VIHBEIMU CIOBAMHU, MBI XOTUM DEIIUThH
nuddepeHnnalbHOe YPABHEHUE

' (t) ~ v(t).
HAcHo, 4TO pemenne (eCJII/I OHO cymeCTByeT) €IMHCTBEHHO C TOYHOCTBIO O I'OMOTE-
THUU — Belb HAMpaBJeHrne KpuBou ' 3aaH0 BO BCEX €€ TOUKAX BEKTOPOM V.
HamoMumM, 9TO BEKTOPHOE MPOU3BEIeHNe @ X b — 5TO OPUEHTUPOBAHHAS TLIOIIA b

mapaJrenorpamma, o6pa3soBaHHOTO BekTopaMu a u b. B wactaocTn, a X b = 0 Toraa
U TOJIBKO TOTJAA, KOI'JA BEKTOPHL @ U b IPONOPUMOHAILHEL

YTBEPK/JEHUE. Peuenuem dupPepenyuasvnozo ypasuenus A6a4MCA CACOYIO-
wWas 8EKMOP-PyHKYUA:

HJOKA3BATEJBLCTBO. Nmeem:
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IO3TOMY

X 1 X / % 1
o x T/ = VXY (v xd) v)zo.
v X v (v xv")?

CrenoBarensno, I (t) ~ v(t), 9To 1 TpeGOBATOCH.

Urak, y Hac ects dopmyaa aaa kpuson . Ocraercsa o6baAcHUTE 3akoH Kerme-
pa. [Ipuxenne mo xkpusonu [(t) mpoumcxoauT co CKOpOCThIO 2v(t), a CceKTopuaIbHAs
CKOPOCTBH PABHA

!/
20(t) x T(t) = 2222 =9,
v XV
TO €CTh He 3aBUCAT OT BPEMeHU (CHOBA IOLYEPKHEM, YTO 3HAYEHUE KOHCTAHTEHL HE
uMeeT 0cOG0r0 CMBICAA, TAK KAK BCE ONPENEJEHO JULIb C TOYHOCTH 40 HO106us).

Mpl BuguM, 9TO IMHAMMKA BHEIIHErO OWJLIMAPIHOIO O0TOOpaxKeHus (a TOdHee,
ero BTOPOU UTEPANny) B GECKOHETHOCTH XOPOIIO ANMPOKCUMUAPYETCA HEMPEPHIBHEIM
IBUKEHUEM BOJb KPUBKIX, TOMOTETUIHEIX ['. Bax)Ho moHnMaTh, 0AHAKO, 9TO 3TO —
BCET0 JIUIIEL TPUOAMKEHHE K rOpa3no 6o1ee CAMKHON InHAMUKE. TeM He MeHee, Onu-
CAHHAA ANMPOKCAMAIIAA UMEET BAXKHLIE CIEACTBHAA.

IlepBoe crencTBme OTHOCHUTCA K CIy9Yar, KOUAa KPUBAA 7y AOCTATOYHO IVIANKASL
(HACKONBKO A 3HAK, JOCTATOYHO MIECTUKPATHOU nuddepeHnupyeMocTn). B sTom
caygae, ucnoabszysa Teopuio KAM (Kommoropos — Aproasa — Moszep), MOXHO [10-
Ka3aTb, 4TO orobpaxenue T, IeNCTBATENLHO MMEET MHBAPUAHTHEIE KPUBLIE CKOIb
YIOAHO Jatexo oT GmammapaHoro croaa (cMm. [5, 6]). Takas wHBapMaHTHAA KPUBasL
CIYXKUT «OTpPAJ0Ny, KOTOPYIO HE MOXKET TMepecedb OpOUTA BHEIIHETO GUIINAD THOTO
orobpaxenus. CegoBaTenbHO, HE 04HA OpOuTa orobpaxkenus T, He MOXET yUTH B
6ECKOHEIHOCTD.

BTopoe caegcTBue OTHOCHTCA K CAy4a, KOrAa GULTHAD JHBIA CTOJ — BBIIYKJ-
BIM MHOTOYTOJABHUK. B pToM caydae [ — meHTPaIbHO-CHMMETPUYHBIN BHITYKIBIN
k-yroapHuk (OmpemeneHHBIN ¢ TOYHOCTBIO 10 roMoreTun). Kaxgon cropore I' oTse-
9AEeT (BPEMs» § — OTHOIIEHUE IIUHEI CTOPOHEI K CKOPOCTH ¥, C KOTOPOU IPOUCXO TUT
JBUKEHUE BIOJb 3TOU CTOPOHKI (3Ta CKOPOCTH — OJHA U3 MUATOHAJIEN MHOTOYTOdb-
HUKA 7; CM. Tipeawiaymee obcyxacane). Habop wucen t = (tq,...,1,) onpegener ¢
TOYHOCTBIO 00 OOMEr0 MHOKUTEIA. BHENTHIY GULIuAD JTHEIA CTOM HA3LIBACTCA K6a31-
PAYUORAADHBIM, €CJAU BCE KOMIOHEHTHI § MOXKHO CAeIaTh PAMOHAILHEIME (& Torna —
U TIEJIBIMH).

[IpumepoM KBa3UPAIMOHAILHOTO MHOTOYTONBHUKA CIYKUT MHOTOYTOJBHUK, BCE
BEPIIMHBI KOTOPOTO MMEIOT IeIble KOOpAWHATHL. [[pyrow mpuMep — MNPaBUILHBIN
MHOTOYTOMBHUK, aas kKoToporo t = (1,...,1).

B crarse [6] FO. Mosep mocraBui ciaeayiommi BOIPOC: MOXKET JK OPOUTA BHELI-
Hero OWLIapaa yuTu B GECKOHEYHOCTD, €CJAU BHEIIHUN OW/LINADIHBIA CTOJ — BEHI-
TMYKJIBIM MHOTOYTOJBHUK? JaCTUYHBIN OTBET MAETCA CACAYIONEN TEOPEMON.

TEOPEMA. Ecau enewnuti 6usiuaponbiii cmos — K6aA3UPAUUOHAALHBIE MMHO20-
Y20AbHUK, MO HU 00HG OPOUMA 6HEWHE20 OUAAUGPOIHO20 OMOOPAHCENUA HE MOHCEM
yimu 6 6eckoHeunocmo.

[loxasaTeasCTBO DTON TEOPEMEBI HE UCHONB3YEeT «TAXKEION ApTUILICPUMy COBPE-
MEHHOU MaTeMaTHUKN, HO TeM He MEHee, COBCEM He IPOCTO. UnTaresb MOXKET HAUTH
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getamm B cTaThax [4, 7, 3]. Honuem oTeeT Ha BOmpoc Mosepa 10 cuxX mOp He M3Be-
cTeH (KOMIBIOTEPHBIE DKCTIEPUMEHTHI JAI0T OCHOBAHUA AYMaTh, 9TO €CIM BHEITHUN
OULIUAPAHBIA CTOJ — HOJYKDPYT, TO HEKOTOPHIE OPOUTEHL yXOIAT B OECKOHEUHOCTD).

Ormerum caencrBue chOPMYIUPOBAHHON TEOPEMBI: €CJAN BHEIIHUY GUILINAD JHBIA
CTOJ — MHOTOYTOJBLHUK, BCE BEPIIUHBI KOTOPOTO UMEIOT IeIbIe KOOP JUHATHI, TO BCE
OpOUTHI BHENTHET'O OMIIMAD JHOT'O OTOOpAKEHNS TEPUOANIECKHE.

[lenCcTBUTENBHO, MEJOYNUCAEHHOCTD BEPIINH 03HAYALT, UYTO KaXk 4asd OpOuTa BHEI-
HEro OWLIKAPIHOIO OTOOpaXeHWs NUCKPEeTHA, a TeOpeMa O3HA4YaeT, 4TO opbuTa
orpaunndena. OrpaHuveHHas U TUCKPETHAA OpOUTA KOHEYHA, YTO U TPeOyeTcs.

Hackonbko s 3410, 60JI€e TPOCTOr0 A0KA3ATEALCTBA CHOPMYIAPOBAHHOIO CJAE-
CTBUA, HE UCTONB3YIOMIETO BHIMEYKA3AHHON TEOPEMEI, HE U3BECTHO; GBLIO OBl MHTE-
PECHO HAUTU TAKOE JOKA3ATEILCTRO.

Eme oauH OTKPBITHIN BOMPOC, TOXKE OTHOCAMMUCA K CIYYUal0, KOTAA BHEITHUN
OWLINAD MHBIA CTOJ — BBIMYKJBIM MHOTOYIOJIBHUK: MOXKET JIU BHEIIHEE OWLIUAD JHOE
0TOOpaXKEHNE BOBCE HE UMETh MEPUONUICCKUX TPACKTOPUN?

OTMeTuM B 3akawveHue naparpada, 9TO BHENIHUU OULINAPT UMEET CMBICA U B
reoMeTpun JI06a9EBCKOTO, TPUIEM CBOUCTBO COXPAHEHUA TUIOMIA N OCTACTCA B CHJIE.
Nsyuenue Takux GuInapqoB — UHTEPECHAS OTKPLITAA 3a,1a4a.

5. MHOTOMEPHBI BHEMIHUNA BUJJJIUAPI

BuyTpennun 6uanuap onpeneseH B TPOCTPAHCTRE JH000U PA3MEPHOCTH, HATIPU-
Mep, B OOLIYHOM TPEXMEPHOM MPOCTPAHCTBE. A Kak OOCTOUT A0 C BHELIHUM OWi-
auapaom?

OKa3bIBAe€TCsl, BHEIIHUU OWLIAADI MOXHO OOPEAEIATH B JIOOOM YeTHOMEPHOM
OpOCTpaHCTBe (MIOCKOCTH YeTHOMepHa!). BelmecTBeHHOEe MpOCTPAHCTBO Pa3MepHO-
CTHU 21 MOXHO PACCMATPUBATH KaK KOMILIEKCHOE TPOCTPAHCTRBO pa3MepHoCcTu n. Ham
IOHAJO6UTCA OHePana Y MHOKEHIA Ha v/ — 1, KOTOPYIo MBI 0603HaIuM depes J — 310
quHenHnoe otobpaxkenue mpocTpancTsa C" B ceba. Ha mmockoctu J — 3T0 mpocTo
TOBOPOT Ha 7/2 B MOJOKAUTENHLHOM Hanpasaerny, a B C" onepaTop J MOXKHO mpecTa-
BJIATH ce6e KaK OMHOBPEMEHHBIM MOBOPOT KAaXKIOI0 KOOPAMHATHOTO MPOCTPAHCTBA

C na /2.
Buemmui 6uamuapoHBIE CTOI — HTO TaK K€, KAK U DPAHBIIE, BEITYKJIad OrDAHU-
qeHHas 00JacTh. OBGO3HAMNM ee I'DAHUIY — BBHIMYKAYIO 3AMKHYTYIO THIIEPIOBEPX-

mocth B C”, wepes M. Buemnee 6uimrapaHoe oToOpaxkenne MOXHO OBLIO OBI Ompe-
IeJUTh, ecau Obl B Kax a0l Touke M ObLia onpeiejeHa eIMHCTBEHHAA KACATEIbHASA
mpaMas. [Ipo6aeMa ke B TOM, 9TO TaKUX MPAMBIX CIUIIKOM MHOTO. Paspermaercs sTa
TPYAHOCTL TaK.

O603HaYNM ¥Yepe3 v BHEIIHUY eJUHUYHBIA HOPMAJIBHEIN BeKTOD K M (mpeamosa-
ras, 470 M — riaaxas cTporo BhIIYKJas UIEePIoBepxXHOCTh). BexTop J(v) kacaercs
M u 3agaeT OpUEHTUPOBAHHYIO KACATEILHYIO NPAMYIO B Kaxaou Touke M. Moxuo
NIOKa3aTh, 9TO Yepe3 KaXKAYI0 TOYKY A BHE OWILIMADTHOTO CTOJA TPOXOTUT POBHO
IBE TAKNE KacaTeJbHbIe IPAMBIC, IPUYIEM OJHA U3 HUX, I, UMEET HampaBJaeHne K M,
a apyrasd, I, — ot M. Teneps ACHO, KaK OIpeIeInTh BHEIIHeE OuLInap aHoe oTobpa-
WKEHME: HAXOIUM TaKyio TOUYKy X € M, 9TO COOTBETCTBYIOUIAA MPAMAS T IIPOXOIUT
gepes A, m orpaxkaem A B Touke X, 94TOGBI MOAYy9InTh HOBYH TOuky B = T(A)
(cpaBHuTe ¢ HavanoMm naparpada 1).
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Yro gaHHOE OMpENeTeHUe «IMPABMILHOEY, MOKA3KIBAET CAEAYIONIUN AHAJOT CBOU-
CTBa CoXpaHeHuA wiomanu. Hapaay ¢ OOBIYHBIM CKATAPHBIM TPOU3BEACHUEM, HUeT-
HOMEPHOE MPOCTPAHCTBO 00jJagaeT APyron OWIMHEMHOHU Olepaluerl — CUMILICK-
TUYIECKON CTPYKTYpou. CUMIIEKTHYIECKAA CTPYKTypa 06OOMAeT BEKTOPHOE TIPO-
U3BEJEHNE HA MJIOCKOCTHU, TO €CTh OPUEHTUPOBAHHYIO TLIOMATH TAPALIEJOTPAMMA.
0603Ha926TCA CUMILIEKTHYIECKAA CTPYKTYPA 9€Pe3 W W 3aIaeTCA CAexyromen ghop-
MYJIOH:

w(a,b) = J(a)-b,
roe a u b — BEKTOPHI, a TOYKOU 00O3HAYEHO CKAIAPHOE NMpom3BeneHne. B oTaname
OT MOCJAETHET0, W — KOCOCHMMETPHYIHASA OIEPAIAA:

w(a,b) = —w(b, a).

Tak BOT, 4715 I0OOTO BHEITHET O OUITNAD, THOT'O CTOA, BHEITHEE OUAInap 1Hoe 0ToOpa-
KeHNe COXPAHAET CUMILIEKTUIECKYI0 CTPYKTYDY. DTa TeopeMa (nokazaHHas B [8, 9])
UMEEeT CIeACTBUA, M3BECTHLIE HAM B CIydae IIockocTru. HampumMep, y BHEmHETO OmiI-
JUAPIHOTO OTOOPAKEHUA €CTh MEPUOAUIECKAE TPAEKTOPUHU BCEX MEPUONOB, HAYMH-
Had ¢ 3.

Tem He MeHee, 0 MHOTOMEPHOM BHEITHEM OWLIMAPAE He M3BECTHO MOYTH HUYErO.
Hanpumep, MoxeT mu opbuTa yxonuThb B 6eCKOHEIHOCTL? B MHOrOMEpHOU cuTyanmn
Teopuas KAM Gonpme me obecnevdmBaeT CymeCTBOBAHWA MHBAPUAHTHEIX THUIEPIIO-
BepxHOCTeN. [Ipyron MHTEPECHBIN BOMPOC KACAETCA CAydasd, KOTIa BHEITHUN OUJIN-
apJHBIA CTOJ — BLIIYKJBI MHOMOIDAHHUK (CKAXKeM, TeTPa’ip B 4€THIPEXMEPHOM
IPOCTPAHCTBE). DTOT BOMPOC TOXKE MOJHOCTHIO OTKPHIT.
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CKOJIBKO €CTb MEPUOANIECKIX TPACKTOPUN Y
TPEXMEPHOTO OmLImapaa’

®d. C. [lyxun

Nayuenue 3aMkuyTHIX (IEPUOANYIECKUX) TPAEKTOPUY OULINAPIOB BCTPEIACTCA B
pALe MaTeMaTUIeCcKuX 3a1ad. HanpuMep, 3aMKHYTEIE TPAEKTOPUN CUIINAPAOB CBA-
3aHBI ¢ COOCTBEHHBIMHU 3HAYEHUAMM OmepaTopa Jlammaca Ha COOTBETCTBYOMIEN 00J1a-
CTH, OTBEYAIOIIUMY 33 YACTOTHI 3BYIaHUs MEMOPAHLL, UMenlen (hopMy pacCMaTpu-
BaeMoro Gwinuap aa. [lepBeiM, KTO 3aHUMAJICA OLEHKAMU KOJUIECTBA IIEPUO [UIECKUX
TPAEKTOPUHU TIAJKAX OWILIMAPAOB, OBLT aMepuKaHCKuKM MaTeMaTuk J[xopmaxk Bupk-
rod. OH paccMaTpuBal CIeAYOMYIO 3aa9y. [lycTh Ha TIOCKOCTU JaHA BHIMYKJIaA
00J1aCTh C IVIAJKOU IpaHuner. BuyTpu obaacTu aBuxkeTcs OMIMap JHLIH MIap, 0TPa-
KAACh OT €€ TPAHUIIBI [I0 3AKOHY «yTOJ IMALEHUI PABEH YIUIy OTpaxeHusy. HekoTopsie
TPAEKTOPUHU [BUKEHUA 1MAPA MOTYT OBITH TMEPUOUIECKAMU: TTOCHAE P OTPAKEHUN OH
CHOBa MOJETUT IO CBOEMY MapuipyTy. Bompoc: kakoe MOXeT OBITH MUHUMAILHOE
KOJUYIECTBO P—IIEPUOANIECKAX TPACKTOPUM?!

[x. Bupkrod mokasai, 9TO [IA TPOCTOTO p > 2 CYIMIECTBYET TO KpauHen Mepe
p — 1 reOMEeTPUYIECKN PA3IUYHBIX P-TIEPUOANICCKAX TPAEKTOpUN. MOXKHO MOKa3aTh,
YTO 3Ta OIEHKA TOYHA: IS JI000r0 OPOCTOro p > 2 CYIMIECTBYET TAKasd BBIMYKJAs
06J1aCTh, 41 KOTOPOU KOJUIECTBO P-TIEPUOAUYECKUX TPACKTOPUU B TOYHOCTU PAB-
HO p — 1.

Bosrukaer Bompoc: a uro Gyger B TpexmeprHoMm npocrtpancTee? IlycTs B mpo-
CTPAHCTBE MMEETCA BBINYKJIAaA 00JACTh C IVIAAKOU I'PAHMIIEN, BHYTPU KOTODPOHU IIO
ONMMCAHHOMY TIPABUIY ABUKETCA mmap. [IpeAmosoxkuM aaA TPOCTOTHI, 9TO MBI UHTE-
PeCcyeMcsA TOMBKO 3-TEePUOANUECKUMEU TPACKTOPUAMHU. MOXKHO TOKA3aTh, UTO TAKUX
FeOMETPUYECKHU PA3IMYHBIX TPAEKTOPUL uMeeTcs 1o kpannen mepe 4. (Ctporo roso-
P, TO yTBEPXKIEHNE UMEEeT MeCTO Mg obsacTu obiiero noaoxenus. s obiaacren
CTIENUATBHOTO BUA4 HEKOTOPHIE U3 TPACKTOPUH MOTYT CIABATHCA.) [oKa3aTeabCTBO
OCHOBAHO HA METO[IaX, CBA3aHHBIX ¢ Teopuern Mopca.

CupaumBaeTcs: ABJIAETC JU 5Ta OleHKa To4Hou?! CymecTByeT au 061acTh B IPO-
CTPAHCTRE, I KOTOPOW UMEETCA POBHO 4 MepmoauYecKne TPaeKTOPUM mepuona 37
Ecau HeT, TO0 KAKOBO MUHUMAJIBHO BO3MOXKHOE KOJUIECTBO TAKUX TPACKTOPUNA! DTU
BOIPOCHL (K, KOHEYIHO, AaHAJOIUYIHELIE UM [JIs JIOO0I0 P) OCTAITCA OTKPBITHIMHE.
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bunrmapaaad mmHaMIYecKas CUCTeMa A 9UCIa, T

['. A.Taabnepun

BBEJEHUE. WMmeeTrcs MHOIO Pa3HBIX METOIOB BHIMUCICHUS TUCIA T, U3BECTHBIX KAK
C JAPEBHUX BPEMEH, TAK ¥ MOSBUBIINXCA COBCEM HEIABHO. JTU METOLbI UCIOJL3YIOT
Pa3HOOOPa3HbIE U3SAIIHBIE U — 2e0MeMPUUECKye (BIUCHIBAHNE U ONTUCHIBAHNE MHO-
COYTOJIBHUKOB BOKPYT OKPYYKHOCTH), MEOPEemuKko-4ucaosbie (TEOPUA UEMHBIX Ipoden
gaet npubamxkenue 7 A2 355/113 ¢ TOYHOCTBIO 4O OJHOU MUUIMOHHOU, €CJIA OrDAHU-
YUBATHCA APOGAMU C TPEXZHAYHBIMU IUCAUTENEM U 3HAMEHATENEM ), GHAAUMULECKUE
(¢ TOMOIIBI PANOB, UHTETPAJIOB U OECKOHEYHBIX MPOU3BENCHUN), KOMNbIOMEPHDIE
(KOTOPBIM B IOCAEIHEE BPEMs HECTh 9UCIA), U UX MHOI'OYUC/ICHbIE KOMOMHAH.

Kpowme atux — mamemamuueckusr — METOAOB, C JaBHUX [IOP U3BECTEH OJUH IKC-
NePUMEHMAAbHLIY CTIOCOO OTIPENENCHNA YUCIa T — TaK HA3BIBAEMBIN (METOJ UIJIBI
Broddouar. B HeM Ha pasinHOBAHHYIO PABHOYIAJEHHBIMU TPAMBIMEA TUIOCKOCTD TIPO-
U3BOJBHO OPOCAETCs UIIA, IJIUHA KOTOPOU PABHA IOJOBUHE PACCTOSHUSI MEXIY CO-
ceguumu npaMmeive. (Tak 4ro uria aubo He mepecekaer IpsMble, U0 IEPECEKAET
POBHO ONIHY TIpU KaxKA0M Gpocanun). MoXHO 10KA3aTh, YTO OTHOIICHNE YUCIA, IT€-
pecedeHni Uikl ¢ KAKOU-HUOY b JUHUEN K OOIIeMy YUCay OPOCAHUN CTPEMUTCI K 7
[IpU yBeJUUeHUU 4ucia Opocanun 10 Geckonednoctu. HyxkHO cuenars 0U9eHb MHOIO
UCTIBITAHUN, 9TOOR TIOAYIATE GoJee-MeHee MPUINIHYI0 TOTHOCTD TPUOINKEHUS 110~
JYYIEeHHOU IpOOU K 7, & KPOME TOTO, TIPU SKCIEPUMEHTE Ha 10 BHUMATEIBLHO CIeAUTD,
4T06OBI GPOCAHME UMVIBL OBLIO «PABHOBEPOSTHBIMY: MeTOI uriibl Bioddona cymecrsen-
HEIM 00pa3oM 6a3upyeTcs Ha MeTOaX TEOPUU BEPOATHOCTEN.

31ech MBI paccKaxkeM 00 OJHOU HOBOU M€ ONpeNeICHUA YUCId T — OUAiuapo-
#Ot, TPUIYMAHHON AaBTOPOM TIPU MOATOTOBKE HAYYHOTO AOKJIATA B OJHOM U3 aMe-
pukauckux yuuepcureroB. Korga 6unauap e MeTon Obll OOBABICH ay IUTOPUHN,
HUKTO €My TIOHAYAIY HEe TIOBEPUI, HO 3aTeM MOCIEIOBAI0 TOKA3ATEILCTBO, TPOCTOTA
KOTOPOTO Cpa3y ybeamaa BCeX COMHEBAMOMMAXCA. [1033Ke aBTOP BHIACIWI DTOT METO
B OTJAEIBHYIO TEMY U CAEIAN HECKOJBKO NOK/IANOB B IPYIUX YHUBEPCUTETAX, C OJHOU
U TOU XK€ PEeAKIMer ayJAuTOPUN: CHAYANA [OJHOE HeJOBEpUE, 3aTeM IOJHAS OYUeBU -
HOCTb.

Buniuapiusii MeTOA 1aeT BO3MOXKHOCTD OMPEACTUTE T C NPOU3604bHOT TOTHO-
CTBIO, T.€. Y3HATH €ro JioOyo Hamepen 33 1aHHyo mudpy. DTOT METOL — NeTEPMU-
HUPOBAHHBIN: BCE, UTO HY¥KHO CAEIATL, 3TO «3AMYyCTUTh) OWLIMAPAHYIO CUCTEMY U
MOACYUTATE YUCI0 YAAPOB B HEU.

ITpouEAYPA. IlomoxkuMm Ha HOJOKUTETHEHYIO MMCIOBYIO moayoch x > (0 nBa Ommau-
apAHBIX IMapumka ¢ MaccaMu m u M > m, m O6yjgeM mpeamonaraTb, YTO B Hadage
koopauHaT = = (0 pacmonoxkeHa a0COMIOTHO yIpyrasd CTEHKA, OTPaKalolaa HajJeTa-
IO Ha Hee mapuk. [Ipy oTpaxeHWn OT CTEHKM CKOPOCTBH MIAPUKA MEHAETCS Ha
CTPOTO TPOTUBONONOXKHYIO. PazMephl IMapMKOB HECYIIECTBEHHBI, U I MPOCTOTH
MBI Oy €M CUATATH UX TOUEYHLIMM YaCTHUIIAMHE.
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®dukcupyem HaTypaabHoe ducao N. Crenyomas Ipoueaypa MO3BOIAET OMPEIe-
JUTH JI000€ HAMEPE 33 JaHHOE KOAMIecTBO N TOCIe[0BATENbHBIX TU(D TUCIA, T:

(1) Maccor m u M moabupaem Tak, ato M/m = 100V;

(2) Map m pacnonaraem Mexay creakon £ = 0 u mapom M;

(3) 3anyckaem map M B cTOpPOHY mapa m C IPOU3BOJBLHON CKOPOCTHIO;

(4) TlogcuuTniBaeM obiee KOAMYECTBO yAAPOB B cucTeMe (T. €. 9UCI0 CTOAKHOBE-
HUJ MeX 1y MapaMy ILIIOC 9UCJAO OTPAKEHUN [Iapa 1M OT CTEHKH);

(5) 3ammceiBaeM MOMYYEHHOE YUCIO B NECATUYHON CUCTEME W 0603HAYAEM €ro
gepes w(N).

m {0 ‘_'
(]

AN
1

TEOPEMA. A) Hucao ydapos 6 onucannoli dunamuueckod cucmeme 6cez2da Ko-
HEUHO U HE 3A6UCUMN 0T HAUAALVHBIT NOAOHCEHUT WAPUKOS U HAUAALHOT CKOpOCMU
wapa M.

B) Yucao n(N) ydapos 6 cucmeme pasno

m(N) = |7 - 10V | = 3 14159265358979323 . . .. (1)

N Jdecamuunviz 3naKoe m

NIEA TOKABATEJLCTBA TEOPEMBI. Ona scHa u3 crarbu «Bwuimap sl u ynpyrue
CTOJKHOBEHUA JACTUI] U MAPOoB» (. 65-99) u cOCTOUT B CBEIEHUN ONMUCAHHON TUHA-
MIYECKOH CHCTeMBI K Omammapry B yrie seamauaon o = arctg(10~Y). TpaexTopua
3TOro0 OUAMUAP A OKABBIBACTCA MAPALIEIHLHON O MHOU U3 CTOPOH yIa (, IO3TOMY YH-
CJI0 €€ OTPAXKEHHN OT CTOPOH yIJa BCerja KoHewHo u paBHO 7(N) = |7/« (ecan
N > 1). 9tum goxaszama 9acts A. Bocnonwsosasmmcs pagom Tennopa mis arctgx un
(TOHKOM CTYKTypoin umcaa m — paserctsom |7/ arctg(10~N)| = [x/10~ |, momy-
YaeM OCHOBHOU PE3yJbTaT TEOPEeMbl — YacThb b:

(V) = chtg(qo—N)J - LOT—FNJ ' @)

IMonmoe moxazaTeabCTBO OyAeT TPUBEACHO B CACAYIONIEM HOMEDE.

BaaronapHocTH. Ilpexme Bcero xouy mobaaromaputhk npodeccopa Eastern Illi-
nois University Aupy Posenxonniia, B TedeHme NOATOTO BPEMEHHM HACTAWBABIIETO
Ha MyOIMKAIMK Pe3yJabTaTa >TOU cTaTbu. §1 mpusHATENTEH TAKXKe PYKOBOIUTENAM
U yYACTHAKAM BCEX MATEMATUYIECKUX U (PU3NIECKUAX CEMUHAPOB U KOIOKBIYMOB, HA
KOTOPBLIX MHE JOBEJOCH BEICTYIUTH C 3TUM pe3yabTaroMm B 1996-2000Tr.



[IBe ctaTpru 0 TeopeMe IloHcene

[lBUxenne TOUKM TIO IOMAHOU, yIacTBYyoIIee B hOpMyIUpPOBKe TeopeMs [loucerne,
BHEITHE BeCbMa IIOXOXKE Ha JIBUXXEHUE 61/1mmap,z;Horo mapa. STO CXOOCTBO HE TOJBKO
9uCcTO BHemHee; Teopema [loHcene OBOIBLHO TECHO IPUMBIKAET K TEMe HOMEpA.

BCQ U3BECTHBIE OOKa3aTEJAbCTBa TEOPEMBL HOHCEJIQ OJJIVHHBIEC W HEOYEBUIHLBIC.
EcTecTBenna moTpe0HOCTL cAenaTh 3TU MOKa3aTeJbCTBA 007€e TMOHATHBIMU U 7O-
crynabiME. [lepBas u3 myOIMKyeMBIX HUXKE CTATEN TOCBAIICHA U3JI0KEHUIO KIACCHU-
9ecKOro gokasareiabcTBa JapOy, KOTOPOE B HACTOSIIEE BPeMs M3BECTHO HE CTOJb
IIIUPOKO, KAK OHO TOT'O 3ACIAYKUBAET. BO BTOPOU CTAaThe MPEII0KEHO CPA3y HECKOIh-
KO mokasaTeabcTB TeopeMbl [loncene. Kpome Toro, Tam mpuseaeno o6061IeHne Teo-
pemsl [loHcesne nuis TpeXMepHOroO MPOCTPAHCTBA.
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MoxkazaTenscTBO TeopeMul [lorceme mo Japby

B. B. IIpacoaos

Teopema Ilomcene cocrout B caenyiomenm. [lycrs 3agamer nBe xkouuku 'y u [y,
He Kacawlluecsa Apyr apyra. B xoMmmiekcHon curTyauuy u3 Kaxgou touku A; € I'y,
OTJIUYHON OT TOUeK mepecedenusa 'y u ['s, MOXKHO TPOBECTH POBHO ABE KACATEIbHBIX
k ['y. ITopTOMy MOX)HO ocTpouTh AoManyo A1 As ... ApAyy1 Tak, 9TO0H €6 Bepmn-
uel A; nexanu va 'y, a npsavsie A1 Ay, AsAs, ..., Ay Aptq xacanucs I's (mogpasyme-
Baercs, 4T0 A;10 # A;). lpegnonoxum, 910 niasa nekoropou Touku A; touka A,y
coBmana ¢ Ay, T.e. IOAyYUIaCh 3AMKHYTasA N-3BEeHHAA JOMaHad. Torga u mpu Ja1060M
BeIOOpe Touku Ay € 'y Toxke moaydInTca 3aMKHYTasA N-3BEHHAS JOMAHAAL.

Oxno u3 HanboJiee NOHATHLIX I0KA3aTeALCTB TeopeMsl Iloncene npenitoxur Jdap-
6y [[]. On sameTnn, uto Teopemy IloHcene yao6HO TOKA3HLIBATE, WCIOMb3YS CHACTE-
My KOOPAWHAT, B KOTOPOU MOJOXKeHWe TOUkM A 3a7aéTca IByMA KaCATEIbHBIMU K
HEKOTOPOU (PUKCUPOBAHHOU KOHUKE, HpoBeaéHHbIMU 13 Touku A. B xauecrse Quk-
CUPOBAHHOU KOHUKHU MOXKHO BHIOPATH TMPOU3BOJBHYI0 KOHUKY, TMOCKOILKY MPOEKTUR-
HEIM peoOpasoBaHueM M0y (HEBBLIPOXKICHHYIO) KOHUKY MOXKHO TE€PEBECTH B JIHO-
6yio apyryo. Brifepem KOHUKY, KOTOpas B OJHOPONHLIX KOOpAMHATAX (T : Yy @ 2)
sagaérca ypaprerueM y2 = xz. Touku »Tou KoHUKE uMeoT kKoopauaaThl (1 : ¢ : t2);
npu t = oo moayvaem Touky (0: 0 : 1). Kacareasnas B Touxe (g : Yo : 20) 3amaérca
ypaBHeHUMEM 2y0y = ToZ + 2%, T.e. t?x — 2ty + 2 = 0, rge ¢t — mapaMeTp, COOT-
BETCTBYIOLMI TOUKe (Zg : Yo : 20). 1TOOGH HAUTU OFHOPOIHBIE KOODAUHATHL TOYKU
MEPECeUeHNA B TOYKAX C MApaMeTPaMu t; U o, HYXKHO PEIIUTL CUCTEMY JUHEUHBIX
ypaBHEHUN

e — 2ty +2=0, i=1,2.
Pemas eé, noaygaem

2y:$(t1+t2), ZZZEtth.

[IPUMEP 1. Hczodnas wowuxa y?> = xz 6 koopdunamaz (t,ts) 3adaémea ypas-
nenuem (t +1t2)2 = dtity, m.e. (t; —t2)2 = 0.

[IPUMEP 2. Kacameavnas x ucrodnot wonuxe 6 mouxe (1 : o : o) zadaémea
ypasnenuem (t1 — a)(ta —a) = 0.

Ham moTpebGyercs onucanue ceMENCTBA KPUBBIX MUHUMAILHOU CTENEHU, MPOXO-
IAMINX Tepe3 BCe TOUKU TIEPECeSeHUs N MPAMBIX OOIIEro MOJOKEHNA Ha MI0CKOCTH.
Kax nas u3 oTux npsAMBIX TIepecekaeT TaKyio KPUBYIO B 1 — 1 TOUKAX, MODTOMY CTe-
[I€HL KPUBOU HE MOXKET OLITL MeHbIe 1 — 1.
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JIEMMA  ([TAPBY). Ypasnenue a6t xpusot cmenewu n— 1, npozodswet uepes
8CE MOUKU NEPECEUECHUA NPAMBIL, 3Q0AHHBIL AUNECTHBIMY ypasHeHusmuy py = 0,...,

pn =0, umeem sud
A1 An
—=+...+— 1] =0
D1 pn(pl pn) ’

2de N\, ..., Ay — mexomopbvle Koncmarnmot (Npednosazaemca, 4mo 6ce Mouky nepe-

ceuenus aHNBIT NPAMBIL NONAPHO PA3AUUNBL).

OKA3ATEJBLCTBO. IlycTs paccmaTpuBaeMas Kpubas 3anaércs ypasuenuem C' =
= 0. Bo3bmém mpamyio [, mepecekarolnyo NpsaMele py, . .., Pn B N PA3INYHBIX TOYKAX

Z1,...,Ty, 1 BEIOEPEM 49HCIA A; TAK, YTOOBI B TOYKAX T; BHIIOJHAIOCH PABEHCTBO
A1 An
C—pr-.ciopp| —=+...+4= ] =0. (1)
p1 Pn
151 5TOTO HYXKHO TOJOXKUTH

Clx;)
pr(wg) - oo Pi(g) oo pnleg)

Ai =

Toraa paercTBo (1) BEIMOTHAETCA B 1 PA3INYHBIX TOYKAX KAKIOU NPAMON p;. Ecan
pasencTBO (1) BBINOIHAETCA HE s BCEX TOYEK IUIOCKOCTH, TO OHO 3a43aT KPUBYIO
crenenu He Beime 1 — 1. Ho 3Ta xpuBas noskna cofepkaTh BCE MPAMBIE P;, IO3TOMY
eé cTeneHb He MOXKET OBITH MeHbIne 1. [IpuxonuM Kk mpoTuBOpeduto, mostomy C =

A A
:p1~...~pn<—1+...+—">:0.

D1 Dn
BriGepeM B Ka4eCTBE IPAMBIX P1, . . . , P, KACATEIBHbIE K KOHUKE Y2 = T2 B TOUKAX
€ mapaMeTpaMu Qi . .., &,. Coraacuo aemme JapOy kpusas cTenenu n — 1, mpoxoas-

I1asa Yepe3 TOUYKU MePeCceyueHnsI DTUX IPAMBIX, 3a1a€TCA YPaBHEHNEM

n

Ai _
Z (b1 —a)(ta — o) 0.

=1
Tox gecTBo
Ai i (2=t

t1 — (67 ty — (671 (tl — Ozi)(tz — ai)
MMOKAa3bIBACT, ITO MOCJAC YMHOXCHUA HA to —t1 DTO YPaBHCHUEC MOXKHO 3aUCaTh B BUMEC
n

A SNy
Z t1 *Zaz' - Z to :ai-

i=1 i=1
Hamommum, 9TO TOUKH, 41A KOTOPEIX 1] = tz, J€XKaT Ha MCXOIHOU KOHUKe y? = xz.
Iycts

n

Ai Pn_ (t)
Z t—a; ant) = R,

=1

roge Qn(t) =t —a1)-...- (t —an) u P,,_1(t) — MHOrO4I€H cTeneHy He Bbiue 1 — 1.
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Pasenctso R(t1) = R(t2) sxBuBanenTHO paseHcTBY R, (t1) = R, (t2), rae

_ P,_1(t)
Qn(t) +pPp_1(t)

ATO 03HAYAET, YTO AN BCEX [I TOYKN TIEPECEUEHUS KACATEJIBHBIX B TOYKAX C Ta-
pamerpamMu ai(p), ..., an(p), rae ay(p),. .., an(p) — xopuu muorowiena @y (t) +

+ uP,_1(t), mexkaT HA ONHOM W TOU Xe KPUBOW cTeneHu n — 1. JleHCTBUTENBHO,
PaMOHAJIBHYIO (PYHKIINIO Ru(t) MOXKHO IPEACTABUTEL B BUJE

Ry (t)

31€Ch MPEINOIATAETCA, UTO UCTA (1 (1), - . . , Grp (f4) TIOMAPHO pazmmaHbL. ")

[Mnsn =3 un =4 teopemy lloncene Teneps Jerko nokasath. llpu n = 3 Gepém
TPEYrOJIbHUK, BIUCAHHBIN B KOHUKY ['7 1 onucanubid BOKPYTr kouuku ['s. CymecTsy-
eT OJHONAPAMETPUYECKOE CEMEUCTBO TPOEK MPAMBIX, KOTOPHIE KACAIOTCI KOHUKY Lo
 TOYKW TepeceveHns KOTOPHIX JexaT Ha kKoumke 1. Ilpm n = 3 Bce Toukm mepe-
CEYeHUs MPAMBIX SBJISIOTCA BEPIIMHAMYU PACCMATPUBAEMOU JOMAHOU, & KPOME TOTO0,
HUKAKUX IPOGIEM C BO3MOXKHBIM CAUAHUEM TOYEK ;({t) He BO3HUKAET [0 [eOMeTpU-
eCKUM COOGpakKeHmaM.?)

[Mas n = 4 Toxe HET TPOOIEM C BO3MOXKHBIM CIAUAHUEM TOYEK ;([t), TOTOMY
9TO B DTOM CIAy9ae MOTYT CIUTHCA TOJBKO TOYKEU (ft), COOTBETCTBYIOIINE COCEl-
HUM 3BEHLAM JOMAHOU, & TOrAa mnoaydaercs kacanue Kouuk 'y u I's. Ho maan = 4
y&Ke He BCE TOYKU MEPECEYeHUs MPIMBIX ABIAIOTCA BEPIIUHAMU PACCMATPUBAEMOU
JIOMAHOU: 1A YeTHIPEXYTONbHUKA TTOMUMO BEPIIUH €CTh €IE W TOYKYU TIepeCeIeHUs
IPOAOKEHUY CTOPOH. depe3 3Tu 6 TOYEeK NepeceveHus CTOPOH YeTHIPEXYTOMbHUKA
U UX TPOJOKEHUN HYXKHO IPOBECTU KPUBYIO CTEIEHU 3, IPUIEM KPUBAsS, TPOXOIs-
IMas Yepe3 BEPIUHBL YeTHIPEXYTOABHUKA, NOMKHA OBITh nanHon koumkon I'. Taxas
KpUBasg NOMKHA OBITH OOBEIUHEHNEM KOHWKU ' U mpaAMOu [, COeAMHAIONIEN TOUYKA
nepecedeHus npoaoakennin cropon. CyImecTByeT oQHOIapaMeTPUIECKOe CEMENCTBO
4eTBEPOK MPAMBIX, KOTOPBIE KACAIOTCSA JAHHOU KOHUKU W TOYKHU TI€PECEeYEHUs KOTO-
puix gexar Ha I’ u [. Boobiie roBops, BepuimHa 4eTHIPEXYTONBHIUKA MOV OBl TIPU
IBIKEHUH «IIepeexaThy ¢ KOHuKHU [ #a mpamyio | Ho I' u | He uMeloT BeImecTBEHHBIX
TOYEK CAMOIEPECEIEHN.

Ilpu n > 5 npobaeMBl ¢ BO3MOXKHEBIM CAUSHUEM TOYEK (1) U ¢ mepeesxanuem
BEPINKH JOMAHOU ¢ OJHOW BETBU KPUBOU HA APYTYIO CTAHOBATCA GONEE CAOKHBLIMHU.
IMosToMy mogouaéM K 3agade TOo-IPYyTOMY.

Pacemorpum momanyo Ay ApAs ..., BEPIIMHBI KOTOPOU JEXKAT HA KOHWKE ['p, a
3BeHbsI KACArTCsa KOHUKHU 5. Mer cHOBa OyaeMm 3a1aBaTh MOJOXKEHHE TOIKH KOOP-
IUHATAME, CBABAHHBIMU ¢ KOHUKOU ['y. Bynem mpennonaraTts, uto Touka A; umeer

1) Copnagenne uncen a;(p) u o (@) Ipu ¢ # j COOTBETCTBYET TOMY, YTO IPU JAHHOM 3HAYEHUM [i
BMECTO 3aMKHYTOH N-3BEHHOM JOMAHOU noaBaseTca (n/k)-3BeHHAs J0MaHasg, KOTOpas 00xoauTcs k
pa3. B 1elcTBUTEILHOCTH TAKOrO He GBIBAET, HO 9TO TPeOyeT OTAENbLHOIO NOKA3aTelbCTBA.

2)B ycaoBum TeopeMbl [loHcene npennonaraerca, uTo KoHuku I'1 u ['o He kacaroTca. U3 ciuanua
ABYX TO4EK «;({t), COOTBETCTBYIOIMX COCEAHUM 3BEHBIM JOMAHOW, BEITEKAET KACAHUE KOHWK. A B
TPeyroJbHUKE J1100asd Hapa CTOPOH COCEJHIA.
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KoopaumHaTh (@;_1, ;). Konuka 'y 3anaérca ypasuenuem f(t1,t2) = 0, rae
fti,ts) = at?ts 4+ btito(ty + to) + c(t? +t3) + dtits + e(ty +t2) + f.

BrracEnM, KaKuM ypaBHEHHEM 32 1aETCA KPABAsA, HA KOTOPOU JIEXKAT TOYKH Iepecetde-
musa npamMbix A;_1 A; m Ajp1 Ajyo. s DTOTO HYKHO UCKIIOYATH (y; U3 COOTHOIICHUN

flai1,a5) = 0m f(ai, ip1) = 0.
Dyuknuio f MOXKHO IpejCTaBUTh B BUIE
f(ti,t2) a(t)t3 + B(t)ts +y(t) =
alts)t] + B(ta)ts +(ta).

YTOOB UCKIIOUNATE (; U3 YPABHEHUN

a(ai—1)of + Blai—1)a; +v(ai) = 0,
alaip)ai + flaip)a +y(aip) = 0,
HYXHO COCTABUTH PE3yJbTAHT
alair) Blai) leia) 0
0 alai—1) Plai-1) y(ai-1)
=®(a;_1,0511).
o(ain) Bloin) o) 0 (i, 2001)
0 alaip1) Blair)  vy(@ipr)
Touku mepecevenns npAMbIX A; 1 A; u A;11 Aj1o JEXKAT HA KPUBOU, BAMAHHON YDAB-
uwenuem P(i1,12) = 0. Hemocpexgcreenno us onpenenenus Buguo, aro ®(ty,t2) =

= ®(ty,t;) m & memmTca Ha ty — ty, mosToMy ® memmTesa ma (t; — t»)2. Paccmarpu-
BAEMBIU PE3YJbTAHT ABIAECTCA MHOTOWIEHOM cTerneHu 4 (M0 KaXKI0oU MepeMeHHON),
HOPTOMY IOJAy<aeM CUMMETDPUYHOE KBajapaTudHoe cooTHomenue fi(a;_1,ai41) = 0,
KOTOPOE 3303€T KOHUKY.

IMokaxem, 9T0 1 Ipu JHOOOM k TOUKY TiepecedeHus MpaMbix A; 1 A; m Ajpp—1 At
OyAyT JEXKATh HA OJHOU KOHUKE. [IpeamonokuM, 9T0 yKe U3BECTHLL CAMMETPUIHEIE
KBaAPATUIHbIE ([0 KAXKIOU IEPEMEHHON) COOTHOLIEHMS

flaimi,0:) =0, fi(ai-1,0i41) =0, ..., fro1(ai-1, @itg—1) = 0.

Me1 xoTum noayauts coorsoumenue fi (o1, a;yr) = 0. Jas 3T0ro HyKHO UCKIIOUUTH
Qiyp—1 U3 cucreMbl ypaBHeHHH fp_i(oi—1,®ipk—1) = 0, f(oiyr—1,0i4%) = 0.
B pesyabrare momyaumm coorHommenue 4-u cremenu ®(q;_1, i) = 0. Oykuua
flajrr—1,t) obpamaeTca B HyJb HE TOJBKO MPU ¢t = (i), HO U TIPU § = Qyirp_2.
Mostomy ®(c;—1,@itk—2) = 0. D10 o3magaer, yro muorowien ®(z,y) merurcsa ma
fr—o(x,y), T.e. BeAMTCS HA COOTHOIIEHUE, CBA3LIBAIOLICE (v;_1 U (;ik—2. Ocraéres
IPOBEPUTH, UTO MHOTOUIEH fi = P/ fr_o cuMmMeTpuyeH.

YT06B CUMMETPHYIHOCTE COOTHOIICHUA, CBA3LIBAIONIETO (v;_1 U (i, ObLIA O9e-
BHIHA, MOXKHO 3TO COOTHONIEHUE TMOIYYIATL MO-APYroMy. Bymem mOcaenoBaTenbHo
UCKIIYATD (i, Qlit1, - - -5 Qitk—1 13 cooTHOmenun f(a;_1,q;) =0, f(as, air1) =0,

o J@irg—1, qirg) = 0, IpUYEM KaxkK IbIM PA3 MOLYY€HHBI MHOTOWICH Oy 1€M COKPa-
marth Ha f;. Ecin BOCnoNb30BaTECA CUMMETPUIHOCTBIO MHODOWIEHOB [, fi,..., fa—1
7 06PATUTH TOCAEIOBATEIBHOCTD BEIUACACHNUN, T. €. UCKIIOTATD (g k—1; - - - ; Qi 1, Qg
w3 f(oirr—1,i+k) =0,..., fla,air1) =0, f(a;—1,a;) = 0, To B pesyabpTaTe momny-
YUM TOT K€ caMbll MHOrO4IeH fi. [lopTOMy MHOrOYIEH [ cUMMeTpUYEH.
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Tenepr mpu n > 5 Teopema lloHcene JeTk0 TOKA3BLIBAETCA, MOCKOJIBKY TOYKHU
Ay, ..., A5 OIHO3HAYHO 3aJAI0OT KOHUKY, & 3HAYAT, TOYKU TEPECEUCHUS MPAMBIX
AjAii m Ay 1 Aiyn = Ajpn_1 A; I€XKaT HA TOU XKe CAMOU KOHUKE.

Ecar n = 2m, TO kpuBas, O KOTOPOU ABUKYTCA TOUYKU MEPECEICHUA TPOLOJI-
KEHUU 3BEHLEB BIUCAHHO-OMUCAHHOU JOMAHOU, MOJKHA COCTOATH HE U3 17 KOHUK,
au3 m — 1 KOHMK ¥ OQHOU IPAMOU, IOCKOJALKY CTEIEHL dTOU KPUBOU PaBHA 1 — 1.
Mosicaum, moueMy ogHa M3 KOHMK (M KAKasg UMEHHO) BBIPOXKAA€TCA B HPAMYIO.

Ypasuenue fi(a;—1,2) = 0 uMeeT KOpHU ;1. Ecau k = m, TO 5Tu KOpHU COBMA-
JAIOT, TIOBTOMY MHOTOWIEH f,, HOMKEH OBITH KBAAPATOM CUMMETDPUIHON JUHEHHOU

dbyHKINU.

CHOUCOK JIMTEPATYPHI
[A] Zap6y I'. Mlpuanyne: anamutudeckon reomerpnu. JI.-M.: TOHTH, 1938.
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['omeongHAA TIOTHOCTDL U TeopeMa [loHcene

A. A.Tlanos . A. Tlanos

Teopema IloHceme — onHA M3 CAMBIX MPUBICKATENILHBEIX B MPOEKTUBHON MeOMe-
Tpuu. 3BeCTHO HECKOJILKO BAPUAHTOB €€ J0Ka3aTelbCTBa, HO, KaK CKa3aHo B [1] u
HOBTOPEHO B [2], «BCe OHU IOCTATOYHO AIUHHBLI U HEOYEBUIHBD . BO3MOXKHO, XOTs GBI
OJTHO U3 TPEJIOXKEHHBIX 3E€Ch NOKA3ATEILCTB OyeT CBOOOIHO M0 KPAWHEN Mepe OT
OHOTO M3 >TUX HegocTaTKoB. HamomumM dopmyauporky Teopembl [lomcene.

TEOPEMA IIOHCEME. ITycmv umeromes dee wonuxu Co u Cr u nycms Ay Ay ...
o Apsr — aomanas, sepuunbt Komopot aexncam wna Co, a pebpa kacaromes Cr. To-
2da, ecau das nexomopoli mouku A1 3ma N-38enHAA AOMANAL 3AMEHYMA, MO OHA
oydem samrxnymot u npu aobom dpyeom ewvibope mouku Ay na xonuxe Cq.

3aMeTnM, 9TO KOHCTPYKIIUA, paccMaTpuBaeMas B Teopeme Iloncene, nmeer ecre-
CTBEHHBLIA XAPAKTED W BO3HUKAET B ONPENEJEHHBEIX MEXAHWIECKHX U ONTUIECKAX
3ajgadax. Hampumep, mpu IBMKEHUN CBETOBOTO JIYyUa B TIOCKOM DJLIUTTUYECKOM Pe-
30HATOPE MPAMOJUHENHBIE OTPE3KHA JIy9a UMEIT OrAOAINIYI0 (Ha ONTUYECKOM A3BI-
K€ — KayCTUKY ), IPEICTABIAONLYI0 COO0U KOHUKY, CODOKYCHYIO C OI'DAHUIABAIOIIIM
sumuatcoM [3, 4].

Mu1 ompeensieM rOMEOUJHYIO TUIOTHOCTD HA DJIUTCE KaK ad@uuaHbI 06pas pas-
HOMEPHOU TJIOTHOCTU HA OKPYXHOCTHU. [IpM 3TOM ZJIUNC HACAENYeT MHOTHE CBOU-
cTBa OKpyxHOCTH. Hanpumep, »mmmnc, cHAGKEHHLIM IOMEOMAHOU ILIOTHOCTHIO, HE
OPUTATUBAET HA IMIOCKOCTU U KACATENbHBIE K JLIUICY, IPOBENEHHLIE W3 OJIHOU TOY-
KU, CTAHOBATCA (B HEKOTOPOM CMBICJE) DABHEIMU. ['OMEOMIHAA TIOTHOCTb TAKKE
JOIyCKAET U eCTECTBEHHYIO (PU3UUECKYI0 MHTEPIPeTanuio. 3apsas (34ech UMeeTcs B
BULY (ILIOCKUI» 3apPAM, II1 KOTOPOrO KyJIOHOBCKAA CAIA OOPATHO MPONOPIUOHATBLHA
PACCTOAHUIO ), TOMEIIEHHBIN Ha TPOBO IANIAN JLTATIC, PACTIPEIEIUTCA HA HEM ¢ TOMEO-
U HOU TIOTHOCTBI0. BBeIeHre Takon IO THOCTH TIO3BOIAET paboTaTh C TAPOU KOHUK

An+1

Ay

Punc. 1.
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Co u C; Kak ¢ Mapou OKPYXKHOCTEN U ATIIMPOBATH K W3BECTHOMY NOKA3ATEIbLCTBY
TeopeMbl TToHCeNe I TAPHT OKPYXKHOCTEN [2].

T'oMeonaHy0 IOTHOCTL MOXKHO BBECTH M Ha APyrux xonukax. CHadasia MBI BTO
CleJaeM A TAPBI TPAMBIX, & TTOTOM TIOJAYYAM U3BECTHOE AHAIUTUYECKOE TPENCTa-
BJEHUE IIOTHOCTH [5] W /s OCTATBHBEIX KOHUK. B [5] 1aHO mpoCTOe reoMeTpudecKoe
omnpeneleHre rOMEOUIHON IJIOTHOCTH Ha KOHMKaxX. MLI MOKaxkeMm, 9TO rOMEOUIHAA
IUIOTHOCTD HA KOHUKAX MMEET U APYrOe eCTECTBEHHOE MeOMETPUIECKOE IPEACTaBIe-
HUE, a UMEHHO, TPEACTABICHNE NBOAKO-TUHENIATOUN TIOBEPXHOCTHIO, KOTOPOE MO3BO-
JaAeT chOPMYJIUPOBATEH CACAYIOMINN MPOCTPAHCTBEHHBIN BapuaHT Teopembl [loHCe-
e [6], [7].

TEOPEMA. IIycmb umeromes dee keadpuxy obueeo nosoxcenus Qo u Q1 6 CP3.
Yepea L'Qq u L" Q1 obo3nauum dee cucmemvl aunetinbix 006pasyowur xeadpury Q1.
Hycmo B1Bs ... Bopy1 — aomanas, eepuiunbt Komopot aexcam wa nepecevenuy T =
= Qo N Q1, a pebpa npunadaexcamn (Uepeoyacs) CuUCMeMam AUHETHBIT 00DaA3YOUUT
L'Q, L"Q,. Toeda, ecau das nexomopot mouxu By sma 2n-3eennas aomanas 3a-
MEHYMA, Mo ona 6ydem samxnymots u npu awbom dpyzom evibope mouku By wa T .

Teopema cnenmanbHO cHOPMYJUPOBAHA TAKUM OOPA3oM, 9TOOBI HEIOCDPENCTBEHHO
ObL1a BUAHA ee CBA3b ¢ Teopemou I[loncerne. Tlocne ee mokazaTeabCcTBa MBI IPUBO-
M Golee OOMIMH M CUMMETPUYUHEIN BAPUAHT 114 Myuka kaipuk B C'P3. B xonme
CIeJAHO HECKOJIBKO NOGABIEHUN O CBA3M MEXKAY TOMEOUJIHOCTHIO U WHTETPUPYEMO-
CTBIO, O KOMIBIOTEPHLIX 3KCIEPUMEHTAX C DIUITHICCKUM OWIINAPIOM U O IPYIUX
BOTIPOCAX.

['OMEOUAHAA MJIOTHOCTb — IIEPBOE JOKABATEJLCTBO
TEOPEMBI IIOHCEJIE

[na noxasarenscTBa TeopeMsl [loHceme HaM MOHAR00ATCA creayomme (GaKTH:

> OKPYXHOCTb Ha IIOCKOCTH He NPUTATUBAET,
> BJIIUIIC Ha IIOCKOCTHU He IPUTATUBAET,

> KacaTeJbHBIE K JJLIUIICY, IPOBEACHHBIE U3 OQHOU TOYKY, PABHEIL.

IMocxonbky B TpaIUIIMOHHOM TTOHUMAHUHU BCE DTU YTBEPXK IEHUA O TUHAKOBO HEBEPHEI,
OHU HYXJAIOTCA B HEKOTOPOU UHTEPIPETAIUN.

O?prDfCHOCmb HA NAOCKOCTU HE NPUMASUBAETT

ODToT GAaKT BEPEH N0 KPAUHE:d Mepe HANOJOBUHY. VBBECTHO, 4TO B ABYMEDHOM
MUpPE CHJIa TIPUTAKEHUA 0OPATHO MPOMOPINOHATBLHA PACCTOAHNIO. B 3TOU cuTyamnun
MAacca, PABHOMEPHO PACIPEIETECHHAA BAOIL OKPYXKHOCTH, CO31aeT BHY TP Hee HyJe-
BOE TI0JI€ CIIBI TAXKECTH. BLINOJHAETCA JOKAIBLHLIA OANAHC CHI — ABE IIPOTHBOIOMOK-
HBEIE MYT'M, BHICEKAEMBIE XOPAAMHU, TPOXOMANINMYA UY€pe3 NAHHYI0 TOYKY, NENCTBYIOT
HA BTy TOYKY B TOYHOCTHU C TPOTUBOTOJOKHEIMU CIIAMEA. DTO YTBEPKICHUE CICIY-
eT 13 nogo6Kua MHPUHATEIUMAILHLIX TPEYTOJLHIKOB HA PUCYHKE 2, B YACTHOCTH, W3
COOTHOIIEHUSA

dp1 _ dy2
I L (1)



T'omeonauas mwroraocTs u Teopema Iomcere 147

dps
Puc. 2. Puc. 3.

IMocmoTpuM, KaK HYyKHO H3MEHUTH 3aKOH TATOTEHUs, YTOOLI U BHE OKPYXKHOCTH
mosie ObLmo HysdebiM. CHavana 3aMeTHM, YTO MHOUHUTEIUMAJILHBIE TPEYTOJIbHUKI
Ha PUCYHKE 3 TOXe MONOOHLI U 1A HUX [IOCIe BBEAEHUA COOTBETCTBYIOMUX 0003HA-
YEeHUI BBIIOJHAETCA TO ke camoe ycaosue (1). Coxpanum gis cui 3aKOH 0OpaTHOU
MPONOPIMOHAIBLHOCTHU U Oy A€M CIUTATH, 9TO AYTU, PACIOJIOKEHHBIE IO PA3HBIE CTO-
poHEI OT TOuku (puc. 2), npurtaruBaioT ee. Ho, ecam 1yru pacroNokKeHBl IO OTHY

CTOPOHY OT TOUYKM (pHUC. 3), TO CYMTAEM, HAIPUMED, UTO AAIbHAA IPUTACUBAET, &

6umxusas orrankusaeT. Coornomenwe (1) rapanTupyer, 9TO OPU TAKOM HOHUMAHUN
OKDYHOCTB HA IJIOCKOCTHW Ha CAMOM [eJe He MPUTATUBAET.

3AMEYAHUE OB OPUEHTAIINY. B manpuenimem HaMm IpuieTcs CAeqUTh 3a Halpar-
BJIEHUEM MHGUHUTE3UMATLHOTO casura dp. [looTomy BepueMcs k pucyuky 2. [Ipen-
CTaBUM, YTO OHA XOPJAA HA PUCYHKE TIOAYYUAETCA U3 IPYTOU MATBIM TOBOPOTOM BO-
Kpyr ux obmeu Touku. Torga »ToT MOBOPOT MHAYIUPYET COMVIACOBAHHYIO OPUEHTA-
nuio Ha gyrax dg, u dp,. Eciu xe, kak HA pucyHke 3, CEKyIIas MOLYIaeTCsa MAJIBIM
TMOBOPOTOM U3 CEKYIIIE, TO OPUEHTAINS BEICEKAEMBIX UMHU YT TPOTUBOTIOIOKHA.

Tomeoudnas naomuocms — U IAAUNC MOHCE HE npumazueaem

DIAUIC ABAACTCA adPUHHBIM 00pA3OM eIUHUYIHON OKPYXKHOCTH. [Ipu adpdpuarOM
oTOOpaXXeHNM paBHOMEDHAA IJIOTHOCTH HAa OKPYXKHOCTHM IO MPABUIY «Macca oOpa3a
paBHa Macce npoofpasar HOPOKAAET 20Meoudhylo MIOTHOCTH Ha symmince [5]. Ilo-
caenHIon Toxe OyaeMm ob6o3HadaTh dy. [lockoabky mpu adpuHHOM MpeobGpazoBaHUN
OTHOIIIEHNE [IWH OTPE3KOB, JEKAIINX HA OTHOU TIPAMOU, COXPAHAECTCA, I TOMEOH -
HOU IJIOTHOCTH BBIIOJHAETCA TO ke camoe coorHomenue (1). Orcioga, B uacTHOCTH,
CIENYET, 9TO DJUIAIC, CHAOKEHHBIM MOMEOUAHON MIOTHOCTHIO, HA INIOCKOCTH TOXE He
MIPUTATMBAET.

Tomeoudnas naommocms — U KacamesbHble K IAAUNICY PABHDI

O603HaYMM TOMEOUIHYIO IOTHOCTE HA, DJLIUTICE HA DTOT Pa3 di) U 3alulleM ee B
suge dip = k(v) ds, rae ds pauna nyrum sanunca. U3 onpenejseHna roMeOn THOU TIOT-
HOCTHU CAEAYeT, 9TO BearduHa 1/k — 370 kodpPUIMEHT paCcTAXKEHUA KACATEILHOIO
HATIPABJICHUA B COOTBETCTBYIOIIEN TOYKE OKPYKHOCTHU pH apPUHHOM 0TOOpaKEHUN
BTOM OKPYKHOCTU Ha damunc. Ilycts [(1)1) u [(1)e) IIMHBI KACATEIBHBIX, TPOBENECH-
HBIX K DJLIMAICY U3 OogHOM Touku. Torga Beawuauusl [(q)k(t1) u 1(¥9)k(1P2) paBubl
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MECXKIY COGOﬁ, KaK MJIWHBI COOTBETCTBYIOIINX KACATEJIBHBIX K OKPYXKHOCTH —

Hp)k(ir) = L(2) k(). (2)

Ecan Tenepr HazBaTh BeqwuuHy [(1)k(1)) AIMHONM KacaTeIbHOW K DIINICY, TO, HA

CaMOM Jese, KACATeNbHLIe K B/IANCY, IPOBEICHHEIE U3 OLHOU TOYKH, Oy1yT DABHEL

Bce BcmoMoraTenbHBIE TIPEIIOKEHNS PACCMOTPEHBI, MOXKHO IPUCTYNATE K NOKa-
3aTENLCTBY.

ﬂo%as‘amenbcmeo meopembl Iloncene

Bymem cumtaTh, uTO 06€ KOHUKU ABIAIOTCA smauncamu. Ha kouuke Cy BBEIEM
COMEOUJHYIO IIOTHOCTE dy, KOTOPas CO3MAeT HyJeBOe CUIOBOE mose. To ecTh Takyio
IUIOTHOCTD, MJisi KOTopou Bemnoansercs cooruomenue (1). Ha xonuke C; BBegem ro-
MEOMIHYIO TIOTHOCTD dip = k(1)) ds, KoTOpas rapaHTUPYeT PABEHCTBO KACATENbHBIX
B Buje (2).

Iycte A1 Ay — xopna kouuku Cy, kacaromasnca koauku Cy, npudem Ay = A(py) n
As = A(p2) (puc. 4). Yepes l; o603ua4uM 0Tpe30K 0T TOYKU A; 10 TOYKH KacaHUs
B; = B(¢1). Yepes l» 0603Ha4UM aHAIOIMHYHBIN OTPE30K, BBIXOAAMIMYE U3 TOYKU As.
Haxomner, yepes mq 0603HAYUM OTPE30K OT TOYKM KacaHusa B 10 Touku As 1 moJo-
KM k‘l = k‘(wl), k‘g = k‘(wg)

Cnsunys HavanabHyw TOUKy A; Ha dp = dy, u3 coorromenua (1) moaygaem

der _ dpo

L my
B cBoro ovuepenb U3 COOTHOIICHUA (2) MOJayvaeM
m1k1 = l2k2.

OTxyna caenyer, 9T0

doy _ des
1k Iaks”
Cuadasa pa3BepHEM 3TO PABEHCTBO [0
dpr _ dps _ dpnga

hki bk lns1kngr”
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TToTom cHOBa coxpaTuM 10

dﬂ _ dSOn+1

ki Inpiknsr
Ecnu nomanan Ay As ... Apyq BaMkayTa, TO Iy = U1, 1 kg = k1. OTkyna caenyer,
9TO

dpny1 = dgy. (3)
OTO COOTHOIIEHNE TAPAHTUPYET JUIIL PABEHCTBO a0COJIOTHBIX BEIUYHUH CIBUTOB, HO
[IOKA He COBIANCHUE UX HAIPABJICHUU.
IMycth 00 — 9ucao Tovuek Kacauus JoMaHou ¢ Kouukoun Cy , Jexkamux Bue siaurnca Cy
(uucao enewnus kacaauin). CresaHnoe paHee 3aMedanue 06 OPUEHTAINY TIOKA3HIBAECT,
9TO [ OPUEHTHPOBAHHEIX IyT' COOTHOIMEHHUE (3) MOXKET OLITH 3AMUCAHO B BUJE

dpns1 = (—=1)7depy.
Jlerko moHATH, 9TO MpU JOOOM PACTOMOKEHUY BJTATICOB YUCJAO ¢ BHEITHUX KACAHUN
UL 3AMKHYTOU JIOMaHOU obs3arensho derno. Qrciona ciegyer, 4To paBeHCTBO (3)
BEPHO U C YUeTOM OpueHTalmu. 1o ecTh Kyaa CIBUHETCA TOYKa Ap, pOBHO Tyma xe
caBuHeTCA TOUKA A,y1 M ToMaHas ocTaneTrcsa 3aMkuyTon. Teopema Iloncene mouTn
IOKa3aHa.

H@BblpO?fC()eHHble KOHUKY npueo@ﬂmm K nape 344UNcCos

Ocranock M0Ka3aTh, YTO, JEUCTBATEABHO, JOKA3ATEAbCTBO JOCTATOYHO IPOBECTH
TOTBLKO M7 TIApHI 2JaaumcoB. KoHCTpyKIns, onucanHas B TeopeMe [loHcene, nHBApHU-
AHTHA OTHOCUTENBLHO TPOEKTUBHBIX MPEOOpPA30OBAHUM, TaK KAK TPU TPOEKTUBHOM
npeo6pa3soBaHMN KOHUKYW [EPEeXONAT B KOHHKU M KACATeJbHBIE B KacaTelbHEE. Ec-
JIW Ha TIPOEKTUBHOW TLIOCKOCTU CYIIECTBYET MPAMAasA, HE MEPECEKAIIaa HU OJHY U3
kOoHUK Cy, C1, TO OTIPABUB DTy NPAMYI HA OECKOHEYHOCTB, CPA3Y TOJYUUM Mapy
SJLIATICOB.

Pacemorpum ciayuan, korga ao6as IpsaMas NEPeceKaeT XOTS Obl ONHY U3 KOHUK
(peunb maet o pacnonokenun, mogo6uoM puc. 1 b). Bocnoassyemcsa TeM, 9T0 TeopeMa
IMoucene MHBapUAHTHA OTHOCUTEIBHO €I1e OJHOTO TUTA NMPEOOPA3OBAHUNA — OTHOCH-
TEJIBHO IIePexo1a K ABOUCTBeHHOU Koupurypanuu |1, 2]. IIpu rakom npeobpazoBanuu
KOHUKWY JIUAIL OOMEHUBAIOTCA POAsiMU — 00pa3 JomaHou OyeT Boucad B o6pas C; u
Oy et kacaTbcsa obpasa Cy. Ho ruaBHOe, 9TO MOABIAIOTCA MPAMEIE, HE TIEPECEKAOIITIE
00pa3bl KOHWK, ¥ 3HAYUT OMATH AeJ0 MOXKHO CBECTH K TIape DJITUTICOB.

['OMEOUIHASA NJOTHOCTb — AHAJUTHUYECKOE U
IF'EOMETPUYECKOE IIPEJCTABJIEHUSA

ToMeonaHy0 IWIOTHOCTE, KAaK cendac OyaeT MOKA3AHO, MOXKXHO BBECTH HE TOJILKO
HA DJLINICE, HO W HA APYTUX KOHUKAX. Tak 9TO M3J0KEHHOE BBIIE TOKA3ATEILCTBO
Ha CaMOM €€ IPOXOAUT I/ JHO0HU Maphl KOHUK U MOXKHO 0OOUTHUCEH 03 KAKUX-1100
JIOMOMHUTEILHEIX IPEo0pa3OBaHu.

Zlee npamvie He NpumMAUBa0OM

IIycTb KOHUKA TTpeAcTaBACHA IBYMs NPAMBIMEA L1 1 Lo, mepeceKaommMucsa B TO-
ke O (puc. 5). Bosbmem npousBoabHyio TOUKY P Ha IVIOCKOCTH ¥ BBILYCTUM U3 Hee
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Pwuc. 5. Puc. 6.

e 6nuskue npambie. Ouu nepecekyT Ly u Ls no orpeskam ds; u dsp. Paccrosuus
ot Touku P 10 »Tux oTpe3skoB o603HauMM |Uepe3 || u la, a PACCTOAHUSA OT TOYKH
O 1o mux 06O3HAYUM S U Sp. Jlerko yGeAWThCs, UTO A JAHHOU KOHMUIYpanun
BBIMIOJHAETCA COOTHOIIEHUE

dsl/sl d82/82

—— =, (4)

Il lo

KOTODPOE MOKa3bIBAET, UTO IOC/IE BBeAeHUs IWIOTHOCTH dp = ds/s mpsMbIe HA IIOC-
KOCTHU HE NPUTATUBAIOT.

Pagencmeo kacameabnbls 4 OMCYymemeue npumancenus — dee cmopomubt 00not
medaau

IIpu ob6cyx)aeHUM CUTyaIuu ¢ 2JUIUICOM, MBI MOKA3AJIU, YTO TMOMEOUIHAS TIIOT-
HOCTL OGecrnevuBaeT OTCYTCTBUE IPUTAKEHWUA (K3-33 JOKAABLHOrO GajnaHca CWI €O
CTOPOHBI BBICEKAEMLIX AYL) K OJHOBPEMEHHO DABEHCTBO KacaTebHbIX. Cemdac Mbl
MOKAYKeM, ITO 3TU CBOUCTBA PABHOCUILHEI.

IIycte, Hanpumep, Ha KPUBOK BBeAeHA IWIOTHOCTE dy = k(s) ds, o6ecneduBaromas
PABEHCTBO KACATENbHBIX, (puc. 6) — KacaTeJbHBIE MJIUHBL §1 U Sy IEPECEKAOTCA U
“MEeeT MeCTO PABEHCTBO

k151 = k252. (5)
IycTs U3 Mpom3BOALHOU TOYKHU P TpoBefeHtl ABe OIM3KUE TPAMBIC, BRICEKAOIINE HA
KPUBOW JUHEUHBIE DJEMEHTHI [IVHEL ds; U dsy, HAXOAAmuMecs oT P Ha paccToaHmMax
Iy uly (puc. 6). IlycTs 5Ty saeMeHTH nepecekaioTcs B Touke O, HAXO AALIENCA OT HUX
HA PACCTOSAHUAX §1 U S2. Torna OZHOBPEMEHHO BBEIIOJHAIOTCA paBeHcTBa (4) u (5), us
KOTOPHIX cneayet kidsy /l; = kadsa/la, T.e.

b
[llokazaHo, 9TO KpUBasg HE MPUTATUBAET, TAK KAK BHITOJHAETCA JOKAIBHBEIN (ATAHC
cua. DTO NOKA3ATENBCTBO OOPATUMO, TIOSTOMY M3 JOKAJBHOTO GATAHCA CHI TaKIKe
BBEITEKAET PABEHCTBO KACATEIbHBIX.

dpr _ dea
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Anaaumuueckoe npe&cma(meuue 20Me0udnoti naommuocmu

Ilyctes xonuka Ha miockocTu 3axana ypasuenuveM F(z,y) = 0, rge
x
Fz,y)=[z y 1A |y
1

Mycte B Toukax (z1,y1) u (Z2,y2) HA KOHWKE TIPOBEJEHBI KaCATENbHEIE, MEPEceKa-
tomueca B Touke O. Torga mna paccrosnusa s; oT O 10 HEPBOU U3 TOUEK MMEETCA
dopmyaa

)

s1=2 [z1y1 1] A |y» /|VF(951:?J1) /\VF($273J2)| : <|VF($17:'J1)‘)'
1

MI;I BI/I,ZLI/IM, 9To O,ZLI/IH n3 COMHO)KI/ITeJIeIL/)I 3,&6(}]) CI/IMMeTpI/I‘{eH OTHOCHUTEJBbHO TOYEK
KacaHusA, a Apyrou 3aBUCUT TOJLKO OT IEPBOHU M3 Hux. [lopToMy moc/ie BBenieHus Ha
KOHHUKE IIJIOTHOCTHN
ds
4% = F]
KaCaTeJbHBIE CTAHOBATCA paBHbIMI/I " KOHUKa nepQCTaeT HpI/ITHFI/IBaTB n3-3a JOKaAJb-
HOTr'O 6aﬂcha CnJa — 3Ta IIJIOTHOCTH FOMGOI/I,ELH&.

Lleoaro-sunetiuaman noseprHocms —
2€0MEMPUUECKOE NPEICTNABACHUE 20MEOUIHOT NAOMHOCTIY

Ilycts ma xkpusou C, Jexalmen B TIOCKOCTH 7, 3aJaHa TIOTHOCTB dy = kds,
rapaHTUPYIOIIas PABEHCTBO KACATEILHBIX. Ha KPUBOU BBENEM OPUEHTAINIO, a TIOC-
KocThb BaokuM B R®. B R® mocTponmM ceMefCTBO OPAMEIX, IapaMeTPI30BAHHOE TOY-
kamu kpuBou C. Nwmenwno, B xaxgou Ttouke P € C mpoBegeMm NpsAMYyI0, KOTOpas
MPOEKTUPYETCA HA T B KacaTeabHy® K C W MMEeT OTHOCUTEJBHO 7T YTJIOBOU KO-
sdpunuent k(P). Ionyvennas aunerdaras HOBEpXHOCTH Q HAa caMOM neje Oyger
IBOSKO-JUHENYIATON, TAK KAK YCIOBUE PABEHCTBA KACATENLHBIX MAPAHTUPYET, ITO
Ha Q JEXKAT U BCE TPAMBIE C YIVIOBEIM KodddunuenTom —k(P).

Puc. 7.



152 A.A.Hanos, /. A. Ilanos

Xoporo n3BecTHO [2], 9TO BCAKAA JBOAKO-TMHENTATAS TOBEPXHOCTH DTO U0 O/I-
HOMOJOCTHBIN Tunep6oaon, 1u6o runepbonrndeckun napabdoaons. OTcona, KcTaTn,
crepyer, 910 ucxoauas kpupas C — o6s3arTenbHo koHuka. W, 3Ha4uT, romeonuyio
IIOTHOCTH C PABEHCTBOM KACATENBHBIX W OTCYTCTBUEM TPUTAKEHUA U3-33 JOKATIb-
HOIO 0ATAHCA CUJI MOYXKHO BBECTU TOJBKO HA, KOHUKAX.

OT KOHUK K KBAJPUKAM — BTOPOE JJOKA3ATEJIbCTBO

Nrak, B mpeapIAyIIeM pa3ene Mbl MOKa3aau, YTO TOMEOUTHAA MIOTHOCTE HA KO-
HUKEe JTOMYyCKaeT eCTECTBEHHOE TIPENCTARJCHNE B BUAE KBAIPUKNA B TPEXMEPHOM TPO-
CTPAHCTEBE.

Om Konuk ¥ K6adpuKxam

Bepremcsa k Teopeme Iloucene. Bymem cuutaTh, HampuMep, 9TO MBI UMEEM €10
¢ asymsa saauncamu Co u Cp, JeXAMAMA B KOOPAWHATHON TLIOCKOCTH y. Ham aa-
aurncom Cy mocTpouM nmwinHip Qp ¢ o6pasyrouien, napamrelbHon ocu z. Nenoabays
COMEOUHYIO IIOTHOCTh Ha ajumuice Cp, IOCTPOUM HAJ HUM OJHOIOJOCTHLIN CHUIIEP-
oomousn Q. B omucannou cutyanuum CBa3b Mexay Teopemon Iloucene mas kouuk Cg,
Cy; m Teopemon aaa kBaapuk Qp, Qi, cHPOPMyIUPOBAHHON BO BBEICHUM, CTAHOBUT-
€1 OYEBHUIHOU — JUHENHBIE oOpasyomue Q) NPOEKTUPYIOTCS HA IUIOCKOCTH XY B
kacarenbuele K smmancy Cp, a nepecedenune Q)| Q; B konuky Co.

Keadpuru u ux nepeceuenus

B mpoctpanctee C'P? Bce HEBLIPOXKJEHHEIE KBAJPUKN TPOEKTUBHO DKBUBAJCHT-
ubl. [IpuBegeM HEBBIPOXK IEHHYIO KBAAPUKY K BULY T1ZLo = T3X4. TaKas KBaIPUKA CO-
IEPKUT IBA CEMEUCTBA MPAMBIX — AIL] = (X3, Uz = ATy U AT] = pX4, 4Tz = AT3.
Kaxgoe ms cemeiicTs mpegcTaniger co6oin C'Pl (¢ 0qHOPOAHBIMEM KOODIMHATAMMT
A, [t) 1 9epe3 KaXK Iy TOYKY KBAJPUKY IPOXOIUT POBHO TIO OTHOU MPAMOU U3 KaXK 10~
ro cemeiicTpa. TakuM 06pa3oM, HEBEIPOXK JeHHaA KBaIpuka B CP? apideTcsa mpaMeM
npomssenennem C P x CP?.

PaccmoTpum aBe kBaapukn obmero nonoxkerus B CP3. Myets 7 = Qg (1 Q1 —
ux nepecedenue. Uepes LQq 0003HAYIMM OQHY U3 ABYX CUCTEM JUHEHHLIX 00pa3yro-
mmx KBagpukn Q. DTa CUCTeMa mpecTaBateT cobor CP! mim, uTo To xKe camoe,
S2. Kaxgan u3 mpaMerx, sxoaamux B LQ;, mepecekaeT Qp a, 3HAMUT, 1 7 POBHO B
AByX TOYkax (¢ yuerom xparHoctu). Takum obpasom, 7 = Qg (| Q1 ABaseTcsa ABY-
JHCTHEIM HakpeITHeM S2. Y 3TOro HAKPLITHA MMEIOTCA YeTHIPE TOYKM BETBJICHHA
(kak pas Te Toukwm, riae npaMbie n3 LQ; kacawrca 7). Orcroga caenyer, uro T —
Top (moapo6rocTH B [8]).

Bmopoe doxazameabcmeo

JoxaxeMm TeopeMy miasi ABYX KBaApHUK, ChOPMYJUPOBAHHYIO BO BBeaeHuMu. Pac-
CMOTPUM JBe KBaApHUKN obmero moaoxkenus Qg u Q; B CP?, mepecexaommecs 1o
Topy 7 = Qo[ Q1. llycTs omate LQ; 0fHa M3 CHCTEM JTUHENHBIX 00PA3YIOMNX KBa-
apuku Q. Onpenennm MHBOIIONUIO 0 TOPA IO MPABUIY: TOYKK nepecedenusa p' u p’’
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TOpa ¢ JUHENHOU OOpasymomen MeHsrTea mectamu — p’ « p’’. [lpucyTersue kpat-
HBLIX TICPECETCHUN TApAHTUPYET HAIMYUE y DTOW WHBOJIIOINU HEMOABUMKHBIX TOYEK.
Y Topa mMErTCA ABA THNA AHATATUYECKWX WHBOIIONUN. DTO CABUT HA MOLYNEPHOL
M CHMMETPHUA OTHOCUTETHHO TOUKH. CymecTBOBAHME HEMOABUKHEIX TOUYEK MOKA3BI-
BACT, YTO 0 MPEACTABIACT COOON CHMMETPHUIO OTHOCHTEIBHO TOYKM.

Ha xBagpuke Qp ecThb ABe CHCTEMEBI JUHEUHBIX ob6pasywommx L'Qp, L"Q;. Um
COOTBETCTBYIOT ABE MHBOMONMU o’ u ¢’ [lponsseserne 9€THOTO YMCIa DTUX WHBO-
mounu oo’ ... 0”0’ aBnseTca cABUTOM TOpA W HAIWYNE HEMOABUKHON TOYKA CAPAH-
TUPYET TOXKACCTBEHHOCTH 3TOr0 0ToOpaxenua. TeopeMa IOKa3aHa.

Obpammno x KoHuxam

IMokaxem, Kak IperbIIyIITe PACCMOTPEHMS IPUBOAAT K Teopeme [loHcene mis Ko-
unk. BocpousseaeM koucTpykumio u3 nyHkTa Om xonuk x xeadpuram. Ilycts pac-
TOJOKEHHASA B IIIOCKOCTH Y 3aMKHyTas JoManas Ay As ... Apt1, A1 = Ap41 BOMCaHA
B Cp u onucana okouo C;. llogaumenm ee Ha kBanpuky Q7 Tak, 9TOOBI HOLYIMIACE JIO-
manas B1Bs ... B, 1, y KoTopol oTpeaku Ba; 1 Bs; nexat ma o6pasyromux u3 L' Q,
a orpesku Bo;Bs; 11 — Ha obpasyomux u3 L” Q1. Jlerko y6enuTbea: ecam 0Tpe3oK
A;Aiy1 kacaerca xkonuku C; BHemHuM 06pasoM (Touka kacanus JjexutT Bae Cg), TO
Touku B;, B;{1 pPacnosoXeHsl IO OJHY CTOPOHY OT IIOCKOCTHU Ty, €CIN XKEe KACAHUE
BHYTpeHHee, TO B;, B;;1 JeXaT no pa3Hble CTOPOHHI.

Benomunu errie, 9To g5 3aMKHyTOU JJoManoun Ay Ag . .. Ay, 9UCI0 BHEIIHUX Kaca-
uHuu o etHo. OTCI01a cpa3y Clefyer, 9To B CAydae 9eTHOrO 7 JOMAHAsA HA KBAJPUKE
TOXe Oy IeT 3AMKHYTOH, TO ecThb B = Bp11. Ho Torna nomanas By Bs ... By11 OyaeT
3aMKHYTa TpU JHOOOM BHIOOpE TOUYKU B, a BMecTe ¢ Hen OyJeT 3aMKHyTa JOMaHasa
A1 As ... Apy1 npu o6oM BeIGOpE TOUYKM Aj.

Ecan xe n HedeTHO, TO OyeT BHINOTHATLCA COOTHOMEeHne By = 0,8y, rae o,
CUMMETPHUS OTHOCUTENBHO TockocTu xy. OTcona ciaegyer, uTto By HenmomBuxHas
TOYKA MPOU3BEACHUA ICTHOIO IHMCIA MHBOIIOINY 0,0 ... 0" ¢/ u, cieqosaTeabHo, 3TO
IPOUW3BEIeHNEe €CTh TOXKIEeCTBEHHOE mpeobpasoBanue. Takum o6pasoM, mpu J0O0M
BEIOOpE TOUKM B OyAeT BHINOTHATLCA COOTHOIIeHUe B = 0,8, u, 3Ha4uT, pn
a060M BeIGOpE TOYKU A; omars xe Oyger Ay = Apyq.

Ewe 00na meopema Iloncene

Kax 66110 06€1mano BO BBeNEHNN, IPUBENEM €IIE OAUH BAPUAHT IPOCTPAHCTBEH-
uHom Teopemul [loncene.

TEOPEMA. Iycmb umeemca nyuox weadpux Qx 6 CP3. ITycmv nepecevenue
T =, Qx aeasemca mopom. Paccmompum 2n weadpur Qi,. .., Qapn, npunadie-
scawpur nyuxy. Ha xancdoli uz nux evibepem no cucmeme aunetinbis 00pa3yiouus
LQ;. ITlycmbs o; — coomeemcmeyowue um unsosoyuu mopa 7. Toeda, ecau npo-
UBBLIEHUE 01 -+ Ton UMEE HENOJSUNCHYI TMOUKY, MO MO MOHNIECTNEERHOE Npe-
06pazosanue Mopa.

[loxazaTeasCTBO HTOU TEOPEMEI HUYEeM He OTINYACTCA OT TPEILIAYINErO T0KA3ZATE b
CTBa TEOpPeMBI LA ABYX KBa[DUK.
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T OBABJIEHUS

Hrmeepupyemocms

Kak yxe 6110 cxa3aHo BO BBegeHuu, KOH(GUIypanus, ONucaHHas B Teopeme Ilon-
ceJie, €CTECTBEHHBIM 00PAa30M BO3HUKAET TIPU JABUKEHUN YACTUIIHI B DJIIANTUIECKOM
owwtuap ae. TpaekTopusa YacTUIbl, ABUKYIIENCA BI0JbL TPAHNUIL OWLINAP1a, BCE BPe-
M KacaeTcs 3JLIuIca, copOKyCHOrO € IpaHulen ouiinapaa. A Bce OTPE3KH TPaek-
TOpUU, NPOXOMALIEH MeXKAYy (POKYCAMHU, JEKAT HA KACATEIBHBIX K CO(OKYCHOU T'd-
mepbose. Takoe ymopsagovUeHHOe MOBEAeHNEe TPACKTOPUN O00A3AHO MHTETPUPYEMOCTH
LU TUYECKOTO OWIINApaa.

ycre (2y,yn) — nocaegoBaTeabHBIE TOYKM COYapEHUs YACTULBL C CDAHULEN
Omnuap na
2 2
xT
= + y_z — ]_’
a b

a Vi, = (up,vn), |Va| = 1 — ckopocts gacTuup: nepes COOTBETCTBYIOLMM COYAAPe-
muem. Torga

(Tnt1 + 2n)(Tnt1 — Tn) (Ynt1 +yn)(Wnt1 — yn) _
2 + b2 - 0
a

" 3TO paBEHCTBO O3HaYaeT, IYTO €CTECTBEHHOE II0JIE HOpMaﬂefI

2 2
T Y (2 2y

o6IanaeT CAeAYIOMKUM CBOUCTBOM: CyMMa HOPMAJIEH, B3ATHIX Ha KOHIAX JIOOOU XOP ABI
AJLIUIICA, TIEPIEHAUKYIAPHA STON XOPAe. DTO IPUBOIUT K TOMY, 9TO IPOEKIIUs MO
HOpMaJien Ha TPAEKTOPUIO MBUKEHUSA YACTUIH €CTh BEIVYNHA TIOCTOAHHASA, TO €CTh
UMEEeTCA UHTErPAJ BUIA

F(xn:ynuunuvn) = :EZ# + yz# (6)

HumeepupyeMocmb U 20ME0UIHOCTID

PaccMOTpUM MPOM3BOMBHYIO KPUBYIO ¢ TEM e CAMBIM MEXAHU3MOM WHTErpUpy-
eMOCTH, T.e. KPUBYIO ¢ TAKAM BEKTODHBIM mojeM N, 9TO CyMMa ero BEeKTODOB Ha
KOHIIAX JI000M XOPABL NEpHeHAUKYIApHA 3TON Xopge. Bepsa mauyro xopay, BUIuUM,
YTO TO 06A3ATENBHO Mose HopManen. IlycTh Ha KOHIIAX HEKOTOPOW XOPLI BEKTOPHI
5TOrO0 oM NMeoT AMuHBI N1 u Na, a JINHBEL KACATEIBHBIX OT KOHIIOB XODIHBI 10 UX
nepecevenus uMeroT nanHel [1 u ly. Torga, kak nokaswIBaeT PUCYHOK §,

Lh b

NNy
TO eCTh AIUHEBL KacaTeabHBIX ¢ BecoM 1/|N| paBuer, T0 ectb muotuocts 1/|N| romeo-
UAHAs, 8 3HAYNT, CAMa KPUBas — O0S3aTeNbHO KOHUKA.

Dazoswiii nopmpem

Bepremcs k uaTerpany (6) u nomoxum B HEM

T =acost, y =bsint
U = CoS ¢, v = sin .
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Puc. 8.

Torma >TOoT MHTErpasa NpuMeT B[
F(t, ) = (a+b)cos(t —¢) — (a — b) cos(t + ). (7)

3uauur, B $a3soBOM OPOCTPAHCTBE ¢ KoopauHaTtamu (&, ) Touka (tn,Pn), COOT-
BETCTBYIOIIAA TOYKE OTPAXKEHUA (L, Yn) U BEKTOPY CKOPOCTHU TEPET COYIAPEHUEM
(Up,vp), ABUKETCA TIO JUHUAM YpOBHA pyHKIuu F(t, ). DazoBEU TOPTPET HILIH-
OTUYECKOro OMIIMAapaa, n300PakeHHBI HA PUCYHKE 9, MOIyYeH B pe3yabTaTe CJe-
IYIOMIEr0 KOMIBIOTEPHOTO PKCIePUMEHTa. V3 HUKHEN TOYKHU BJUIAINCA B HECKOIBKAX
HANPABICHUAX 3AIYCKAINCH YACTUIIE U AT KAk IOW JACTANLI B TEUICHUE MPOIOIKN-

TEJBHOTO BPEMEeH! Ha (Pa30BOU MIIOCKOCTH OTMEYAINCH TOUKHA (L, Pp ).

)’
4

W

N

Puc. 9.

I'eomempuueckuti u xomnvromepuvlti 6utiuapdbl

Ha nepBbift B3O CYIIECTBEHHBIX PACXOXKACHUN MEX Y DTUMU OWLIAAD JAMU HE
nomxHO ObiTh. CpaBHeHWe PUCYHKA 9 ¥ KApPTUHBL JUHUYN ypOBHA QyHKkIuM (7) mom-

TBEpKAACT DTO. OQIHAKO, UMEETCA CUTYAIUA, B KOTOPOU PA3IWYUNE CYIIECTBYET U
6pocaeTcs B rya3a.
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OCHOBHOE ONTUYECKOE CBOUCTBO DJUIUMCA TaPAHTUPYET, 9TO YaCTHUIA, OJUH Pa3
nporeamnas depes pokyc, OyreT TpoXoauTh Yepe3 (GOKYCH U MOCae KAXKIOTO CIeny-
IOIIEr0 COyJapeHusa. 3amyCTUM YACTUIY W3 HUXKHEU BEPIIUHBI DJIUICA Yepe3 IIpa-
BEIX (pokyc. OUeBUIHO, UTO, OTPAKAACH U MOCIEIOBATEIBLHO TPOXO A Uepe3 GOKYCHI,
vacTura OygerT TpubamKaTbCAa K GOJBIION OCH DJLINTCA. JIeMrKO OIEHUTH CKOPOCTH
sroro npubamkenus. [Iycte ¢ = va? — b? — 5TO paccTOAHME OT WEHTPA JIAICA, 10
ero ¢okyca. Torga npu xKa)g0M OPOXOXKA€HAN OULINAD A3 OTKIOHEHNE YaCTULBL OT
GOJIBIION OCK yMeHBIIAeTCs MpuMepHo B (a + ¢)/(a — ¢) pas.

B kOMOBIOTEPHOM DKCHEPUMEHTE HAYAILHOE MOBENEHWE YACTHUIBI, IIPOXOIAIICH
1epes POKyC, MOJHOCTBIO COOTBETCTBYET 3TOMY crieHapuio. O IHAKO, IOCJIE TPUXKATUA
K OCH W HECKOJbKUX MPOX0XKIEHUN BIOJb HEE YaCTUIa OTOPACKIBACTCA OT OOJBIION
ocu panumnca. [locre 5TOro ee cHOBa MPUKUMAET K OCH M CHOBA OTOPACKHIBAET W TaK
najgee — BO3HUKAOT Omenus. JaguM KadecTBEeHHOE OOBICHEHUE DTOMY SBIECHUIO.

3anyCcTuM B «PeOMETPUYECKOM» OWJLINAD e YACTUILY Yepe3 (POKYC, MOT0K IEM IO~
Ka OHa, MOCTATOYHO MPUKMETCA K OCH U obOpaTum ee Hampaaenue. QOpareHHas
TPAEKTOPUA — DTO TOXKE TPACKTOPHUSA HEKOTOPOU UACTUILLI, U IIEPBOHAYAILHO DTA
TpaekTopua OygeT IPOXOAUTL BAONEL OCH, HO yXKe OyaeT OTTAIKUBATHCA OT Hee.
Taxum 00pa3zoM, BOAM3U OGOJBINON OCH OWITHAPAA CYIIECTBYIOT IBE TPACKTOPWM:
O/lHA TIPUTATUBACTCA K DTOU OCH, APYrasd OTTAIKUBAETCA OT Hee. B «KOMTIBIOTEp-
HOM» Omanmapie 3a cIeT OmMUOOK OKPYIVIEHUA NPOUCXOIUT «IIepPecaskay ¢ IPpUTACU-
BAOIIENCA TPAEKTOPUYM HA OTTAJKUBAIONIYIOCA W YACTUIA HAYAHALT YAAIATHCA OT
ocu OmIuapaa. ITUM U OOBACHAITCA Ouenus. Bansguume ommbOOK OKPYTJIEHUA MOXK-
HO MOATBEPAUTH, IPOBO/A BEIYUCJAEHUA C YABOEHHOU TOYHOCTHIO, — B 3TOM CJIy4ae
oTOpacbIBAHUE YACTULLI OT OCU OUIIUAP A& IPOUCXO AT TOCTE OOMBIIEr0 YUCIa OTPa-
JKEHUN.

Iapa xonux npusodumcsa x 6udy 08Yr oxpyHcHocme

ODTOT pasnen NpeIHA3HAYEH I TeX, KTO UMeeT MPUBLIYKY TPOCMATPUBATH TEK-
CTHI 33JI0M HAOEpen — OT KOHIA K HAYALy. 3HeCh OOBACHAETCS, IOYeMy MOXKHO He
YNTATH DTY CTATHIO, & 3HAYAT, TIOUEMY €e MOXKHO OBIIO W He mmcaTh. B [2] nmeer-
CA TPOCTOE MOKA3ATEILCTBO TeOPeME! [loHCeae 1A ABYX BIOXKEHHBIX OKPYIKHOCTEN.
Co6cTBeHHO, HAIlle TIEPBOE NOKA3ATEJBLCTBO CKPOEHO 110 3TOMY o6pasiry. Ilokaxem,
YTO ABYMSA OKPYXKHOCTAME MOXKHO OBLIO ObI U OUPAHUYUTLCA. PaccMoTpuM ciaydan
IBYX BJIOKEHHBIX duauncoB. C momorneso adGuHHOrO mpeoOpasoBaHusA MPEBPATUM
BHEIIHAU W3 HUX B OKPYXHOCThL. OTpaHWIeHHBIN €10 KpyT GyAeM CUMTAThL MPOEK-
TUBHOU MOJENBIO mIockocTu Jlobadesckoro. B sToll Monean ABUXKEHUS — DTO MPO-
eKTHBHBIE MTPe0OPa30BaHMsA, COXpaHsomme Kpyr [2]. PaccMorpnM ogHOmapaMeTpn-
4ecKyto rpynmny Hi CIBATOB BAOJL MOPU3OHTAJBHOIO NUAMETPA Kpyra. /IBukeHus
u3 H, nepecraBasior XOpIbl, NePHEHIAKYIAPHBIE IXAMETPY, IPU DTOM TOYKU KPY-
ra JBUXKYTCS [0 DKBHAAUCTAHTAM, [PEACTABIEHHBIM TOJYJIIUICAMHA, KACAIOMIXMUCS
BHEIIHEN TIONIYOKPYXHOCTU B TPAHUYHLIX TOYKAX AMAMETPA. AHAJOTUYIHBIM 00Pa3oM
IeNCcTByeT OAHOMapaMeTpudeckad rpynna Hs CABUTOB BAOIL BEPTUKAIBLHONO IHA-
Merpa. IIycte hy € Hy u hy € H,. Torga nmox mencreueMm mpeobpazoBanus hihs
TOYKA CHAYAJIA CIBUTCAETCA BIOJb MEPUIUAHA IOT-CEBEP, & TIOTOM BOJb MEPUIUAHA
3ana -BoCTOK. [Ipu 3ToM m1a JH060U Taphl TOUEK T, Y OTHOIHATHO OTNPENeNeHa mapa
npeobpazoBanuu fiy, he, Takas 4ro y = hyho(z).
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Puc. 10. Pwuc. 11.

IIpu neBuxeHun mwiockocTu JI0GAYEBCKOrO HIUIMIC NEPEXOAUT B BJIIMIC, HO OpU
HTOM €ro HEHTD He 06A3aTeIbHO epexoauT B ueHTp o6pasa. Tem me menee, oueBua-
HO, YTO [JI1 JIOOOTO DIIUICA CYIIECTBYET MpeoOpa3oBanme BUAa hihe, IEpeBOLIee
ero B DJUIMIC, IEHTD KOTOPOrO COBIAAAET C HeHTPOM Kpyra. IIposegem 1o npeobpa-
30BAHUE U NOCJE 3TOr0 PACCMOTPUM OFHONAPAMETPHIECKYIO IPYIIY CABAIOB BIOJIbL
JAMaMeTpa, CONEePIKAIIErO GOBIIYI0 OCh [EHTPUPOBAHHOTO Hnnca. [Ipn gBmKeHnn
O AeMCTBUEM DTOW TPYIIIHLL M GOBINAS, X MATAA OCHU DJUIUIICA YMEHBIIIAIOT CBOM Pai3-
mepet. Ho 6oapmasn ocs gesaer 510 60/1ee RHTEHCUBHO U B HEKOTOPLI MOMEHT BJIIAIIC
IPEBPAAETCA B OKPYXHOCTL. TakuM 06pa3oM, napa KOHHK MOXKeT ObITh IpUBene-
Ha K BHAY [OBYX OKDYXXHOCTEH, W Terepb MOXHO COCIATHCA HA COOTBETCTBYIOIIEE
JOKa3aTeabcTBO TeopeMsl [loncene us [2].
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Ham CEMHUHApP: MaTEMAaTHUIECCKHE
CIOXKETHhI

O cymMme JorapuMUIeCcKi BBIMYKIBIX (PYHKIINAN

Axagemuxk PAH 1. B. Anocos

IIpegmaraeTcs IpOCTOE AOKA3ATEILCTBO JOrapU(MUAIECKON BEILYKIOCTH CyM-
MBI JTOTapUPMUIECKA BBIMYKIBIX (DYHKIIUN.

1. BoTou craree Bce QyHKINYN NPUHAMAIOT BEIIECTBEHHBIEC 3HAYEHNA U OMPENEASHEL
HA 3aMKHYTOM, IIOMYOTKPLITOM WIU OTKPLITOM MHTEPBAIE I, KOTOPEIN MOXKET OBITH
KOHEUHBIM U GECKOHEIHBIM (BKIOYAA U CIy9all BCEH YMCIOBOU MPAMON R); MHBIMEA
ciaoBaMu, I — CBsA3HOE OAMHOXKECTBO R.

Kak mspectHo, ¢pyHKIMA [ Ha3BIBAETCA BLIMYKJIONU, €CAW A JHOOOTO OTPE3KA
[a,b] C I rpadmk orpaHmdeHus f‘[a‘b] dyEKIIM f HA DTOT OTPE3OK JEKUT HUKE

oTpeska, coequusatomero kouusl (a; f(a)) u (b; f(b)) sToro rpaduxa. lloapobuee n
TOYHEE 3TO COKPAIIEHHOE BEIPAXKEHUE, KOTOPBIM 4 Oy1y HOJb30BATHCA U JAJEE, O3HA-
waer, 4T0 mad a6oro x € [a,b] rouka (z; f(r)) rpaduxa JeKuT He BBILE TOYKH
YKa3aHHOTO OTPE3Ka C TOU Ke abCImccon. AHATUTUYIECKN NAHHOE YCJIOBUE 3aTUCHI-
Ba€TCA TaK:

F(1=ta+tb) < (1 —1t)f(a) +tf(b) npu Beex ¢ € [0, 1]. (1)

Dyuknusa f HazBIBaETCS JOrapuPMUAIECKA BBITYKIOU, €CAU OHA IPUHUMAET TOJb-
KO TOJMOKUTEJIbHEBIE 3HAYeHnA U €6 aorapudM log f () ABIgeTCA BRINYKAON (yHKIIAEH.
(Bei60op ocroBaHMA J0rapudMoOB 31€cCk He urpaeT poau, u6o log, f =log,. cylog,, f.
Ho, xone4no, nogpasymeBaeTcs, 4T0 ocHOBaHuUe > 1.) DTO Ke MOXKHO BHIPA3UTh TAK:
aas modoro [a,b] C T

f((1=ta+tb) < fla)' L f(b)! npu Beex ¢ € [0, 1]. (2)
Ha reoMeTpraeckoM ke A3BIKE MOKHO CKA3aTh, 9TO IPAdUK f|[a p) TIEKUT HIDKE Tpa-

(bUKa DKCTIOHEHIIUATBLHON (DYHKIINYU, TPUHUMAIOIEN T K€ CAMBIE 3HAYEHUSA, 9TO U f,
B koHmax orpeska. (Ilon skcnoHeHIMAMEHON HYHKIINEN CEUYAC MOHUMAETCA HE TOIb-
KO (IHCTasA SKCIOHEHTa» €%, HO 1 Ta 3Ke DKCIOHEHTA C TI0JOKATETBHBIM OCTOSHHBIM
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MHOXHUTENeM, T.e. pyHKnna Buga ae’®, rae a > 0.) Ipaduxy orpasmIeHnit BCeBO3-
MOXKHBIX DKCIIOHEHT Ha BCEBO3MOXKHEIE [a, b] 06pasyoT HEKOTOPOe CeMENCTBO AT £ B
noxymiockocT R X (0, 00). [ m06bIX ABYX TOUEK TOU NOLYILVIOCKOCTHU C PA3IAIHEL-
MU abCIIICCAMU UMEETCA POBHO OfHA Ayra u3 £ ¢ KOHIIAME B 3>TuX Toukax. Jlorapud-
MUYECKN BHIMYKJIBIE (DYHKIUA CYyTh T€, MJIA KOTOPHIX TPaGUKM WX OTPAHUUCHUU HA
BCeBO3MOXKHEIE [a,b] C I nexar Huxe ayr u3 £ ¢ TeMu XKe KOHIAMU. B onpexenenun
BBIMYKJABIX (DYHKIIUN AHAJOTUYHYIO POJIb UTPAET CeMENCTBO L BCEX HEBEP TUKAIbLHBIX
oTpeskoB (rpadukon TuHeHHBX Gyrkmmi) B R? (mpu aTom cemercTro L o61a1aeT B
R? cBOMCTBOM, aHATOTMYHLIM YKa3aHHOMY BHIIE CBORCTBY cemeicTra £ B R x (0, 00):
JIOOBIE [BE TOYKU IVIOCKOCTY C PA3JIUYHBIMU aOCIUCCAMU ABIAIOTCA KOHIAMEA POBHO
0HOro oTpeska us L).

Kaxnas aunennas QpyHKIINA BBITYKIA, a8 KaXIasd DKCIOHEHTa — JOorapudpMude-
CKHU BHIMyKJa. KpoMe TOro, Kaxaas 3KCIOHEHTA BHMIYKJIA (3TO MPOCTOE yIpasKHe-
Hue o ananusy). Orcioga cpasy ciaegyer, 9To KaxkAas JOrapuMUIecKy BBITYKIas
¢yuxnua f Bemykaa (rpaduk f|[a7b1 JIEXUT 04 IpaduKOM COOTBETCTBYIOLIEN BKC-

HOHEHTHI, & TOT — [0 COOTBETCTBYOLMM 0Tpe3koM). [lus skcnonenTsl f = aef® ¢
B # 0 mobas Touka rpaduxa f|[a’b}, KpPOMe ero KOHIIOB, JEXUT CTPOTO HUXKE TOUKN
COOTBETCTBYIOIIET0 OTPE3KA C TOU Xe abciumccon. Jlunenusie HyHKIMM, KpOMe KOH-
CTAHT, HE ABIAITCA JorapudMuyiecku BHIIyKiasiMu. [lepecevenne £ N E cocTout us
TOPU3OHTAILHEIX OTPE3KOB.

COBEPILEHHO OYEBUAHO, YTO CYMMA BBIMYKJIBIX (DYHKIMUA BBHINYKJIA; OTCIOAA CJe-
OyeT, 94TO IPOU3BEIEHUE JOrapupMUIECKH BLINYKILIX (PYHKIUNA JOrapud)MUYeCcKn
BBIMTYKJIO. OTHIO,ELI) HEe CTOJb OYYeBUIHA

TEOPEMA 1. Fcau f, g aoeapudmunecky svinykavt, mo f + g mosce aozapupmu-
YECKU 8LINYKAA.

DTa TeopeMa JABHO M3BECTHA, HO M3JaraeMoe HUXe e€ NOKa3aTeJbCTBO BIIOJ-
HE MOXeT OBITh HOBBIM; MOBOJHLHO YBEPEHHO MOXKHO CKa3aTh, UTO B JUTEpPAType HaA
PYCCKOM S3BIKE OHO He MyOJMKOBAIOCH. /lokaxkeM cmepBa APYTYIO TEOpeMy.

TEOPEMA 2. Dynxyus [ aocapudmuvecku euinykaa mozda u moabko mozda,
xoeda npu écex o € R dynryuu e f(z) svinykravi.

HOKABATEJBCTBO TEOPEMBI 2. B oaHy CTOpPOHY yTBEpXKICHHE OYECBUIHO:
log (e*® f(x)) = ax + log f(z) oramwaeTca ot log f(z) Ha TuHEUHYIO QYHKIWIO, TaK
aro log (e** f(z)) u log f(x) BHIIYKJIBI WK HE BHIMYKJBL OHOBPEMEHHO. A ecau pyH-
kuusa e f(z) sorapudMuIecKy BBIIYKIA, TO OHA TeM 60Jee BBIITYKJIA.

O6parHo, nycTs gaHo, 4to npu Beex @ € R dpyuknuu e®® f(z) soinykast. [lycrs
[a,b] C I. Ycnoeme (2) BBIIOAHAETCS TOTJAA W TOMBKO TOTAA, KOTAA AHATOTHYHOE
yCIoBMe BHIMOMHATCA 4ia byrkman e f(x) (egp e((1-Datth) — (gaa)l=t(gabyt,
MOXKHO TaKXke BOCIOJB30BATHLCA JorapudmuposanueM). CymecTByer Takoe q, 9T0
e f(a) = e** f(b) (umenno,

1, fla)
o= In ; 3
b —a f(b) ) ( )
MOXKHO TaK¥Ke COCIATHCA HA YKA3AHHOE BHIIIE CBOUCTBO CEMEUCTRA £, B3ATh AYTY, CO-
CANHAIONIY IO KOHIIBI rpaq)I/IKa q)yHKHI/H/I f|[a b}’ 1 pa3IeauTb f Ha COOTBETCTBYIOIIYIO

skcnonentTy). Tak kak kouusr gyru y = e** f(z), =z € [a,b] nexar HA 0AUHAKOBOU
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BBICOTE, TO COENVHSAIOMA UX Ayra n3 £ — 5TO TOPU3OHTATBHEIN OTPE30K. A pas (hyH-
kuus e®” f(z) BHIIyKIa, TO €€ IpaduK JeKUT N0 STUM OTPE3KOM. 31eCh MOCAETHIN
BBICTYNAET KaK Ayra u3 L, HO OH XK€ ABAAeTCA U Ayrol u3 &, COeIUHAOLIEN KOHIIBL
sTOro rpadwka. BoT n BeIxoauT, 9T0 A1s e** f(x) BRIMOMHAETCS aHATOT yeIoBuA (2).
AHanmuTHUecKu TO Ke BHIpAXKaeTCs POPMyIaMu

2N £((1 = t)a+ th) < (1= £)e™" f(a) + e £(b) = ™ f(a) =
= (**f(@)' " (1 (8)’
rie cIepBa UCIOIb30BAHA BEITYKIOCTE €% f(x), a satem — 410 e f(a) = e®® f(b).

Teopema 2 paéT CBOErO PONA XaPAKTEPU3ALUIO JOrapUGOMUIECKON BEITYKIOCTH
C TOMOIIBIO0 BEIMYKJIOCTH. [ TOorapndMudeckon BHINYKIOCTH GyHKIMU f HEOOXO-
AMMa €€ BBIMYKIOCTh, HO DTOTO JATEKO He J0CTATOYHO (nMuHenHBIe (GyHKumM). s
IOKA3aTeAbCTBA JOrapu(pMUIECKOU BEILYKIOCTY HALO KaK OBI IOABEPrHyTh [ GeCcKo-
HEYHOMY YUCIY «¢T€CTOBY — OHA NOMKHA YIOBIETBOPATE (1) (CO BCEBOBMOKHEIME a, b)
He TONBKO CaMa, HO M TOCHe YMHOXKeHUs Ha DKCIOHeHTY. W3 foKasaTenbCcTBa BUIHO,
HOYeMy 3TO TaK — IIPU OJHOM K3 DTuX «recToBy (orsevaromem (3)) ycaosue (1) pus
€** f(x) oka3BIBAeTCA COBHAJAIOLIMM C ycaoBueM (2).

JOKABATEJBCTBO TEOPEMBI 1. MbI X0TUM DOKa3aTh, 9TO B MPEANOIOKEHUAX
sTou Teopembl Gbyrkmua €*®(f(z) + g(z)) Bomykaa. Ho oHa ABAAETCA CyMMOU NBYX
JOrapu@MUIeCKU BEIIYKJBIX U TeM 00jee BRINYKILIX GyHkuun e*? f(z), e g(x).

2. 3aecb A OCTAHOBIIOCH HA HUMEIONIEMCA B JMTEPATYPE NOKA3ATEJIbCTBE TEO-
pemsbr 1.

Korga f apawawet auddepernupyema, TO yCIOBHe €€ BHIMYKIOCTH COCTOUT B TOM,
uto Berogy f” > 0, a yeroue JorapudMU¥ecKOU BEITYKIOCTH — B TOM, 9TO BCIOLY
f"F = f* > 0. Jna qpaxasl auddepeHIupyeMbrx orapudgMUIecKn BHIIYKIBIX [, g
yTBep:k eHne TeopeMbl 1 coctouT B Tom, aT0 Beoay (f +g)"(f +g) — (f'+g')% > 0.
Ono CBO,ZLI/ITCH K TaKOMy 9HUCTO aareCpamdecKoMy YTBEpKAeHwmio: ecau ¢,y > 0,
ac = b*uay > B2, 1o (a+a)lc+7y) = (b+ B)2. (Mer npunumaem ¢ = f u y = g,
MO3TOMY €,y HOJOXKUTENbHBL) [l J0Ka3aTeNbCTBA MOCACAHETO JOCTATOYHO 3aMe-
THTH, ITO HepaBeHCTBRO ac > b? apigeTcs mpu ¢ > 0 HEOOXOAMMBIM W JOCTATOTHEIM
VCTOBMEM HEOTPUIATETBHOCTH KBAaJPAaTHOTO Tpéxwiena az’ + 2bx + ¢ mpu Beex .
[ocae TOoro Kax MBI Hepedpa3supyeM aHATOTHYHLIM 00pPa30M HepaBeHCTBa avy > (32
u (a+a)(c+7) = (b+ B3)%, ocTadTca 3aMeTUTE, ITO CyMMa HEOTPUIATETBHBIX TPEX-
YJIEHOB HEOTpUIaTeTbHa. MoxHO n He o6pamaThca K KBaAPATHLIM TDEXHICHAM, a
paccyxnath Tak. Eciu a = 0 unmu o = 0, To yTBep:K AeHUe TpuBUaIbHO (modemy?).

Ecmn xe a # 0 u a # 0, To

> ac+ay—2b8 =aa (E —)72b6> ( g)‘)%ﬂ:
2

2
:%b2+%ﬂ2—2b6:( %b)+( ﬂ) 2(\/%;)

(a4 a)(c+7v)— (b+B)? =ac+ac+ay+ay — b_—2bﬁ 5:>
2

Rle
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37ech CmepBa UCIOIBL30BAHO, YTO MOMIYEPKHYTHIE WIEHH C ILTIOCOM HE MEHBIIE MOI-

IEPKHYTHIX “WIEHOB ¢ MHUHYCOM, 33TeM — UTO HEPABEHCTBO aC > b? BIEUST MOJOXKU-
2

c
TeasHOCTh a (BBUAY a # 0, ¢ > 0) U SKBUBAIEHTHO HEPABEHCTBY — > a Takxe
a

27
a
aHAJOrMYHOE cooOpakeHue Iis a, f3,7.

B o6mmem caydae MOXKHO BHIBECTH TeopeMy 1 u3 TOro e caMoro aaredpanieckoro
yTBepXk aeHns. HemocpencTBeHHO ¢ ero MOMOIIBIO NOKa3biBaeTcs, 9To ecan f,g > 0,

£ < payrm) (4)

" aHAJOTUYHO OJd g, TO 1

2
(7(222) +9 (“52)) < (@) + 9(@)(F(0) + 9(5). (5)
I10 (MeHss 0003HAYECHNA) CHOBA CBOAUTCA K TOMY, YTO

m ¢,y >0, ac> b ay> B> crenyer (a+a)(c+7) > (b+ )3

(TOJBKO B JAHHOM CIy9ae MOXKHO C CAMOI0 HAYAIa CIUTATh, YTO BCE YUCIa a, b, ¢, a, 3,
~ 6oapie 0). Hamo, KOHEYHO, TOACHUTD, OYeMy 9acTHOro ciay4dad (2) (¢ f + g Bme-

cro f), orBedaromero t = 5 AOCTATOHO A 3AKMOMEHH O J0rapuMUAIECKON BhI-
nykaoctu f + g. OuaTe MeHsAs 0003HAYEHNA, MBI IPUXOIUM K BOIPOCY: MOXKHO JU U3

gacTHOro cay4as (1), orsevaromero ¢ = 3 T-€. U3 TOTO, 4TO

2/ (“5°) < f@)+ f®) mpm [, < 1, (©)

CleJaTh BBIBOJ O BRIMyKaoCTH f7

Wz (6) merxo caegyer, 9TO
fl=ta+1tb) <(1—t)f(a) +1f(b) npu zBOMYIHO-paLMOHANLHEIX ¢ € [a, D).

Mepenitn k m106BIM t € [a,b] MOXHO, ecim M3BeCTHO, uTO f HempepwiBHa. Toumee,
IOCTATOYHO, 9TOOBl f OBLIA HENpEpPHIBHA BO BHYTPEHHUX TO4YKax I, a B koHume A
unTepBana [, ecim A € I, 10CTATOYHO BLINOJIHEHUS YCIOBUI

Tm, f(z) < f(4). (7)

Ho cpaBHEUTENBLHO JIEMKO HOKA3ATH, YTO BRINYKJIAsA (DYHKIWA HENPEPLIBHA BHYTPH [, &
ecan I cOIepKUT KAKOU-HUOY b CBOM KOHEN A, TO B HEM BHIMOTHACTCA (7). SHAIUT, TO
K€ BEPHO U IS JOTapupMUUeCKN BRINYKJAOU GyHKnd. [logydaercs, 9T0 B yCAOBUIX
TeopeMbl 1 f ¥ g MOXKHO CUMTATH HEMPEPBHIBHBIMYA BHYTPHU [ U yIOBAETBOPAIOIIUMY
ycaosuo (7) B KoHIe mHTepBaaa I, ecau 3TOT KoHern cogepxkutca B I. Crano ObITh,
TO XK€ caMoe CIpaBelauBo u 1isa f + g. A Torga mam gocTaTodso (5).

Paju momHOTHL £ IpUBENy AOKA3aTEILCTRO HEMpepHBHOCTU f BHyTpu [ m cBOU-
crBa (7) mas Bemykaon f. JIocTaTOYHO NOKA3aTh ABA YTBEDK ICHUA:

a). Ecn [a,b] C I, To f(a) > M[ . f(z) m amamoruano naa f(b).
r—a,x€|a,
6). Ecim a — BHyTpenuss Touka I, To f(a) < lim f(x).
r—a

K a). Insa x € [a,b] umeem z = (1 —t(x))a + t(z)b, rae t = H — 0 mpu = — a.
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A f(x) < (1 —t(x))f(a) + t(z)f(b). Upasaa qacTs mpu x — a cTpemutca K f(a), a

BEDXHWU Tpejen Jeson ectb  lim  f(z).
z—a,z€a,b]

K 6). Ilpu gocrarouno mansix h touku a £ h € I. Ilpu stom 2f(a) < fla —h) +
fla+ h). Crenosareanno,
2f(a) < lim f(a—h) + lim f(a+h) < f(a) + lim f(z)

h—0 T—a
(3I€CH MCIONB30BAHO, YTO BBUAY a) ﬁf(a —h) < f(a)). Orcroza nony4aercs 0).

BwmecTe B3ATEE, paccyXkaeHusa 0. 2 3aMeTHO miauHHee, 9eM 0. 1. OnHako B 10060M
cydae, TOBOPS O BRIMYKJABIX (PYHKIUAX, HALO OCTAHOBUTHLCS HA UX HEIPEPLIBHOCTH,
TAK 9TO HTY YacTh I.2 MOXHO HE YYATHIBATH IPU OLEHKE NIWHBI JOKA3aTEJbCTBA
TeopeMbl 1. A Toraa mamHOE B 1.2 T0KA3aTEILCTBO 3TOW TEOPEMBI OKA3LIBACTCA HE
nnuuHee, 9eM B 1. 1. Ho oHO kawxeTcsa dpopMasbHee: KAKOE OTHOIIEHWE BCIOMOTa-
TeNbHLIE KBAaIPATHLIE TPEXWIEHEl UMEIOT K Hamen 3agade? A eciu o6xoauThesa 6e3
HUX, TO BOOOIIIE MOJY4aeTcs KAKOU-TO aarebpandeckuil Tpiok. Mbl He BUAUM « IBUKY-
IIUX MPYXKUHY TOKA3ATEIbCTBA. B 1. 1 ke Hamm paccyX 1eHus OBLIN HEMTOCPEICTBEHHO
CBA3BAHLL ¢ reoMeTpuen 3agadu. Beé 5To oTgaér cyObeKTUBU3MOM, HO IyMAalo, YTO
MHOrue (KaK ¥ s) HaUAyT paccykneHus 1. 1 Gosee npo3padHBIMU.

[loxazaTenbCTBO, IPUBEAEHHOE B 1. 2, UMEETCA B KHIKKe J. ApTtuna o I'-dpyukunn
[1], a raxxe y W. 1. IIpusanosa [2] u H. Byp6axu [3]. B mocaeguen 0HO NpuBOAUTC
(Toabko maa ABaKAbl MU GEPEHIMPYEMBIX (GDYHKIUHU, 9TO MO CYNIECTBY He MPOIIE)
OpU W3J0XKEHUU CBOUCTB [-(pyHKIMM, BOCOpOM3BOAAImEM TekcT AptuHa. B Teope-
Me 1 Jerko mepeuTu OT CyMMBI K MHTErPaly, 9TO AOCTABJIAET JOTapUPMUYIECKYIO
BRITTYKJIOCTE [-pyHKIMHU. ITO CBOUCTBO HECKOILKO 00JErvaeT M3ydeHUe MOCaeHen,
HA 9TO BIepBble 06paTmiu eanvanue L. Bop u 1. Momepyn B cBoéM ydae6HEIKe aHa-
ausa [4] (oo 39, 41, a rakxke npumep 6 Ha c. 161. BonocaegcrBum sToT yueGHUK
TePEN3 NABAJICA, HO B HOBBIX U3 aHUAX — M0 KPAWHEU Mepe TeX, KOTOPHIE A BUIET, —
0 JOTApUPMUIECKON BHIMYKIOCTH ['-(byHKIIUN HE TOBOPUIOCH. BO3MOXKHO, aBTOPHI CO-
WM, YTO IOC/IEe BBIXOAA KHUKKU ApTuHa mucaTh 00 aroMm HesadeM). B [4] me Gbuio
YTBEPXK JEHUsA O JOrapuPMUYECKON BBIMYKIOCTH CyMMBI, a CPa3y AOKA3BLIBAIACH JO-
rapudMuIeckas BHIMYKIOCTb MHTErpaaa, u9TO elal0Ch TaK JKe, Kak mosaHee B [1]
NOKa3BIBAJOCH TIEPBOE YTBEPXKACHUE. BHIneneHne mepBoro yTBEPXKJIEHUS KAK €CTe-
CTBEHHO IPEIIeCTBYIOMIEr0 BTOPOMY — 3TO, HO-BUIUMOMY, YCOBEPIIEHCTBOBAHUE
Apruna.

CoMHUTENBHO, 9TOGH BOMPOC O JOTapU(pMUYECKON BHIMYKJIOCTH (KaK B 0OMEM
CIy9ae CYMMBI JOTApU(PMUIECKN BHIMYKILIX (DYHKIUA WA HHTErPAJa OT TAKOBHIX,
TaK U B CHEHUANLHOM caydae [-gymkuuu) mor Bo3HukHyTh B XIX Beke, Tak 410
paccyxenus, uMmeromuecsa y bopa — Mosepyna — ApTuna, ckopee BCero, uM u mpu-
HAIEXKAT.

N.N. [IpuBanoB cooOiraeT, ©ITO OH Y3HAJ MOKA3aTEJLCTBO TeOpeMbl 1 OT
A.W.Tnecuepa. Hocaeauun mezagoaro no Toro smurpuposad B CCCP uz Tepma-
HUY, T€ OH BIIOJHE MOP Y3HATH DTO AOKA3ATEILCTBO OT CAMOr0 APTHUHA WIU U3 €ro
KHUTH.

Teopema 2 mpunaagrexut I1. MorTemo [5]. Ero nokaszaTeabcTBO OTAMYHO OT Ha-
mero. Ta xe Teopema umeercs B [2]. [IpuBanos ccbliaercs Ha [5], HO IPUBOAUT APY-
roe MOKa3aTelbCTBO. B KOHEYHOM CUéTe ero OCHOBHAS MAesA — Ta XKe, YTO U B 1. 1
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(moaBop MOAXOAAIIEN DKCIOHEHTHI — TAKOW, TpM KOTOpou HepaseHcTBa (1) m (2)
1A €** f(2) CTAaHOBATCA SKBUBAJEHTHBIME), HO OQOPMJICHA OHA WHAYE U, IO-MOEMY,
MeHee IIPO3PAIHO.

ITcuxomoruyieckas 3araaka: mouemy, uMes Teopemy 2, [IpuBanoB He BLIBeJ 13 Heé
TeopeMy 17 MHe KaxkeTcs1, 1e10 B TOM, 9TO B OCHOBHOW YacTh [2] GOJBINYIO OB
UrpaeT OmepaTop, KOTOPHIU Kak Obl 3ameHseT omneparop Jlamnaca (mas Gosiee 06-
mux QYHKIUN) U KOTOPBIU TENeph HA3BIBAIOT «omeparopom IIpusanosas. A B ruase
0 BHIMYKJILIX (GyHKNUAX [IpuBajnoB B mopsake MOATOTOBKU AeJaa YyHIOp HA MCIOTb-
30BaHUE AHAJOTUIHOTO (HO GOJEe MPOCTOr0) PA3HOCTHOIO OMEPATOPA U CBA3AHHEIE
¢ HEM OOCTOATEIHLCTBA TUNA HPUHIKNA MakcuMyMma. Ilo-BuammMoMy, Opu HANKCAHUY
JTOU TVIABBL OH MEHee 3a00TUIICA O PA3IUYHBIX B3AUMOCBI3SIX, HE UMEIOIIUX OTHOIIE-
HUA K DTOMY ONMEpaTOpy (XOTA BCE-TaKU CIE61 00A3ATENLHEIM MPUBECTH TEOpeMy 1,
JOKa3bIBaeMyIo 6€3 ero mOMOLIHK).
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Kak ckr1agpBaTh TPEYTONBHUKI

&d. baxapesn K. Koxach ®. [TeTpos

Mse1 mokaseiBaeM KOH(MUIYPALKXOHHYIO TEOPEMy, IIOXOXYI0 Ha Teopemy [es-
apra, KOoTopasd MO3BOJAET BBECTH CTPYKTYDY abelreBOd T'PYNNBI HA MHOXKECTBE
TPEYrOMbLHUKOB, MEPCIeKTUBHEIX OTHOCATEILHO HEKOTOPOHU TOYKH.

1. KOH®UTI'YPAIIMOHHBIE TEOPEMBI

1.1. TEOPEMA /IE3APTA M EE OBOBIIEHUE

OnPEAEJEHUE 1. Ecau aBe miockue KOHQUIYPALUK, COCTABICHHBIE U3 TOYEK U
TMIPAMBIX, MOTYT OBITH IPUBENEHBI B COOTBETCTBHUE TAaK, UTO BCE MIPIMBIE, TIPOXO,IAIINE
Yepe3 COOTBETCTBEHHBIE TOYKH, MEPECEKAITCA B 0qHOU Touke (O, TO MBI TOBOPHM,
YTO 3TU [BE KOHMUrypauuu nepcnexmusubl omuocumevbno mouxu O. Touka O B
STOM CIydae HA3BIBAETCA UEHMPOM Mepcnexmuebl. Ecam xe COOTBETCTBUE TAKOBO,
YTO TOYKY TEPECEUEHUA COOTBETCTBEHHBIX TPAMBIX JEXKAT Ha OJHOU TpaMon £, To
MBI COBOPUM, UTO DTU [IBE KOH(MUIYPALUU NEPCNnerMustbl 0MHOCumesvho npamot L.
IIpsmvas £ B 5TOM CIyduae Ha3BIBAETCS 0CbIO NEPCNEKMUBHL.

TEOPEMA ([/IE3APT). Ecau 064 mpeyeoabruxa nepenexmuetbl 0MHOCUMEALHO
HEKOMOPOt MOoUKY, MO OHU MAKHCE NEPCNEKMUEHbL U OMHOCUMEALHO HEKOMOPOd
npAMOU.

Bepua u o6parnas (unm geoucTBeHHasn) Teopema Jlesapra: ecau ABa TPEyroJabHU-
Ka TEepCIeKTUBHEI OTHOCUTENBLHO HEKOTOPOU MPAMOU, TO OHM TIEPCIEKTUBHEI OTHO-
CUTEILHO HEKOTOPOU TOYUKH.

lokazareascTBo Teopemer [lesapra JOOONLITHLIA YUTATENL MOKET HANTU B KHI-
rax [1], [2], [4] wix HOLY<IUTH CAMOCTOATENLHO.

Nrak, Teopema [lesapra yTBepKaaeT, 9TO y NEPCHEKTUBHLIX TPEYTOILHUKOB
TOYKHU TIEPECEUEHUA COOTBETCTBEHHBIX CTOPOH JIEXKAT HA ONHOU MPAMOU. A MOXHO
JU 9TO-HUOYIb YTBEPXKAATE PO TOYKHU IIEPECEUEHNA HECOOTNEEMCING EHHBLL CTO-
pou? OKa3bIBAETCs, MOXKHO.

ONPENEJEHUE 2 (OCHOBHAA KOHCTPYKIUA). Ilycts Tpeyroasuuku Aq As Ag
u By B> B nepcnekTusHBl 0oTHOCUTEAbHO Toukn S. Ilycts (i, j, k) — mepecTranoBka
amcen 1, 2, 3. O6o3mauum uepes Pj; Touky mepecedenus npameix A; A, u B;By.
Touky nepeceuenus npaMmeix A;A; u B;B; o6o3nasum 1epes S;,. Hakonen, monoxum

Cr = Pip, Pyi N ijij (CM. puc. 1)

TEOPEMA 1 (OBOBIIEHHAS TEOPEMA [IE3APTA). Tpeyeoavnux C1C2Cs nep-
cnexmueen mpey2oabrHuKaMm A1AsAs u B1ByBs omuocumenbno moukuy S.

Mu gaguMm nBa HOKA3aTEJNLCTBA 3TOU TEOPEMEL.
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Puc. 1. Teopema [lezapra u ee obobienue

[TOKABATEALCTBO 1. Ilposepum, uTo Tpeyroabuuku Ay = S1 Py Pio u Ay =
= S3P53 P35 MepCHeKTUBHBI OTHOCUTENBHO TOUYKM So. [lis DTOro mposepum, 9TO
npsameie Poy Pag, PiaP3o u 5155 npoxomar depes TOYKy Sp. 3aMeTHM, 9TO NPAMAad
Py, P35 — 510 Ha camoM gede npavas B3 Bi, a npaman PioP3o — sro npavas A As,
MO3TOMY DTH MPAMEIE TIEPECEKATCA B TOUYKE So. OCTAIOCH 3AMETUTh, YTO TOYKHA S1,
So, S3 mexkaT Ha OQHOUM MPAMOU B cuiy TeopeMsbl [le3apra s UCXONHBIX TPEYrOib-
HHNKOB A1A2A3 n BlBQBg.

Urak, tpeyroapuuku Ay 1 Ay IepCHIeKTUBHELI OTHOCUTEILHO TOYKY, CIEI0BATE b
HO, O Teopeme [lezapra, TOYKM MEPECedeHUs COOTBETCTRBYIOIINX CTOPOH

As = 851 Po1 N S3Pos,
By = 51P15 N S3Psa,
Co = P1 Pia N Pa3Pso

Jgexar Ha oguon npamon. Amanoruuno Cy € A1 By, C3 € A3B3, 4T0 u TpeboBaIoch
TOKA3aTh.

[TOKABATEJALCTBO 2. Ham momagobuTca caenyoumi GakT 06 arrebGpandecKux
kpuBbIx (cM. [3, ru. 1, § 1, Teopema 4 gaa n = 4]):
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Ilyemy A;; — (nonapro pasauumnbie) MOUKU NEPECEUEHUL NPAMBMT Di, ¢j, 1 <
<1,7 < 4. Ecau 6ce mouxu
A, A, Az, Aug,
Aor, Ago, Aoz, As,
A1, Asz,  Ass,
An, Asw
aexHcam wa wexomopot kpusold cmenenu 4, mo ocmaavmvie mouxy — Ass, Aus,

Ayq — mooice aexcam na 3mot kpusot.

Paccmorpum Tpeyroavuuku Ay Ay A3 u By Bs Bg, nepCcneKTUBHBIE OTHOCHTEIBLHO
Touku S, u moctpouM Touku F;;. Ham yzo6uo Gyner onpegeants Touku C; He Tak,
KaK 3TO CAEJAaHO B OCHOBHOM KOHCTPYKUuUM, 105TOMY noaokuMm Cf = PjoPa; N A1 By,
C} = P12Po1 N Pa3P3a, C} = Pa3 P32 N A3B3. Byzgem o603Ha9aTh MpsAMble H30BITOY-
HO, TIEPEUNCIAA JEKAIAE HA HUX TOYKY MOJYUNBIIENCs KoHpUrypanuu. PaccmoTpumM
IpAMEIE

p1 = Pa3 A1 Ao P, q1 = P31 A2 A3 Py, ry = P31 Py3,
p2 = P31 P33 B1 Bo, q2 = P13P12B3 By, Ty = P3a A1 A3 Pyo,
b3 = C§SA333, g3 = C{SAlBla r3 = Po3B1 B3Py,
bs = CQC{P12P21, q4 = CéCéPBQPQB, ry = SA2Bs.

MEr BEANM, 9TO TOYKW TTEPECEUCHNA IPAMBIX p; U ¢; — 5TO 16 TodYex Hamen KoH(u-
Typammm, u BCe OHM, 3a WCKIOUeHneM, ObITh MoxkeT, C, C}, C}, nexaT Ha KPUBON
crenenu 4, KOTOpas PaBHA OOBEIMHEHUIO 9€TLIPEX IPAMEIX 71, I'2, T'3, T'4. B 0003Ha-
YeHMAX yHOMAHYTOU Teopembr, Cf = Ayz, C4 = A4y, C4 = A3y, modTOMY 5TH TOYKE
Takke JOKHBI TPUHAIICKAT OOBCIMHEHNIO TPAMEIX ;. HeTpyaHo npoBepuThb, 9TO
HY Ha OJHOU M3 OPAMEIX 7; HE MOXET OKa3aThCA 5 TOYEK HAIeHd KOH(UIYPAIWH, IO-
sromy Touku C%, C] NOIKHBL JEXATh HA HPAMOU 71, & To4ka C} — Ha IPAMOU ry.

B xuwure [2, §22] omncana xondurypamms Pente ¢ mapamerpamn (12, 4, 16, 3).
Bepmmansr kordurypammm Pee — 5T0 BepmmHLI Ky6a, €ro MeHTP W Tpu OECKOHETHO

YAAJIEHHEIE TOYKH, COOTBETCTBYIOIINE HANPABJICHAAM pebep; mpaMble — 3TO pebpa
Ky0a 1 ero 9eTeIpe MIABHEE IuaroHatn. Kak HeTPyIHO IPOBEPUTL, KOH(DUIY AU,
OMMCAHHAA B Teopeme 1, — MBOUCTBEHHAA K KOHpurypaiun Pene.

Teopema ITackais, KOTOPYIO AOKA3BIBAIOT IIOXOXKHUM PACCY XK JEHUEM, OKA3BIBAETCA B Pe-
3yJabTaTe TeOpPEeMOUN 06 ACCONMATUBHOCTY ONEPALNN CIOXKEHUA TOYEK DIUIANTUIECKON KPHU-
Bou. KaxeTcsa, 3a Hallled T€OPEMOU HE CKPLIBAETCA HUKAKOW ONMepanuy Aad 06HLEKTOB, CBA-
3aHHBIX C KPUBOU IETBEPTOro Mopaaka. He BHAHO gaxe KOHGUTYPAIMOHHOW TEOPEMBI [JS
00IIer KPUBOU Y€TBEPTOTO MOPAIKA.

1.2. TEOPEMBI ITAnIIA U ITACKAJIA

B sToMm maparpade mMbl gokaxkem ob6obienus Teopem llackansa u Ilanma, xoTo-
pble, BOpoUeM, gajee HaM He NoHano0aTcd. JlioburensM NoaIpHBIX Tpeobpa3soBaHUN
U JBOUCTBEHHBIX YTBEPXKICHUNM HE COCTABUT TPYAa OOOOGMIUTL B TOM K€ OYXE U Te-
opemy Bpmanmona.

TEOPEMA (ITACKAJDL). Touku nepeceuenus npomueonosoH#CHbLT CINoPor 6Nu-
Canmo20 8 KONUUECKOE CEUEHUE UWECTNUY2OALHUKAE ACHCATN NG 00HOT NPAMOTE.
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TeoPEMA (ITAnm). ITycms mouxu Ay, As, As aexcam wa odnot npamot, a
mouxu By, By, By — na dpyeot. To2da mouxu nepeceuenus nap npamviz A By
u As By, A1Bs u A3By, AsBs u A3By maxoice pacnoaoscenvt wa 0010t npamoi.

JoxazaTelbcTBa 3TUX TeOpeM MOXKHO Hautu B [3], [1].

O606menne Teopemer [lackana nory9aeTcsa, eCam MBI U3y9aeM TOYKH IIepecede-
HUA HEMTPOTUBOMOJIOKHEIX CTOPOH, a B (JOPMYJUPOBKE TeopeMbl Ilanma — ecam Mbl
paccMaTpPUBAEM TOYKU TIE€PECEUCHUA «HECUMMETPUIHBIX» MPAMBIX. BBeneMm 0603Ha-
genus. [lycre Ay, As, A3, By, Bs, Bs — ucxogusie Touku (B Teopeme [lanna) wiu
BEPIIUHEL MECTUYTOJIbHIKA (B Teopeme Ilackansa; o6paTuTe BHUMAHUE HA MOPATOK
BepmuH — cM. puc. 2). [lag kax nou nepecranosku (i, §, k) amucen 1, 2, 3 o6o3HaIMM
1epe3 ();; TOUKy mepecedenus upamelx A; By u BjAy.

TEOPEMA 2 (OBOBIIEHHAA TEOPEMA ITACKAJA). ITycmv A1 BsAsBiAsBy —
snucannbl wecmuyeoavnuk. Toeda npamvie Q12Q21, Q13Q31 v Q23Q32 nepecexa-
romea 6 0dnot mouke.

TEOPEMA 3 (OBOBIIEHHASI TEOPEMA ITANNA). B ycaogusr meopemwur Ilanna
npamvie Q12Q21, Q13Q31 u Q23Q32 nepecexaiomes 6 00not mouxe.

JOKABATEJIBLCTBO. Paccmorpum Tpeyroabauky (Q12@Q23@31 1 Q21Q32@13. Tou-
KV TIEPeCeIeHns TTPOTUROMOMOKHEIX CTOPOH dTUX TPEYTrOMbHUKOB — DTO TOYKY, Pu-
rypupytomume B Teopeme Hackana (nma mectuyronbauka A B3 As By A3 Bs). Cramo
OBITH, TPEYTOJIBHUKNA MEPCIEKTHBHEL OTHOCUTEIBLHO MPAMOK, 4 IOTOMY KM OTHOCH-
TEIBHO TOYKH, 9TO U TPEOOBAIOCE.

OTMmeTnM eme oauH U3BECTHBIA Coco6 0606umThs Teopemy Ilackamus.

TEOPEMA (ENIE OJHO OBOBIIEHUE TEOPEMBI ITACKAJA). Oboswauum S = A;A; N
N B;By. Toeda mpu npamvie l; = S Sk; nepecexaromea 6 0dnot mouxe.

JOKA3ATEALCTBO. O6osnaumm S = AsBs N Ay Bs. Ilo Teopeme Ilackana (zaa mepe-
HYMEPOBAHHBIX TOYEK) TOUKHU S, S32, S23 aexar Ha oguon npamon [. ITo Teopeme IManma,

Puc. 2. Ogno u3 o6o6menun Teopemsr Ilackana
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IPUMEHEHHON K TpoukaMm Todek Bz, Siz, By m Aa, S»1, Bs, moaydaeMm, 4TO Ha mpsaMon [
aexur Ttouka U = BsSs1 N A3S13. Eme pas npumenuwm teopemy Ilanma, ma sTor pas k
TpoukaMm Touek Ba, Si2, Si3 m As, S31, S2i. Ioayuum, 9TO HA TPAMOU | JEKHAT TOIKA
7 = 512551 N S13531. Yto n Tpeb0oBaATOCH.

1.3. IBOWCTBEHHAA KOHOUTYPAIINUA

Bymem cumTaTh, 9TO OCHOBHAS KOHCTPYKIUA 33JaHA HA NPOEKTUBHOU ILIOCKO-
CTU. 3aMETHUM, UYTO BCE €e DJIEMEHTHI COXPAHAIOTCA IIPU MPOEKTUBHLIX Mpeobpaso-
Bauuax. [lpu sToM BEIGOpP TOUYkM S u mpAMBIX f1, f5, f3 C TPOEKTUBHOU TOUKU
3pEHUA HE HAPYIIAET HUKAKOU OOUTHOCTHU: TPHU TMOMOINU TOIXOMANIETO MPOECKTUB-
HOrO Ipeo6pa3oBaHUA MOXHO OTOOPA3UTH DTY TPOUKY KOHKYDPEHTHBIX MPAMLIX B
JIOOYI0 IPYIYI0 TPOUKY KOHKYPEHTHBIX MPAMBIX. B 9acTHOCTH, CTPYKTYpa «a1Iu-
TUBHOU TPYMILI TPEYTOJBHUKOBY, ONIMCAHHON B pa3fene 2, He 3aBUCUT OT DTOTO BbI-
6opa.

Dukcupyem MOMAPHOE TPEOOPA3OBAHNE HA MPOCKTUBHOU MIAOCKOCTHU. [Ipumensas
€ro KO BCEM DIEMEHTAM OCHOBHOU KOH(MUTYPAIIUU, MBI TIOJIYYAEM TEOPeMy, ABOU-
CTBEHHYIO K TeopeMme 1:

TEOPEMA 4. Iycmv mpeyeomvnuku A = Ay Ay A3 u B = By By B3 nepcnexmuenbt

omuocumenvno npamot s. Aasa i = 1, 2, 3 obosnavum L; — mouxu nepeceuenus
coomeemcmeennvis cmopon: Ly = ApA; N ByBj. Hoaowcum Cy = A;B; N A;B;.
Toeda C = C1C5C5 — mpeyeoavnuk, nepcnexkmueubilic mpeyzoavnuram Ay AsAs u

B1 B> B3 omuocumeavno npamoti s (cm. puc. 3).

[JloxazaTeabCTBO TeOpEMHEI 1 ABIAETCA OTHOBPEMEHHO U NOKA3ATETHECTBOM TEOpe-
MBI 4 (Tak Kax MoJApHOe TPe0OPa30BAHNE MHBOIIOTUBHO).

OnPeEAENEHUE 3. Koncrpykuuio Teopembr 1 (puc. 1) Gyzem Ha3BIBATL yewm-
Paabholi M0deapl0 OCHOBHOU KOHCTPYKLUM, & KOHCTPYKuuio Teopemsl 4 (puc. 3) —
ocesoti Modeabio.

L L ;
2
Cs
AS B2
4, B HH
B3
Ay

(&

Puc. 3. KoucTpyknua, JBOUCTBEHHAA K OCHOBHOU



Kax cxnageiBaTe TPEyrOJIBHUKH 169

B menTpaibHON MOAEaU MBI CIUTAEM (PUKCUPOBAHHBIMU TOUKY S M TPHU TPAMBIE
£y, Ly, €3, MPOXOAAIIIAE YePe3 DTY TOUKY, B OCEBOU MOJAeAN 3a(UKCAPYEM TPAMYIO S
u tpu 1ouku Ly, Lo, L3, nexamue na uen. Tpeyroavuuk Ay AsAs (rme A; € ¢; B
neHTpanbHON Mogean win A;A; comepxutr Touky Lj B oceBom Mogenn) OyneM U
KpaTKOCTH 0003Ha4YaTh A.

2. AIIUTUBHAS T'PYIIIIA TPEYTOJBHUKOB

HamomuuM qmTaTenio, Kak ONPeNeasioT CI0KEHNE TOUYEK DIUTANTHIECKON KPUBOU.
CHadaia BBOAAT HEKOTOPYIO «PEOMETPUYECKYIO» KOHCTPYKIUIO, KOTOPAs IO OBYM
ToukaM A m B MO3BOJAET MOCTPOUTH €I1Ie OAHY TOYKY KPUBOW, a mMeHHo: C' — BTO
TpeThbsa TOYKa IepecedeHusn npamon AB ¢ IaHHON pJLIMOTUIECKOU KPUBOHU, 0603HA-
qnm C' = A- B. Ilocse 3Toro cama onepanus CI0XeHus 3aaeTCA TAK: MbI QUKCAPYEM
NpPOU3BOJIBHYH TOUKY F Ha kpusou u nomaraem A + B = E - (A - B). Touka E npn
2TOM 6ye€T UIPATh POIb HEUTPAIBHOTO BJIEMEHTa, ((«HYIA).

IDTOT cnocob, OIHAKO, TpeOyeT OOCYKAEHUs HEKOTOPBIX TEXHUYECKUX [TeTajleH,
U 1[I0 XOAY HeAa OKA3BIBAETCS, ITO KPUBYIO €CTECTBEHHO PACCMATPUBATH HE HA IIOC-
KOCTH, a Ha KOMILIEKCHOU TIPOEKTUBHOU TIOCKOCTH, ompenencune Touku C' TpedyeT
CTIEIMATBLHBIX OTOBOPOK, eciu A = B win B caydae, korga npamas A B kacaeTcsa Kpu-
BOU, HAKOHEII, OYEHb YaCTO B Ka4ecTBe TOUYKK F 6epyT 6€CKOHEYHO Y JAJEHHYIO0 TOYKY,
YTO MPUBOJUT K HECKOJABKO BOJIEE «3araJOHOMY» ONPEIEJEHUI0 CYMMBI — MIOCTPOUB
Touky A - B, ee CUMMETPUYHO OTPAXKAKT OTHOCATENILHO OCU x. Bepmmuon Teopun
SBJISETCA TOCTPOEHUE DIUIMOTUIECKUX (DYHKIUN, KOTOPBIE ABAAIOTCA IOMOMOPhU3-
MaM{ MEXAy agIlUTUBHOU IPYNION TOYEK DIIUITUIECKUN KPUBOM ¥ KOMILIEKCHBIM
TOPOM.

B sTOM pasmene MBI OmpefesseM OMEpANNIo CIOXKEHWs Ha MHOXKECTBE TepCIeK-
TUBHBIX TPEYTOJIBHUKOB. [IpyM mOMOIM OMMCAHHON B TpensiayiieM mnaparpade KOH-
(pUrypanroOHHOU TEOPEMEBI MBI MOXKEM II0 IBYM TPEYrOJbHUKAM MOCTPOUTH TPETUH.
31ech, MpaBa, HYKHB HEKOTOPHIE TEXHUIECKNE KOMMEHTAPUY, CKAKEM, 1A CIydas
COBMAJAIOIINX TPEYTOJBHUKOB. /lanee, 9TOORT OMPEAEIUTD CIOKEHUE, HAM HY KHO BCE-
[0 JIUIIb IOBTOPUTH DTY ONEPAIUI0 C KAKUM-HUOY b (PUKCUPOBAHHBIM 3apaHee Tpe-
yroabuukoM. OAHAKO BBEIEHUE TAKOW ONEpanuu TPeOyeT HEKOTOPOr'o IMOMOJHEHUs
MHOXECTBA, TPEYTOJILHUKOR, TIPU 3TOM B KAIECTBE (PUKCUPOBAHHOTO BJIEMEHTA Y100~
HO BHIOpPATh KaK Pa3 «GECKOHETHO yAAJEHHBIN TPEYTOJLHUKY. POJb BITATTUYECKON
dyHKIMEU Oy IyT UCOOIHATE NPU 3TOM OAPUIEHTPUIECKAE KOOD JUHATHL.

2.1. CYMMA IEPCIEKTUBHBIX TPEYI'OJIbHUKOB

OnPEAENEHUE 4. IlycTh ganbl ABa NepCHEKTUBHBEIX (OTHOCATENBLHO TOYKK S MK
upsMon s) TpeyroasHuka A u B. B cuny o6o6mennon reopemsr [lesapra stu Tpe-
YTOJBHUKYU OTIPEAEIAT TPETUU TPEyroabHuK — C', KOTOPHIU MBI OyIeM Ha3hIBATH
npedcymmoti Tpeyronbunkos A u B u zanucwsats C = A H B.

OTMeTuM OYeBUIHLIE CBOUCTBA, 3TOU OIEPALIUN.

JIEMMA 1. Onepayus «npedcymmay o6aadaem caedyouyums C80UCMEAMU:
1) AHB=BHA.
2) BEcau ABB=C, mo ABC =B uw BHC = A.
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3AMEYAHUE 1. MHOXeCTBO TPEYTOIBHUKOB HE 3aMKHYTO OTHOCHUTEILHO ONepa-
Iuu «IpeacyMMay. HanpuMep, pasmisaasiBas puc. 1, 9auTaTenb Jerko mOuMeT, 9TO TIPU
HEy JaIHOM BEIGOpE TpeyroabHukoB A u B Bce Tpu BepImHbI Tpeyroabauka C' MoryT
COBMACTh ¢ Toukon S. Kpome TOTo, HE A1 JOOBIX IBYX MEPCHEKTUBHBIX TPEYTOMh-
HUKOB HAI MOCTPOEHUS KOPPEKTHHI.

ONPEAENEHUE 5. (Obmee onpegeneHue cyMMbl TpeyroabHukoB) Oupexenum
cymmy Tpeyronbaukos A u B ¢opmyaon A+ B = FH (AHB B), B ToM caydae, Koraa
aTa GOpMyTIa UMEeT CMBICH, Tae F — HeKOTODPHIN (PMKCUPOBAHHLIA TPEYTOILHUK.

3AMEYAHUE 2. MHOXKeCTBO ¢ onepanuen, 06Jaaiomer CBOUCTBAMY U3 JEMMHI 1,
HA3BEIBAETCA KBA3UTPyNnon. M3 akcmoM KBa3UTIPyNIEl HUKOUM OOpPA30M HE CIELyerT,
uT0 onepamusa A+ B = FH (AH B) accounarnsna. Tax, Teopema [lanna mossonser
0 IBYM TPOUKaM KoJauHeapHBIX ToueK A u B nocrpouts Tpersio Tpouky C = AHB.
Herpyano Bugern, 9T0 Takas onepanma ynoeaeTsopsaet aemme 1. Ho Bosruxaromasn
O AHAJOTHUU C OTPENeNeHNeM 5 «CyMMay He aCCONMATURHA.

[Manee mer 6ygeM paboTaThb B OCEBOU MOIEIN. ByaeM CIMTATh, 9TO OCh IepCIeK-
TUBEL § OECKOHEYHO yAateHa (A1 3TOrN0 LOCTATOYHO CAEJATH IOAXOAALIEE IIPOEK-
TUBHOE TpeobpazoBanue). Kpome TOro, B TEXHUUECKHX IeJAAX HAM yA0OHO OyAeT B
kKadecTBe F B3ATH, B HEKOTOPOM CMBICTE (B KaKOM — OyIeT ACHO MO3JHEe), «Gec-
KOHEYHO yIAJEHHLIN TPeyroabHuky. [[oaToMy B OCTaBIIEHCA 9aCTH DTOU CTATHU MBI
Oy eM MoAb30BATHLCS CAENYIOUIUM OIPeNeNeHIEM CYMMBL.

ONPEJAEJEHUE 6. IlycTh MaHBI ABa MEPCHEKTUBHBIX OTHOCUTENIBHO GECKOHETHO
yaamennou npsamou s tpeyroavuuka A u B. llycte C = A B B, o6oznauum Cy —
ueHTp Taxectu Tpeyroabuuka C. Tpeyronapauk D, HeHTPAIbHO CUMMETPUYIHBINA TPe-
yroabuuky C oTHOCUTENBHO TOUKEU Cy, OyIeM HA3LIBATH CYMMOT TPEyTOILHUKOB A
u B u o6osuavates D = A + B.

Huxe MBI gokaxkem, 9T0 dTa onepanus KOMMYyTaTUBHA M acCOMUATUBHA (4TO
OMPABIBIBACT €€ HA3BAHUE), & CUMMETPUA OTHOCATEIBHO [EHTPA TAKECTH — 3TO HA
CaMOM [leJie BBIYHMCIEHNE MIPECYMMBI TAHHOT'O TPEYTOJbHUKA U «OECKOHEYHO yaaJaeH-
HOrO TpeyroabHuKay (cM. npumep 4), KOTOPBIU U OyJeT UrPATh POJIb HEUTPALLHOIO
sneMenTa (Hyuas) nus orepanuu caoxenus. Onepanus, 3agaHaas OOIIUM ONIPeneIeHA-
eM b, TakKe acCOIMATHBHA U KOMMYTATHUBHA, U TOPOXKJAET Ty XKe CaMylo I'PyIIy,
HO MBI He OyZeM 5TOr'0 3JeCh IOKAa3BbIBATh, IIOCKONBKY NOKA3aTeIbCTBA COBEPIIEHHO
AHAJIOI MYHEL.

2.2. BAPUIIEHTPUYECKNE KOOPJIWHATHI U TPOCTPAHCTBO TPEYTOJIbHUKOB

Urak, cnenas moaxomsiiee TpOEKTUBHOE MPEOOPA3OBAHNE, MBI MOXKEM CUUTATH,
9TO MPAMAA § B OCEBOM MOIEIN — GECKOHEYIHO yAAIeHHAA. B 5TOM caydae cooTBeT-
CTBEHHBIE CTOPOHBI Tpeyroabuukos A, B, C = A H B napamnensusl (cMm. puc. 4).
Huxe mon TpeyroasHAKaMy MOHUMAIOTCA TOJIBKO TPEYTOJBLHUKA C TEMU K€ HApa-
BJICHUAMU CTOPOH.

3adukcupyem kakou-unbyanb Tpeyroasuuk E = Ey EsEs. Huxe non xoop auna-
TaMu TOYKN adPUHHON MIOCKOCTU MBI Beeraa OyIeM TMOHMMATL OAPUIIEHTPUIECKIE
KOODWHATHL DTON TOYKN OTHOCUTENLHO Tpeyroabauka I (cm. [5]). C moMormmsio sTux
KOOPOWHAT BBEIEM KOODIUHATHI HA MHOXKECTBE TPEYIOAbHUKOB.
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Puc. 4. /[BoricTBeHHAA KOHCTPYKIIAA ¢ OECKOHEYTHO VAJCHHOU OCBIO

ONPEAENEHUE 7. (BapumenTpuyeckue KOODAMHATH HA MHOXKECTBE TDPEYTOMb-
mukoB.) Kaxaoin tpeyroasauk D ognosuavHO 3amaerca Koopaunatamu (di,ds,ds)
(dy + d2 + ds = 1) ero uenrpa Taxecrtu u Ko3pdunymenToM d EIJUHCTBEHHOU I'O-
moTernu, nepesoasmer D B E (mapawiespHbI TEPEHOC MO ONPEIENCHHI0 CIATAEM
roMoTeTren ¢ kKoadguimeaToM 1). SHAYUT, 3TOT TPEYTOJIBHUAK OJTHOZHATHO OMPEIe-
JSIETCSL TPOUKOU mapamerpoB (d1, d2,03), TAKUX 9TO

612622(53:d12d22d3, 51+52+(53:d.

IMapamerper (d1,02,03) Mbl GyAeM HA3BIBATH OAPUUEHMPUUECKUMY KOOPIUHAMAMY
Tpeyroapauka D.

Ilepexon or xoopgunar (di, ds, ds; d) x GapuLHEHTPUYECKUM KOODAUHATAM
(01,02, 03) 1 0OOPATHO OCYIIECTBAACTCA TIO HPOPMYIAM:
—d-d _ Cog= %o O
0; =d-d;, d =091 + 02 + 3; d’_d_z&

IIpuMEP 1. Bripasum koopawHaThl Bepuina Tpeyroabauka D = Dy Dy D3 c nen-
TpoMm Dy depes ero GapUIeHTPUICCKUE KOOPAUHATH 01, o, d3. [l aTOr0 3amMeTuM,

P

(i=1,2,3).

P
110 BeKTOp DoD3 romoreruten BekTopy FogFs ¢ kosddumenTom —:

d
1 1 1 1 1 2
D3—D0+E(E3—E0)—3(51,52;53)4‘3(— g;—g;g)—
_(51—1/3 5 —1/3 53+2/3)
o d ’ d ’ d ’

AHATOrMYHO BRIMUCIAIOTCA KOOpAIWMHATHEI OCTAJBbHBIX BEPIINH.

OTMeTnM, 9TO ecanm CyMMa KOODIWHAT PABHA HYJIO, HUKAKOTO (M€OMEeTPUIECKO-
r0) TPEYroJbHUKA HE TIONYIaeTCA.

OnPEAEJEHUWE 8. [Jo6aBrM KO MHOXECTBY T€OMETPUIECKUX TPEyrOJIbHHKOB
dopMasbHBIE 3>JeMEHTH, 3aJaBaeMble B OApUIEHTPHUUYECKHUX KOODAMHATAX
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napamerpamu (d1,09,03), Tae §; + d2 + d3 = 0. IlomyuenHOE MPOCTPAHCTBO, POpP-
MaIbHO u3oMopdHOe R, 6y1eM HA3EIBATL NPOCMPAHCMEO0M MPEY204bHUKOS.

HOCKO.HBKy TPEYTOJBHUKHN C MaJbIM 3HAYCHUECM CYMMBI KOOPDIWUHAT NMEIOT «6OJIB-
IIIOU pa3Mep», eCTECTBEHHO OKUAATh, 9TO 3TU (hOPMATHLHBIE DJIEMEHTH MOKHO UHTEP-
OPEeTUPOBATH KAK B KAKOM-TO CMBICIE «GECKOHEYHO yAANEHHBIE) TPEYIOJILHUKU (CM.
pazgen 3.1).

2.3. OCHOBHASI TEOPEMA
TEOPEMA 5. Onucannas 6 onpedesenun 6 onepayus «+» 6 6aPUUEHMPUUECKUT
xoopdunamaz cosnadaem c onepayuet caoxcenus 6 addumuenot epynne R3.
JIOKA3ATENBCTBO. Ilycts A m B — 1Ba TpeyroipHHKa C KOODAWHATAMI
(1,a0,03), Y a; =a#0,u (B1,02,53), Y. bi =b# 0 coorBeTCTBEHHO, U IYCThb UX
npegcymma C = AH B — Toxe TpeyroabHuk, T.e. » y; = ¢ # 0. Beraucaum koop-
auaaTe Tpeyroasauka C. Tpeyronsuuku A;C3As u BoCs By (cM. puc. 4) mogo6Hb

¢ koaduimenTom A A;/B2B; = 1/72. Suaunt, a - A1C3 = b- C3By, u 1o paBmIy
peraara Touka C3 — IEHTP MACC MATEPUAIBHBIX ToUeK (a, A1) u (b, By). OTciona
1
Cs= e Aditb-By)=
1
= a——|—b ((al +2/3,042 - 1/3,0[3 - 1/3) + (61 - 1/352 +2/3763 - 1/3)) =
= (*(041 +61) —1/3 —(a2+B2) —1/3 —(az+Bs) + 2/3) (1)
—(a+1b) ’ —(a+1b) ’ —(a+0b) ’
AHaIOrnYHO BEIYUCIAIOTCS KOOpAMHATEH Todek Co u Cp. 3amMeTuM, 9TO
1 1
CQ —Cl = W(—l,l(]) = W(Ez —El).

CrenoBaTenbHo, cyMMa KOOpAMHAT TpeyroabHuka C (TO ecTh KOD(MPUIMEHT TOMO-
teruu C — E) pasaa —(a + b). Teneps s TOro 9ro6bl HAUTH KOOPAUHATHL TPE-
yroapauka C, MBI TOMXKHLI yMHOXHTEL HA ATy BEIUYIMHY KOODIUHATEL €r0 MEHTPA
Taxectun Cy. Koopanuare nentpa Touku Cy paBHBI

Ci+Co+C3 _ [(—(a1+ 1) —(a2+B2) —(az+f3)
3 N —(a+b) 7 —(a+b) ' —(a+b)

SHAYUT, UCKOMBIE KOOPIUHATHI Tpeyroabunka C' paBHBI

(—(a1 + B1), — (a2 + B2), — (a3 + P3)) . (2)

OueBUAHO, YTO CUMMETPUS OTHOCUTEABHO IEHTPA TAXKECTH MEHAET KOOPAMHATHI
TPEYTOIBHAKA Ha TPOTUBOMOJIOKHBIE. TakuMm 06pa3zoM, KOOpAUHATH cyMMEl A + B
DPaBHEL

(a1 + b1 00 + Bo,as + 083) . (3)

CHEACTBUE 1. Onucannas 6 onpedeaenuu 6 onepayus «+» npodoaxcaemca do
KOMMYMAMUBHOT, GCCOUUAMUSHOT ONEPAUUY 8 NPOCMPAHCMEE mpey2oabruKos. Ilo-
CMPOEHHAA MAKUM CNOCOOOM «AdOUMUBHGL 2PYNNG MPEY20AbHUKOEY U0MOPPHA G0-
dumuenoti epynne R3.
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3. TEXHUYECKUE MHOJPOBHOCTH

3.1. T'EOMETPUYECKAA MHTEPTIPETAIINA ®OPMAJBHBIX TPEYTOJHHUKOB

[lns mouTH! BCex pOPMATBLHBIX TPEYTOJBHUKOB MBI MOXKEM AaTh T€OMETPUIECKYIO
WHTEePIPEeTaINIO.

OnPEAEJEHUE 9. (Bapuuenrtpudeckue xoopauHATHL HA GECKOHEUHO yAAJICHHOU
npamon.) Jaa Toukm X ¢ GAPUIEHTPUIECKAME KOODAWHATAME (X1, T3,%3), Y. T; =

—
=1, umeem OX = > x,0F; nus mobou touku O. AHATOIUYIHO, /I TPOUKHU TUCEN

(y1,y2,ys) c cymmon 0 paccMOTPUM BEKTOD » le—E; AcwHo, 9TO >TOT BEKTOp HE 3a-
Bucutr ot Touku O, u noroMy TPouka (yi,Ya,y3) OUpeLenseT HanpasieHue (1 gaxke
BEKTOp; HaIpaBJaeHue OyaeT, ecau (GpakTOPU30BATH TIO OAHOPOAHOCTH). BymeMm Ha-
3BIBATH OJHOPONHYIO TPOUKY (Y1, Y2,Y3) OGPUYEHMPULECKUMY KOOPOUKAMAMU STOTO
HANpaBJIeHUA (= TOYKYU GECKOHETHO yIANEHHOU IPIMON).

OnPEAENEHUE 10. Ilcesdo-mpeyzoavnuk ¢ xoopaunaTamu (pi,ps,ps), Y. Di =
=0 — DTo ymopsAA0YeHHAsA TPOUKA HATIPABJICHUN ¢ KOOD JUHATAMU

2 1 1 1 2 1 1 1 2

P +35p2—35.0—3), i—3p+5p—3), 1—-3p—3p+3).
COOTBETCTRYIONINE DTUM HATIPABICHUAM TOUYKN OECKOHETHO YIATCHHON TPAMON (UIH
CaMM HANPABJACHWUA) MBI OyIeM HA3BIBATH GEPUUHAMY TICEBIO-TPEYroabHUKA. Dop-

MaJbHBEIA 3JEMEHT MPOCTPAHCTBA TPEYTOJLHUKOB C KOOpauHaTamu (pi,p2,D3),
> p; = 0, 0TOXK IECTBUM C TICEBNO-TPEYTOTLHUKOM (D1, P2, D3)-

I[TpuMEP 2. IIycte A mw C — aBa TPEYrOAbHHKA, NEHTPAILHO CUMMETPHIHLIE
OTHOCUTEIBHO TOYKHU, OTAUIHON OT CepeAnH CTOPOH 3TUX TpEyroabHnKoB. Hammzem
UX NpeACyMMy. BEITOMHAA MOCTPOECHNA OCHORHOM KOHCTPYKIIUY, MBI BUIUM, ITO [
Becex map ¢, j upamsle A;C; u A;C; napamnersHer (cM. puc. 5) u, TakuM 00pa3omM,
«rpeyroabauky ABC — 5T0 Tponka 6ECKOHETHO Y IANEHHBIX TOUEK, T. €. B TOYHOCTH
MCER I0- TPEYyTONLHUK.

[TPUMEP 3. BriacHuM, 9TO TpeACTaBAACT COGOU TCEBIO-TPEYTOJBHUK C KOOP-

2 11 12 1
;:[miaTaivmg (0,0,0). Ero Bepumubr — 3T0 HanmpasieHusa (5, —z,—3), (—3,5,—3),
(=3, —3,3)- Beibupas B xatecTse Touku O u3 onpejeneHns 9 MEHTD TAKECTH Tpe-
yroapEUKa F, MBI BUAUM, 9TO DTH HATPABJACHUS CYyTh B TOYHOCTH HATIPABJICHUS Me-

auad Tpeyroapauka E (wiu 1106010 gpyroro TpeyroabHUKa).

Ha npoexTuBHOM IIOCKOCTU OCHOBHAS KOHCTPYKIUSA 0€3 CIeMUualbHBIX ONOBOPOK
[I03BOJIAET HAXOAUTh IPEACYMMY TPEYI'OJIBHUKA U IICEBNO-TPEyrONbHUKA.

IIpuUMEP 4. Haugem mpemcymMMmy TpeyroabHHKa A u IceBo-TpeyroabHuka B c
koopauuatamu (0,0,0). Bepmunsbr ncesgo-tpeyroasauka B(0,0,0) — »sT0 Hampa-
BJIeHUs MenuaH rpeyroapauka A (cm. npumep 3). Boimonnsas mocTpoenus 0CHOBHOU
KOHCTPYKIIMY, HAXOAUM, YTO UCKOMAS MPEICYMMA — BTO IPOCTO OTPAKEHUE TPE-
YTOJIBHUKA A OTHOCHTEIBHO €0 IMEHTPA TAKECTH (CM. puc. 5).

HeTpyano BuaeTs, I1TO, XOTa 6APUIIEHTPUICCKNE KOOP TMHATH HATIPABICHU OTPe-
neJeHbl C TOYHOCTBIO 0 YMHOXEHUA Ha KOHCTAHTY, MICeBI0-TPEYTOTbHUKN C PA3HBI-
MU KOOPIUHATAMU ONPEAEIAIOT PA3HBIE TPOUKYU HATIPABICHUH.
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Puc. 5. Croxerne TpeyroibHUKA C HYJIEBBIM

Omnpenenenne nceBno-TPeyroabHUKA HE MMEET CMBICAA JWIIEL A TPEX HAOOPOB
(21 1y (1 ~21 11 _2
TMapaMeTpoB: (U—g, 7,3), (3,—%,3) ¥ (5,3, —3), TOCKOIBKY TOUKM GECKOHETHO yja-
JICHHOU TIPAMOW B CUJIY OTpEACTeHna 9 He MOTYT MMETh TPW HYJEBLIC KOODIWHATHI.
ONPENENEHUE 11. Tpm popMaTbHEIX BAEMEHTA TPOCTPAHCTBA TPEYT OMLHUKOE C
211y (1 _2 1 11 _2
KoopAuHATaMI (—%,3,3), (5,—35,3) ¥ (5,3, —3) Oylem Ha3BIBATH COBCEM-TICEBJO-
TPeyrOJbHAKAMIA.

Takum o6pazom, (pOpMaITBHBIE 3IEMEHTHL U3 OIPEAEICHNA & NCIEPILIBAIOTCS IICEB-
NO-TPEYTOTbHUKAMM U COBCEM-TICER O-TPEYT OMbHUKAM.

3.2. IIOIPABKU K OCHOBHOM KOHCTPYKINU

Mer no-npexnemy paGoTaeM B 0CEBOU MOAean. HeTpyaHo BHAETE, 9TO HEONpeae-
JIEHHOCTH B OCHOBHOM KOHCTPYKIUU A TPEYTOJILHEHKOE A m B BO3HEKAIOT B Tpex
crydaax:

1) eciu gBe croponsl TpeyroabHukoB A u B oxaszanuch Ha OZHOU IpaMou (Ha-
mpumep, ecim Touku Ay, Ao, By, By Jexar Ha OJHOU NpAMOU, TO mpaMbie A By u
As By cosnagaror u Bepmntaa C3 He ONpEIENeHa);

2) ectu A = B (6osee TiyOOKUA CIyYad TPENBIAYIIEr0 BEIPOXKICHNUA; HETOCPEI-
CTBEHHO HE TIOCTPOUTH HU OJHOU BepIUHEI TpeyroasHuka C);

3) ecau TpeyroapHukd A U B HEHTPAIbHO CUMMETDPUYHBL ADYT APYT'Y OTHOCH-
TEJIBHO CepequHbl ux (00men) cTOpoHbl (Torga ecau, ckaxem, A1 As = By By, To
upsaMbie A; By u As By He onpeneneHsr).

B mepBoM m BTOpPOM Caydae Pe3yabTaT BHIUYACICHUA MPEICYMMBI — TDPEYTOIb-
HHUK, B TPETHEM — COBCEM-TICEB0-TPEYTOMbHUK. [loKaxeM, KakKuM 00pa3oM HYXHO
U3MEHUTH OCHOBHYIO KOHCTPYKIHUIO, 9TOOLI HAUTHU B DTUX CIy9adX IPEICyMMYy Ceo-
METPUIECKH.

3.2.1. COBIAJEHUE ABYX CTOPOH
IlycTs mpambie, coiepikaliue MO CTOPOHE HAIUX TPEYTOIBHUKOB, COBIAIAIOT,
ckaxeM, Ay = By (o Ay # Bs m TpeyroabHukm A m B — He UEHTPATBHO CUM-
meTpuuHsl, cM. puc. 6). Torga Cy onpegenum no xoucrpykunuu, a upo Co u Cs MbL
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Puc. 6. IIpocTentnun BLIPOXICHHBIN CIyYIAH TIPEACAOKECHAA

3HaeM Juib, 910 Cs € A1 B3 = B1 A3z, a C3 € A1 By = A3By. 3T0 103BO/IsS€T HAUTHU
C u C3 npocroivu nocrpoenuamu (ckaxem, Co = Ay B3NCy Ss, rae S5 — Geckonetd-
HO yAaJeHHasa Touka npaMon A; As). Cayvau, korga, ckaxem, Ay = By wim npocto
Touku Ay, By, As, By Jexar BYeTBEPOM Ha OLHOU IPAMOU, pa3bUparoTCcsa aHaJI0r Y-
HOo. To, 9TO B HTOM CJAy9ae KOOPAMHATEI MPEACYMMEI MO-IPEXKHEMY OIPENeSATCA
dopmyon (2) — MOHATHO (HAPUMED, CETAeM TPEICTLHEIN TePEX0]).

3.2.2. TEOMETPUYECKOE ONPEIEJEHUE A H A

Bymem ucxoauTs u3 TOrO, 9TO JOJKHO BHIIOJIHATHCA cBoncTBO A (AMH A) = A.
B umenTpanbHOM MOJeaH 3TO 3HAYUT, 9TO CTOPOHLI Tpeyroabpuuka A B A momxuoi
IpOXOUTh Yepe3 Bepimubl Tpeyroabuuka A. [Tocrpoum takou Tpeyrombuuk. O6o-
smaunM X; = A;A; N SA; (em. puc. 7). IIyers Y; — rapMoHHTeCKOe NONOIHEHUE
touku S k mape {A;, X;}. Torga tpu wersepku Buga ['; = {S,Y;}{4;, X,;} — rap-
monudeckue. llpu mpoemuposanun u3 touku A; gersepku I'; ma npamyio SAj mo-
aydaeTcs (cHoBa rapMonmtdeckasn) dersepka {S, Yy H{ Xy, Ax}, roe Y/ = A, Y; N SA,.
Ho Touka Y; B 5TOM ciIydae IOMKHA COBIHAJATH C TOUKOM Y}, Tak Kak 00e OHU
ABJSIIOTCS TapMOHUYECKUMY gonoaHeHusMu Touku S k nape {Ay, Xp}. U3 storo

caegyer, 9410 TOo4IKH A;, Y, Y} — KOJIMHEAPHBI U IOTOMY TPEYIObLHHUK YYoY3 —
UCKOMBIN.

Puc. 7. Croxenue TpeyroabHUKa ¢ COO0H
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KCTaTI/I, X1X2X3 = A/2 TO €CThb X1X2X3 H X1X2X3 = A.

B ocesou mogenu ycaosue «ctopousl A B A mpoxoaar uepes mepmmHE Ay mpe-
BpaTuTca B ycaosue «sepmunel A B A nexar ma cropomax A». IMosromy AH A —
2TO B TOYHOCTU CEPEIWHHBLIN TPEYrOJbHUK. JIETKO BUAETH, 9TO 3TO CUHTETUIECKOE
OMpEIeTIEHnE COTIACOBAHO ¢ OmpeneaeHneM 7 u popmyJaon (2).

3.2.3. CymMMA TPEYT'OJIBHUKOB, CUMMETPUYHBIX OTHOCUTEJIbHO CEPEIWHBI
CTOPOHBEI

B 5ToM caydae MBI MOXKEM MPeIOXUTh JUIb (POPMATLHOE MTPABUIIO.

Ilycte Ay = B, Ay = By. KoHCTpyKIIus mO3BOIAET MOCTPOUTE NBe (GECKOHETHO-
ydaJleHHble) BepUKHbL, TpeThsa BepumHa (Ay By N A3 By) — ue onpegenena. B pac-
CMaTPUBAEMOM CIy4ae aq + as + ag = —(81 + f2 + f3). Amanoruuso npumepy 1
yOexK 1aeMCs, 9TO KOOPANHATH TPEYTOIBHAKOB yAOBICTROPAIOT COOTHOMEHUAM

1 1 2
alz—ﬂl—g, ay = —f3 — 3, 0432—/334—5-
Bymem camTaTh, 9TO B 3TOM CIydae Pe3yJabTaT MNPENCAOKEHHS — COBCEM-IICEBI0-

1 _1 2
TPEyroMbHUK C KOOpAMHATAME (—3, —3, 7).
. 112y .

OO6paTHO: Pe3yIbTAT MPEICAOKEHUST COBCEM-TICeBAO-TPEYTONLHIKA (—3,—3,5) ¢
TPEyroJbHUKOM A — TpeyroibHuK, CAMMETPUIHLIN A OTHOCATEILHO CTOPOHEL A1 As.
OTU OTIPEIeJEHUA COTTACOBAHEI CO CBOMCTBAMY U3 JEMMEI | ¥ OTJIMYHO BIUCHIBA-

1oTcsa B dpopmyay (2).

3.3. IIPEACYMMA IBYX IICEBIO-TPEYTOJIbHUKOB

HeTpyano npoBepuTs, 9TO OpH NOCTPOCHUM HA MPOEKTHBHOU ILIOCKOCTH IPEI-
CYMMBI JBYX [EHTPAIBHO CUMMETPUYIHBIX TPEYTOJIBHUKOB C KOOpaAMHATaMu (1, Qa,
ag) u (B, P2, 03) (cM. mpuMep 2) MOMYIAETCA TICEBO-TPEYTOJBHAK ¢ KOOD IUHATAMY
pi = —(a; + B;), TO ecTb no-npexueMy Beinoanena gopmyaa (2). Tak xe Boraucas-
I0TCA KOOPAMHATEL IPeNCyMMbI TPEYTOMbHUKA U NCEBI0-TPEyTOIbHIKA.

1 reoMeTprmIecKoro CIOKEHUA TCEBAO-TPEYyTOIBHUKOB PACCMOTPUM CIENyIo-
Iy MAPAMETPU3AIUI0 MHOXKECTBA TICEB 0~ (B TOM YMCIE, COBCEM-TICEB 10-) TPEYTOMb-
HUKOB. ByleM paccMaTpuBaTh IICEBIO- U COBCEM-IICEBIO-TPEYTONbHUKN KAK Mpel-
CYMMBI (PMKCHPOBAHHOTO TPEYTOIbHUKA (HampuMep, Tpeyroasauka B) ¢ emy cumme-
TPUYHBLIMA. DTU CAMMETPUIHBLIC TPEYTOILHAKHA W OyIeM pacCMATPUBATH KaK Tapa-
METPEI [ICEB I0-TPEYTrOMbLHUKOB.

fcuo (manpumep, ¢ OrIAIKON Ha GAPULEHTPUIECKUE KOOPAUHATHL), YTO LIS Ka-
XK IOTO TICEBI0-TPEYTOJbHUKA HANAETCA eIUHCTBEHHBIN MTapaMeTPU3YIONIAN ero TPe-
yroapuuk. [lpeaciokenre ABYX TICEBAO-TPEYTOILHUKOB OMUCHIBAETCA CJACIYIOMIEH

JIEMMOM:

JIEMMA 2. Ecau tpeyroasauxku B u C cummempuunvt mpeyeoasvnury F, a nces-
do-mpeyeomvnuxy X uY onpedeaenvt xax npedcymmor EHB v EHC, mo XBY =
= EHBD, 2de D; — cepeduna ompesxa B;C;.

ﬂ;OKaBaTeJIbCTBO JIEMMBI OCTAaBJIAEM YUTATEII0.
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Nrpa Puamana

E.Topckun B.T'yposun U. Mexupon E. OcbmoBa

OTa CTaThA HANMKCAHA IO MaTepuasaM JeTHen KoHdepennuu Typuupa [opo-
moB 2000 roga. Ha 5Tux KoH(MEpEHINAX MKOTFHUKAM IPEAIAraeTCsa AAA PeIeHns
HECKOJBKO IMKJOB 33a1a49 UCCIEA0BATEIbCKOr0 XapakTepa. Ha nocaenqnen koude-
PEHIMM CaMBIM HOMYJIAPHBIM OKA3aJCA IMUKI 33a71a4, MOCBAIIEHHBIN DA3IAIHBIM
BapWaHTaM UTIPLl PUIMaHa, 0 KOTOPOU MOUAET PEIb HUXKE. 32429 B DTOM LIUKJIE
OBLIO MPEIOKEHO OYEHb MHOI'0. 3AeCh 00CYXK JAeTCA TOIBKO YaCTh 3aTPOHY THIX
Ha KOH(QEPEeHIIUN BOTPOCOB. 3AMHTEPECOBAHHBIA YUTATENb MOXET HAUTHU JOTOJ-
HUTEIbHYIO HHEGOPMANNIO B SIEKTPOHHOM apxuse KoH(epernunu [1].

Cpenu MEOr006pasua MAaTEMATHICCKUX UT'D MOXKHO BLLICIUTD IBA MHUPOKUX KJIAC-
ca. K ongaomy m3 nux (K TAK HABEIBAEMBEIM KOMOUNAMOPHbIM UTPAM) OTHOCATCA HAW-
fosee pacpOCTPAHEHHBIC UTPEL: TMAIIKHA, MAXMATHI, HUM. . . B 3TUX urpax BO3MOXKHO
JIVIITE KOHEYHOE YMCIO TO3UINN, B KAXKIOM M3 KOTOPHIX UTPOK MMEET KOHEIHOE Hn-
CJI0 BO3BMOKHEIX X010B. MICXOI TAKOU UI'PEL HE 3aBUCUT OT CAy9as, BCA MHPOPMALIAA,
U3BECTHAA OMHOMY UT'POKY, H3BECTHA U APYTOMY.

Urps u3 BTOPOro kiaacca (TaK HABBIBAEMBIE MATNPUYHbIE WM 6EPOATIHOCTIHbIE
UIrPBI) B OCHOBHOM UMEIOT OTHOLIEHME K PeajbHBIM (HAIPUMED, CTPATErUIeCKUM )
OPUIOKEHUAM TEOPUU WID, ONEPUPYIOMIUM HE ¢ AUCKPETHLIMU, a ¢ HENPEepPLIBHBIMI
obbexkTamu. B HEX X0 Urpoka He MpeJoNpeeIeH MO3UINEN, a B OOMBIION MEpe Mpo-
U3BOJIEH (HATIPUMED, «(KAMEHb-HOXHUILI-GyMaray).

OaHAKO Urpy, KOTOPYIO MBI PACCMATPUBAEM B MAHHOU CTATHE, CJIOXKHO OTHECTH
K OJHOMY M3 3TUX ABYX KaaccoB. OHa HOCAT HasBaHue «MIpa PUaMaHa» B 9€CThb
MaTEeMaTHKa, KOTOPEIH ee n306pe.’)

1. IIPABUMJIA UT'PLI

B knaccuveckon Bepcuu 5TOU UCPHL UTPOKOB ABOE: OHU YCIOBHO HasbiBaoTcsa Cu-
uuM n Kpacaeim. B xagecTee urpoeoro nossa 6eperca npon3BOILHEIN OPUEHTAPOBAH-
HEIXA rpady, OJHA U3 BEPIIMH KOTOPOTO OTMEYAETCA CHHUM IIBETOM (7gatee OHa OyaeT
o6os3HaYaTHCA b), a Apyrad — KpacHBIM (COOTBETCTBEHHO, T'), IPUYEM U3 JHOOOK
BEPIIUHEI BEAET OPUEHTUPOBAHHEIN IIyTh XOTA OBl B OAHY W3 BBLLICIEHHBIX BEPIIWH.
OcranbHble BepMUHEL rpada MBI 6y 1eM HA3LIBATH YEPHLIME.

B mauaje urpsl B HeKOTOPOU BepiinHe Tpada HAXOIUTCA (PUIIKA, & UTPOKYU UME-
0T HEKOTOPLIE HAYAIBHBEIE KANMTAJBI, PABHLIE, cOOTBeTCTBeHHO, B 1 R ycnoerbix
equnun (MOXHO cauTaTh, 970 B + R = 1). Kaxapiii urpok gesaer HeoTpuuaTeib-
HYIO CTABKY, He MPEBOCXOMAIIYIO €r0 KAMNTaAa (CTABKA JETAIOTCA OJHOBPEMEHHO U

D) opug Pocc Puuman (1956-1991) — u3BeCTHBIN aMePHKAHCKHE MATEMATHK, PAGOTABIIMHA B
OCHOBHOM B KOMOMHATOPHBIX 00JaCTAX: Teopuu rpados, Teopun urp. Tparmdeckn norubd B aBUaKa-
TacTpode.
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B TAWHE OT COTIEPHUKA: «3AKPBITHINA ayKuI/IOH»). Crenapmmu GOABIIYIO CTABKY MOJY-
JaeT MPaBO CABUHYTH (UIKY 1O pebpy rpada, cobamogas opueHTanunio. Baamen on
IOJKEH OTAATh IPOTUBHUKY CyMMY, PABHYIO CBOEH cTaBke. Eciu cTaBKM COBIIALH 110
BeJUYMHe, TO N00eIUTEND ONpeenseTcs XXpeOueM, HO JeHbI'M BCe PABHO IepefaloT .

Ecau urpok cmor npuBecTu (PUINKY B BEPIIUHY CBOEI'O IIBETA, TO OH BLIUCPLIBACT.
Nuaxie urpa mporomxaeTcs 6€CKOHETHO, U CIMTAETCSA, ITO OHA 3aKOHIMIACH BHUYIBIO.
Hamra meas cocTouT B TOM, ITOOBI ONPEAENUTh, MPU KAKUX HAYATHHBIX YCIOBUAX
UT'POKM UMEIOT 6€C1'IpOI/II"pBIIHHyIO WJIN BBIUTPBIMTHYIO CTPATETAIO.

2. IIPUMEPBLI

Anpuopu He ACHO, MOYEMY TIPU KAKUX-TO HAYAIBHBIX YCJAOBUAX Y KOTO-TO W3
UI'POKOB BOOOIIIE €CTh BHIUTPHINIHAA CcTpaTerusd. PaccMOTpUM HECKOJBKO KOHKPET-
HBIX IIPUMEPOB.

bhe ° ° o r
U1 V2
Puc. 1.
Ecan mawanbHas BepimmHa — v1, & A€HET Y UTPOKOB TIOPOBHY, TO 06a CTABAT

«Ba~6aHK» (CTABAT BECh CBOM KAIWTAN), U UCXOJ UIPHL pelraeT MOHETKa, T.e. Oec-
[OPOUTPHIIIHON CTPATErMM HET HU Yy OAHOTO U3 UCPOKOB. B m060M apyrom caydae,
0612 TN OOJBITAM KATTATAJIOM, CTABUT BECh CBOU KATIMTAMI U BHIUTPHIBAET UT'DY.
Nrak, npu B > 0,5 Cunui umeeT BHIUCPHIIEYIO cTpaTeruio, npu B < 0,5 Boiurpoii-
HyIo crpareruio uMeer Kpacueiil (13 ganbHenmero OygeT siCHO, noueMy ynoGHO 3a-
OUCHIBATE YCJIOBUE MMEHHO B TAKOU (POPME).

IMycts Qumka cTouT B BEpHIMHE vy, a HadanbHbd Kanutaid Cunero pasuom 0,7
y. e. Torga BeimrpeimHyo crpareruio uMeeT KpacHbI MIPOK: MEPBBIM XOAOM OH
craBuT 0,3. Ecim Cunum cTaBuT MeHbIE, TO OH Cpa3y MPOWTpHIBaeT urpy. Ecim
XKe OH CTaBUT He MeHbine 0,3, TO OH BHIUTPHIBACT MPABO XOJa, IBUTAET (DPUITKY B
COCEIHIONI YEPHYIO BEPIIVHY, HO ¥ Hero ocrtaercsd He 6ombiue 0,4 y. e., & y IPOTUBHUKA,
COOTBETCTBEHHO, He MenbIne 0,6, m Kpacuwin1, cTaBa Ba-0aHK, BHINTPLIBAET ayKIIMOH
7 BCIO UTPY B IEJOM.

Ilpu gpyrom kanwuranse (u HavaabHOU BepiimHe vo) CUHUM UIDOK, 9TOGHL BhI-
UCpaTh TIEPBHIN AYKIINOH, JOMKEH MOCTABUTEL He MeHbie R = 1 — B, uTo y™menbmuT
ero kanuran 1o Menbimen mepe 10 2B — 1. Torga 2B — 1 > 0,5 (Tak xak oH 10J-
XEH BHEIUIPATh, HAXOAICH B BepumHe v1), orkyaa B > 0,75. Urak, nupu B > 0,75
BBIUTPHIMHYIO cTpaTeruto umeetr Cunun, npu B < 0,75 — Kpacusbin.

PaccmoTpum Gomee caoxkubil rpad (puc. 2).
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UccrenyeM, KTO BHIUTPHIBAET TIPU HAYAIBLHOU BEPINUHE U7 B 3ABUCHMOCTH OT HAa-
vanbHOro kamuntana Cuuero urpoka B. Hamwnyumas nepsas crapka Cunero — B (Tax
KaK B TOM CJyd4ae OH Jub0 CPa3y BBIMI'PHIBAET, 1160 MaPAHTUPOBAHHO IOIYYaeT OT
OPOTUBHUKA HAUOOJBIIYIO BO3MOXHYI cyMMy). Ecin KpacHein mocTtaBuT Mmenbine,
10 Cunun cpasy Bemrpaet Bcwo urpy. Uuade CuHUN TOAYYIUT OT HETO MO KPaWHen
Mepe B, T.e. kanuTan y mero cramer 6osanme yeMm 2B, u duimika caBunercs B Bep-
muHy v9. Bo mabexanue npourpsina Cununt 0643aH MOCTABUTL GOJBIIE TEKYIIETO
kamuTana Kpacmoro, T.e. 1 — 2B + ¢, rae ¢ > (0. dumka BepHETCA HA UCXOTHYIO
nosunmio, a y Cumero ocramercs 6oabiie 2B —14+2B - =4B —1—¢y. e. UTaxk, 3a

L 1
oamu nuka B mperparaeTcsa no xkpanten Mepe B 4B — 1 — . Ecin B < 3> TO M3Me-

HeHMe KamuTanaa, paBHoe 3B — 1 — ¢, oTpunaTenbHo 1 TeM MeHbIIe, 1eM MeHbIne B.
CrenaB MHOTO TakuX IUKJIOB, KpacHbIN MOXKeT yMEeHBIUTEL KanuTal CUHEero ckoJab
YTOMHO CAJIBHO, B YaCTHOCTU, HACTOABKO, YTOOLI B HEKOTOPLIU MOMEHT B TOYKE Ug
ToT uMen kanuran, Meabimmi 0,5, T.e. Kpacusii cMor 66l BEIUTPATh. AHAIOIMYHO,

1
eciu B > 3> TO IPM MOXXONAIIEM € KAIMTAN Cunero OyeT yBeAUIUBATLCSI, ITO

[O3BOJMUT €My B KAKOU-TO MOMEHT MOCTABUTH OOJBIINE NMPOTUBHUKA, KO (DUIIKA
OKaXeTCA B BEpINUHE VU1, T.€. BRIUCpaTh mapTuio. UTak, Ipyu TpaBUJILHON UTPE TIPU

B> % BeimrpoiBaet Cunnn, npu B < % — Kpacunmn.

W3 npuBeneHHLIX NPUMEPOB BUAHO, UTO [Jf 33JAHHOM HAYANILHOU BEPIIUHBL U
rpada yaaeTca moaobpark Takoe duciao (HasoseMm ero R(v)), 9To mpu HAYAIBHOM
kanutane Cunero B > R(v) OH mMeeT BHIMTPHINIHYIO CTpaTeruo, a npu B < R(v)
BHIATPHIIIHYIO CTPATErnio mmeeT KpacHeIn. DTO yTBEpXK IeHRE OKA3BIBACTCA BEPHEIM
u B o6mem ciyvae. Huxe MBI oKaxkeM ero.

3. OCHOBHBLIE TEOPEMBI

Iycte U(v) — MHOXKECTBO HOCJAEI0BATEIEH JAHHON BEPIIUHEL U (T. €. TeX BePILWH,
Kyaa BegeT pebpo m3 v). Hasoeem umciosyw ¢yukuuio R(v) ma rpade dynruyued
Puumana, ecim oHa yIOBIETBOPAET CACAYIOMINM COOTHOIMICHUAM:

min R(w)+ max R(w)
wel(v) wel(v)

R(r) =1, R(b) =0, R(v) = 5 L v # b, .

Meur He cay4alHO uCmoib30Baau BHOBb o6GosHadenue R(v). OcHoBHBIM pesyib-
TATOM KJIACCUYECKOW TEOPUU WTPH PUuMaHa Kak pas W ABIACTCA JOKA3ATEIbCTBO
SKBUBAJECHTHOCTH 3TUX onpejeaeHni niaa R(v), K KOTOpOMY MBI CEI9Iac TEePexOIuM.

JIEMMA 1. Hycme R(v) — dynryus Puumana dawnozo epaga, B > R(vg). Tozda
Cunuti, HOUURAA URPY C BEPUIUHLL Vg, UMEEM OECNPOURPLIUHYIO CIPAMERUI.

[TOKABATEJIBLCTBO. [lokaxkem, uro CUHUN MOXKET UIPaTh TaK, 9TO B JIOOOU MO-
MEHT €ro TEeKyIWH KANUTaJa OyJeT MPEeBOCXOIWTL 3HAaYeHwWe (PyHKIUM Puamana B
Tekymen sepamue. [[ycTb B KAKOH-TO MOMEHT (PUINKA HAXOAUTCA B BEPIIMHE VU, &
Cunnn nmeer kanutan B > R(v). Toraa ol nomkeH creraTh CTaBKY

max R(w)— min R(w)
weU(v) weU(v)
2

S =
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Ucxoas 3 onpenenenus GyHkinn PutMana, moaydIuM, ITO

R = R
(v) +s ax (w)

R(v) —s= min R(w).
weU(v)
Ecan aykouon eemrpaer Cunuit, TO, nepeiBuHYB (UINKY B BEPLIMHY C HAXMEHb-
muM 3HadeHuneM ¢yHkunu Pudmana cpegu mociaefoBaTenell BEPIINHLL ¥, OH obecre-

YnT BHIMOAHeHWe yciosus B > R(v), Tak kak B — s > mir(l : R(w). Ecin xe ayk-
weU (v

muon sumrpaer Kpacuem, To, kyga 66l OH HE nepenBuHy. QUINKY, 3HAYEHAE (PyH-
ki PuvMmana B HOBOW BepIIMHE He MPEB30UIET mgic) (w) (Trak xaxk B + s >
weU (v
max limits,cy(y)R(w)), nosromy ycaosue B > R(v) cOXpaHUTCA U B 3TOM CIy4ae.
Nrax, y CuHero ects CTpaTerud, KOTOPAA MapAHTUPYET BHIIOJHEHWE YCIOBUA
B > R(v). Ho tak xax R(r) = 1, a B < 1, Qpumka He cCMOXKET HONACTH B KPACHYIO
BEPINKHY, & 3TO U 03Ha4aeT, 9T0 y CUHEro ecThb GeCrpOurpHIIHAA CTPATETUA.

SAMEYAHVE 1. Ecin mHanMmenbiee 3uavenne gpynxkunn Pruyimana gocTturaercs B
HECKOJBKUX TOCAENOBATENAX, TO ONMCAHHAA BHINE CTPATErWsA HEONHO3HAYHA. Jlem-
Ma 1 BepHA Npu OPOU3BOJBHOM BBIOOpE MOCJAENOBATENA C MAHUMAJIBHBIM 3HAYCHIEM
¢yuknun Pramana.

[as nanpuenmero y 1o6Ho cauTaTh, 4T0 CUHUN BHIGHPAET TAKOTO MOCAEI0OBATE,
KOTODHIN O4uxce K Bepmuue b (1anHa KpaTYaulero myTH MEHbIIE).

JTa JeMMa gaaa Obl HAM BO3MOXKHOCTD IPOAHAIM3UPOBATL UIPY, €CIU ObI MBI
MOIVIM B ABHOM BHJE€ MOCTPOUTHL XOTA OBl OAHY (PYHKIUIO PudMaHa 0asa TaHHOTO
rpada.

Iycte My(v) u M, (v) — MHOXecTBa Takux B, 9T0 6eCIpOUrPHIIHYI CTPATEr M0
PV HAYATLHON BEPIINHE ¥ M HadaabHOM KanuTane Cuaero B mMeoT coOTBETCTBEHHO

Cunnn u Kpacuem. Ilycrs I(v) = inf My(v), S(v) = sup M, (v).

JIEMMA 2. I(v) u S(v) — dynkyuu Puumane dannoeo epagda.

[TOKABATEALCTBO. Ilyctes Cunnnu umeeT GECTIPOUTPHIMIHYIO cTpaTeruio. IlycTs
B KAKOU-TO MOMEHT (PUIIKA HAXOAWIACH B BepuiuHe v, a kanutaja Cunero GbL1 paBeH
B. Ilycts craska Cunero paeua s. Eciu CuHun BHIUTPaeT ayKIMOH, TO €r0 HOBBIX
KamuTaa MOMKeH ObITH He MEHBINe MUHUMATHLHO BO3MOXKHOTO HOBOT'O 3HAUEHU [:

B—-5s5> min I(w),
wel(v)

s<B- wrgl(}r(lv) I(w). (1)
C npyrom cTopousl, ecin y KpacHOTo HE[OCTATOYHO AEHETr, YTOOR! TIePEKYTIUTL CTaB-
ky, T0 R < s, oTkya
s>1-—B, (2)
a MHave OH CMOXKET CABUHYTH (UINKY B XYAIIEM CIy4Yae B BEPIIUHY ¢ HAUOOABIIEN
I(v):

B+ s> max I(w),
welU(v)
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> I(w) — B. 3
82 Inax (w) (3)

Nrak, y Cunero Gyaer GeCrpOUTDHINIHAA CTPATETUA TOTAA W TOJIBKO TOTA, KOTA
HAUJETCA TAaKoe §, 9TO Bemoanserca (1) m aubo (2), mubo (3). Tax xax (3) caeayer
u3 (2) (mocxombky I(v) < 1), HEOGXOAUMO U NOCTATOYHO, ITOOBI

B - min I(w)> max I(w)-—B,

weU(v) wel(v)
OTKY A
min I(w) 4+ max I(w)
B> welU(v) welU(v)
2

IMony4uennoe nepasencTso Bmecte ¢ oupegenenueM I(v) = inf My(v) npusogur x pa-
BEHCTBY
min I(w)+ max I(w)
weU(v) weU(v)
1) = g

fAcuo, uro R(b) = 0 (yxe naxomace B b, Cunun seurpoiBaet), R(r) = 1 (Haxomiace B 7,
OH TPOUIPHIBAET), T. €. I(v) — MEeUCTBUTEABHO (PYHKIUA PUyuMana JaHHOTO Tpada.

Awnanorwuno u S(v) — ¢yukuusa Puamana, T. e. cormacuo aemme 1, eciu B >
> S(v), To Cunun uMeeT GECOPOUTPHIIHYI0 CTPATETHU, & 3HAYAT, MO ONPEACICHIIO
S(v) = I(v).

Jlemma 1 He gaeT rapaHTUM TOTO, UTO UIPa HE OYAeT MPOI0MIKATHCA OECKOHETHO:
OHA TAPAHTUPYET OJAHOMY M3 WUT'DOKOB HE BHIUTPHIIIHYIO, a JUIL OECTPOUTPHIIIHYIO
crpareruio. Bompoc 0 BEIMIPBINIHON CTPATErUU PEIIAeT CAEAYIOMAs IeMMA.

JIEMMA 3. ITycms R(v) — dynxyus Puumana dannoeo epagda, navaivnas eep-
wuna — vg, B > R(vg). Tozda Cunuii umeem euiuepbiushyio cmpame2uio.

HOKABATEJBCTBO. Ilycts d — HamboabInas IINHA OPUEHTUPOBAHHOIO Iy TH U3
B - R(Uo)
9d+1
TJIACHO GECTPOUTPHIIIIHON CTPATETNN U3 JEMMBI 1, HO MPUOABIAA K CBOMM CTABKAM
€ KQXKIBLIM DAa30M BCe OOJBIIME A00ABOK: €, 22, 4&, ..., 10 TeX TOp, MOKA ero He
nepexkynut Kpacuoii. IToxa aykuwon BoiurpeiBaetr CuHUM, TOCIE KAXK OO €r0 XO-
I1a, YMEHBINAETCA 3HaYeHne pyukumn PuuMana mim pacctosuue 1o seprmaet b, Tak
uro CuHUM OyAeT ABUTATHCA MO HEKOTOPOMY OPMEHTHPOBAHHOMY TYTH B b, TIO3TO-
vy Kpacubin 0651338 6y1eT B KAKOM-TO MOMEHT MEPEKYIUTH ero CTaBky. IlycTh B
5>TOT MOMeHT mpubaBok 611 pasen 2Fe. Torga Bcero Kpacueii noayamt or Cunero
eX(14+24+4+8+...+2k 1) = (28 — 1), 1.e. B wTore CuEMil TOTYIUT TPUCHLIE €.
Urak, meucteys Takum obGpasom, Cunum Ha kaxjgou mepekymnke Kpacmoro Oyaer
[MOJIYYaTh OJHY W Ty ¥XKe IPUOBLIb, T.e. KamuTaa KpacHoro 6ygerT HEOrpaHUYEeHHO
nagaTh. Tak Kak 5TO HE MOXKET MPOJOMKATLCA N0 GECKOHEIHOCTH, TO B KAKOU-TO
MoMeHT KpacHBIN yxe He CMOXKET MEePEeKYNUTh CTABKY, T.e. CHUHUU CMOXKET NOBECTH

¢umky 10 b u BemurpaTts. Utak, y CuHEro eCTh BBIMTPHIMIHAA CTPATEr .

Tak xax I(v) — pyuxuma Puamana, 7o npu HadaasHoM KanuTajte Cunero, 604b-
mem I(v), KpacHeim urpok He MOXeT MMEThb GECIPOUTPHINHON CTPATErHH, T.eE.
S(v) < I(v), u, smaunutr, S(v) = I(v). Kpome Toro, eciu 3ajana kakai—To QyHKINA

IPOU3BONBLHON BepinuHbl rpada B b, € = . Cununn Gyger nercTBOBATH CO-
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Puumana R(v) ma rpade, To 1 — R(v) — «pyukuna Puumana naa Kpacroro urpo-
Kay, T.e. anazoruvro aemme 3, ipu R > 1 — R(v) (1.e. B < R(v)) Kpacubin umeet
BBIMIPBIMIHYIO cTpaTeruio, a upu B > R(v) CuHUE uMeeT BRIMIDHILIHYO CTPATEr’IO,
T.e. R(v) = I(v) = S(v).

Ocranca menccnenosansbiM caydan B = R(v). Ho B Hem qunaMuka urpbi noHATHA,
UCXOMA W3 CKA3AHHOTO BEINIE: UTPOKU NOKHLI CTABUTL POBHO Ty CYMMY, KOTOPas
UM TIPEIMUCHIBAETCA GECIPOUTPHIIIHON cTpaTeruen. Ecau oiuH u3 UrpOKOB MOCTABAT
GOJBINE WX MEHBIE, TO €r0 MPOTUBHUK MPEBEICUT CBOK (QYHKIHK Pudmana, T.e.
CMOXKET BEIUTPATE. [103TOMY MCXO01 Kax 10r0 ayKnuoHa Oy 1T ONPeneaaThCa OpOCKOM
MOHETEI, T.€. HA Y OJHOIO U3 UT'POKOB HET BEIUTPLIIHON CTPATE M.

Nrax, mony<ueH OCHOBHOU PE3yJabTaT KIACCHIECKON Teopuu Urpbl Puuamana: (ym-
xyua Puumana R(v) cywecmsyem u eduncmeenna; npu B > R(v) Cunuid umeem
suiuzpurwnylo cmpamezuio, npu B < R(v) ee umeem Kpacwwii, npu B = R(v) nu
00un U3 USPOKO8 He umeem daxce 6ECHPOUPLIUHOT CIPAME2UL.

Knaccuveckas urpa Pramana gonmyckaeT pasimanee 0600MEeHus: MOXKHO CIETaTh
uH(POPMALUIO O IPOTUBHUKE HEIOJHOK (HanpuMep, UrpoK He Oy1eT 3HATH HAYaIbHO-
ro KamuTaja NIPOTUBHUKA), JOOABUTH TPETHEr0 UIPOKA U TAK AAJEe.

4. rpA PUYMAHA C HEINOJIHON MHO®OPMAIVEN

Ipeanonoxum, uro CuHUN HE 3HACT HAYAILHOTO KATUTANA IPOTUBHUKA, HO 3HA~

€T, 9TO €r0 OTHOCHTEIbHBIN KAIWTAl JOCTATOYHO BEIHK: > R(v) (t.e. on

B
B+R
6bL CMOI' FAPAHTUPOBAHHO BHIMIDATH, 3HAA CTABKY NPOTUBHUKA). [JOKaxeM, 4TO U B

2TOM CIyYae y HETO €CTh OeCHpOWrpHINHAA cTpaTerus. CHHUN UTPOK NOJKEH CUU-
B

R(v
nene). Ucxona us sToro, Cubuil MOXET CTpOI/ITI(; 23010 OECTIPOUTPHIIIIHY O CTPATETHIO,
amagoruaHo crparernu u3 JeMMmbl 1. Tak kak xkanuran KpacHoro ma camom gese erre
Menbine, Kpacuoii e cmoxer nmomemars CuneMy, T.e. Takas CTPATerusd OCTAHEeTC
OECTPOUTPHIIITHON U B 3TOM CIyIae.

TaTh, UTO KanmuTaa KpacHoro pasen Ry = — B (T.e. Goablne, YeM Ha CAMOM

Ecnu urpoBoe mose He MMeeT OPUEHTUPOBAHHBIX IMKJOB, TO UIPA HE CMOXKET
IPOAOIKATHCA OECKOHEUHO, U, TaK KAaK CUHUU HE CMOXET IPOUrPATh, OH BEIUTPAET.

B o6mem caygae Cunum Takke mMMeeT CTPATEruio, NAMIIYI BEPOATHOCTH BHI-
urpeima Cunero, pasayio 1. IlycTs on 6yger nercTBOBATH COMIACHO CBOEU GECrpo-
UCPLIIHOA CTPATErWH, CAEIs 38 TeM, KaKne UMeHHO cTaBku genaer Kpacuoin. Ecan
craBka KpacHOTO B KaKOW—TO MOMEHT TIepEeCTAaHeT OBIThL paBHOUW cTaBke CuHEro u
OyaeT OTIMYaThesa OT Hee Ha £, TO CuHUU nocie 3Toro xoaa 6y et TBepa0 3HATh, ITO

ero OTHOCUTEAbHBIN KanuTal npesocxoaut R(v) no menbien mepe Ha BT R — a,
0

YTO MO3BOJIAET €My UCIOJb30BATHL BEIUTPHINIHYIO CcTpaTeruioo us Jemmbl 3. Ecan xe
Kpacubii Becerga 6yget noBTopaTh craBky CHHErO, TO KaX IbIN ayKIUOH Oy IeT pas-
pemaTnscsa 6pocanueM MOHETKH. Torga 09epenHocTsb x0aa OyAeT OIpeneaaThCa CIy-
vanuo. [lycte N — uHamboabinasg IJuHA TyTH U3 NPOU3BOJILHOU BEPIIUHLI rpada
B b. Cunemy nocrtarodno N pas moOAps BHIUIPATH MOHETKY, YTOOBI BEIUTPATH BCIO
urpy (Tak Kax OH He MOXET NPOUrPATh). BepoATHOCTH BBHIUIDHILIA HA IEPBOM Ce-

pun u3 N OPOCKOB paBHA oV T. €. BEPOATHOCTH MPOUTPHIIIA HA ONHOU CEPUU PABHA
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1k
ana k cepuax — (1— Q_N) , TO €CTh BEPOATHOCTDH IPOUTPHIIIA, BOOOIIE PABHA,
. 1 . o
lim (1 — —N)k = 0, T.e. Cunun 10CTOBEPHO BuIMTpHIBaeT. UTak, urpa ¢ HemoJsHOU
2

1
172_N’
k—o0

nHGOPMAIINEN YCTPOEHA MOYTH TaK e, KaK U Kiaccudeckas urpa Puamana.

5. O IOKABATEJILCTBE CYIECTBOBAHUA U EAMHCTBEHHOCTH
OYHKIINA PUYMAHA BE3 UCIHOJIb30BAHUSA UT'PHI PUYMAHA

Onpexnenum oneparop Puumana p kak oneparop, CONOCTAB/IAIOMNN KAXK [OMY Ha-
6opy uucea M ma BepmmHax rpada apyrou Habop uucen p(M) Takou, 9TO M JH0-
6on wepHOM BepmuHbl v BhIMOAHEHO p(M)(v) = (My(v) + M_(v))/2, tae My (v) n
M_(v) — MakcuManbHOE M MUHUMAABHOE cpenu 3HadeHun M B noromkax v (34ech u
JaJiee moApa3yMeBaeTcs, 9TO Ha CUHen BepuiuHe Beerga crout 0, a Ha kpacuoun — 1).
ITo ompemenenuto, ¢pyuknmsa Puumana — 5TO HeMmOABMXKHAA TOUKA omnepaTopa Put-
MaHa, T.e. Takon Habop uucea R, o p(R) = R.

CymectBoBanme R cpasy caefyeT M3 TOMOJOTHIECKUX COOOpaxkeHmu. B camom
neJje, p — HempepLIBHBIN onepaTop. Habops! uucen Ha BepmuHax rpada MOXHO pac-
CMATPUBATh KaK TOYKM MHOTOMEpHOro KybGa. Torma omepaTop p — HenpepbIBHOE
oToOpaxkeHne MHOTOMEPHOTo KyDa B cebs, a Takoe oToOpaxenue mo Teopeme bpay-
5pa MMeeT HeMOABMKHYI0 TOUKYy — (QyHKIuio Puumana.

JlokaxxeM eTMHCTBEHHOCTh (pyHKIMKM Pruumana. Bo-mepBBIX, 3aMeTUM, ITO U3 JIO-
00U BEPIIMHLI MOXKHO NIPUATHA B CUHIOI, IEPEX0 I U3 HEKOTOPOU BEPIINHLL U TOALKO
B Takue BepmmHbL 4, 4T0 R(u) = R_(v). JelcTBUTEABHO, IPDU TAKOM LEPEXOe 3Ha-
veHne R B Tekymen BepIinmHe HE BO3PACTAET, a U3 JI0OOU BEPIIMHBI ¥ JOCTATOYHO
UITH [0 HEKOTOPOMY IIyTH B CUHIOI0, YTOOLI BCTPETUTD BEPIIUHY , U3 KOTOPOU MOXKHO
OyAeT BBIATH B BEPIIMHY CO CTPOro MeHbiuM 3uadenueMm R. [lajee, npeamnonoxum
Hammaue AByX GyEkmEin Puavanma — R' mw R2. Jlokaxem, a0 D = R' — R? me-
nonoxuTeabHo. [lycts D npuHuMaeT MakcMMalibHOE 3HAYEHNE B BepimHe v. Torma
HECTOXKHO y6ennTnes, 910 ecmm Ri(u) = RY (v) u u — nmoTtomok v, To D(u) = D(v).
Takum 06pa3OM MOXKHO JOUTHU IO CUHEM BEPIIMHEL U 10Ka3aTh, 410 D(b) = D(v), o1-
kyzaa D(v) = 0 u Bo Bcex BepmmHax D HEMONOKNTENTLHO. AHATOTMYHO TOKA3bIBAETCA,
g1o D meorpumaTensso, orkyia D = 0 u R' = R2.

6. BEPOATHOCTHAA UHTEPIIPETAIINA UI'PHI PUYMAHA

Hapsany ¢ kaaccuaeckon, «1eHeXHON» Urpor PraMana cymecTByeT Takxke apyras
Urpa, IPUBOAAMIASL K TOU XK€ (DYHKINH.

Kaxk u B xiaccuyueckon urpe, nojie urpbl — 3TO OPUEHTUPOBAHHBIN I'pad ¢ AByMs
BHIJIEJTeHHBIMY BepimHaMu, 1ieas Curero n KpacHoro — npuBecTu GUIIKY B BEPIIAHY
cBoero nsera. O IHAKO OYEPEIHOCTh XOAA OOPEAEIIeTC A N0A0PACKIBAHINEM MOHETHI.

OxaswbiBaeTca, 9To (yHnua Puuvana R(v) — 5TO BEPOATHOCTH BHIUTPHIMIA
Kpacuoro «npu npasuwibHOU urpey, t.e. y Kpacuoro cymecrBsyer Takas crparerus
UTPHL, YTO IpH J0000u nrpe CUHEro BepOATHOCTH BHIUTPHIIA KpacHOro He MeHbIle
R(v). C gpyrou croponsl, y CHHEr0 CymecTBYeT CTPATErus, FapAHTUPYIOMAA €My
BEPOATHOCTH BBEIUIDHIA He MeHbine 1 — R(v).
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[MockoabKy MCXOM WIPHI OT MPEALICTOPUM HE 3aBUCUT, CTPATErus JOMKHA yKa-
3LIBATH, Kyja AeTaeTCs XOn W3 AAHHOW BEPINWHEHI, T.e. »T0 QyHKIuUA R: V — V|
CONOCTAB/IAIOIAA BEPIIAHE OJHOIO M3 €€ IOTOMKOBZ) .

Iycte R(v) — ¢yukuna Puamana mia naHHOrO rpada ¢ OTMEYEHHBIME BEpINU-
mamu b u r. Torga ontumansnas crparerus Kpacworo R* cocTouT B TOM, 9TOOBI
U3 BEPIIMHEL U AeJATh XOX B BEPIIUHY W, HA KOTOPOU JocTUraercs MakcumyMm R(-)
Cpein BCexX HNOTOMKOB v (aHAJOIMYHO, onTuManbHas crparerus CHHErO COCTOUT B
BLIOOPE BEPIIXHBEI ¢ MUHUMAJBLHBIM 3HadeHueM R(v)). JokaxeMm 3TO IJA ONTUMAIb-
Hou cTpaTernun CUHErO, s ONTUMAIBHON cTpaTernn KpacHOro — aHaIOrMyHO.

IIpex ne Bcero sameTumM, 9TO BEPOATHOCTH TOrO, YTO AIPA HE 3aKOHIUTCA B k
xox0B, crpemurcsa K 0 npu k — oo. B camom gene, nis mamsOro rpada cymecTByeT
HEKOTOpOoe uucio d Takoe, uTo Kpacuwin, cienas d X0m10B OApsAI, BuMrpeiBaeT. Ho
BEPOATHOCTH BHINAIAHUA cepud u3 d OLMHAKOBBIX PE3YJIBTATOB NOCHE k 1m0aOpach-
BAHUU MOHETHI CTPEMUTCA ¢ pocToM k K 1.

[Iycte Cunun npuaepxusaeTca HekoToponu crpateruu B. Torna mis kax mon sep-
UIMHEL U ONpegeleHa BepoATHOCTH pR B(v) Bemrpeima Kpacmoro. /Tokaxem, 910
A(v) = pR*B(v) — R(v) > 0. JleiicTBuTensno, u3 onpegetenus dynxmun Puivamna
ClenyeT, ITo
A(R*(v)) + A(B(v))

2 )
a A(b) = A(r) = 0. Orcroga caenyert, aro A(v) > 0. JoxasaTelbCTBO aHAJOTUIHO
[PUBELEHHOMY BBIIIE TOKA3ATEILCTBY €INHCTBEeHHOCTH hyHkuuu PryuMana: BosbMeM
muHuMyM A(+), LA HErO HEPABEHCTBO, HAIUCAHHOE BEHIIIE, IPEBPAILAETCSI B DABEH-
CTBO, OTKYa CIEAyeT, 9TO Ha T GYHKIMA A MPUHAMAET MUHUMAJILHOE 3HAUEHUE.

Av) >

S3AMEYAHUE 2. MBI OrpaHIdWInCh aHAIU3O0M Caydas, Korga CUHUE TpuaepKu-
BaeTCA HEKOTOPOU cTparernu. HeTpyaHO BUAETH, YTO MCHOIB30BAHHOE BEHIIIE HEPA-
BEHCTBO HE U3MEHUTCA, €CJIU TPEATONOKATE, uTO X0 CUHEro 3aBUCUT He TOJIBKO OT
BEPINVHLI, HO U OT HOMEpa XOJa.

Paccmorpenue BeposATHOCTHON UrPBI PUYMaHa TO3BOIAET CAENATH IOHATHE CTPA-
Terum Urpoka 6ojee TPOCTHIM, MOCKOJBKY BMECTO ABYX PEIIeHUU — KyAa TMOUTH U
CKOJBKO MOCTABUTh — UT'POK NPUHUMAET JUIIH OTHO.

7. AJITOPUTM HAXOXKIEHUA OYHKIUA PUUMAHA 1714
HEOPUEHTUPOBAHHOI'O TPADA

CyuiecTByeT MHTEPECHBIM AArOPUTM, NO3BOJIAIOMNY OLICTPO (328 BPEMs, HOJUHO-
MUAJIBHO OrPAHUIEHHOE Pa3sMepoM rpada) HaxXoauTh GyHKImMI PuuMana nia Heopu-
eHTUPOBAHHOTO Tpada (T.e. rpada, ¥y KOTOPOro HA BCEX PeOpaX CTPEJIKH ABYCTO-
pOHHEE).

[Manum BEAYATE HEPOPMATBHOE OMUCAHKME 3TOrO aaropurMa. [Ipenmomoxum, 910
IMeeTCAa MOAETb Tpada, CIeTaHHAA U3 TAKEIBIX MAPAKOB U HUTOK OJUHAKOBOU A~
HbL PazMecTuM 3Ty MOIeIs B Bep TMKaALHOU mockocTr. Kax npm mapuk 6y et cTpe-
MUTCA HMOBACHYTH IIPUMEPHO NOCEPEIMHE MEXKAY CAMBIM JEBLIM U CAMBIM IIPABBEIM

2)B Teopuu UTp PACCMATPUBAIOTCA U CMEUGHHbIE CTPATErWH, KOIJa NIPOK 110 16PACHBAET MOHET-
Ky [IJIA OPUHATHS PelleHus. B NaHHOM Ciay4ae CMEIIAHHBIE CTPATErWW HE HYXKHBI — ONTUMATbHAA
CTpaTerua OKa3bIBAETCA YuUCMot.
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cBouM cocenoM. Takum 06paszoM, TOPU3OHTANTBHEIE KOODANHATH MIAPUKOB TTPUMEDPHO
naroT dyukuio Puavana. Ouszvtdeckn 09€BUIHO, 9TO €CJAU CAMBIN JIEBBIA U CAMBIN
[PABLIU [APUKU, COOTBETCTBYIOIINE CUHEN U KPACHOU BEPIINHAM, OTTAHYTH B PA3HLIE
CTOPOHEI, TO HATAHYTCA HUTKHA TIO CAMOMY KOPOTKOMY MyTHU MEXAY HUMU. SHAYUT,
MOXKHO OXMAATh, YTO HA CAMOM KOPOTKOM MYTH MEXKIY CUHEH W KPACHOW BEPIIN-
vou gyukuus Puumana o6pasyer apudmerudeckyo nporpeccuo. Eciu nocrenenso
YIIUHATH HUTKY, 00pa3yolue KpaTdaullini 0y Th (OCTABLAA UX HATIHYTHIMU), TO
eme OAWH TYyTh B Tpade HaTaHeTCA. [Ipogomxkan yIJuHEHNe HUTOK, MOXHO Y3HATH
dyukumio Putimana Ha BceM rpade.

Tenepsb onumieM geTanu aaropurMa 6ojee GOpMaIbHO.

Axropurm paGoTaeT TakTaMu, MEpe] KaxKAbLIM TAKTOM B YACTU BEPIINH 3HAYE-
mue Qyskimu Puamana yike ompegeneHo (Takuwe BEPIIMHBEI OyAeM HA3BIBATH NpPOTi-
dennvimu). Tlepea mepBbIM TAKTOM MPOUJCHHBIMA BEPITUHAMEA OYAYT TOIBLKO CHHAL
U KpacHas. 3a KAXKILIU TaKT paGoThl alrOPUTM IPUCOEAWHAET K IPOUJCHHBIM OTHY
WK HECKOJBKO BepiimH. Takum 06pa3oM, B KOHIE pa0OTHI AJCOPUTMA BCE BEPIINHEI
OyAyT MPOUJEHHI.

OmnuimeM Teneps TaKT pabOTHL aaroputMa. HazoBeM Hak.40HOM HEKOTOPOTO Iy-
TH OT NPOWIEHHOU BEPIIMHLI K APYrOU HPOUIEHHOU BEPIIMHE, HE CONEPKAaIIero
[IPOMEXKYTOUHBIX MPOUIEHHBIX BEPIIUH, OTHOIIEHNE PABHOCTU U3BECTHBIX AJITOPUT-
My 3HauYeHUN (YHKIUM PraMana Ha KOHIAX TYyTH K KOJAXYIECTBY pedep B MYyTH.
[pyruMu caoBaMu, HAKJIOH IIYTU — 3TO PABHOCTH apudMETHHeCKOU MPOTrPECCHH,
(HATAHYTOU» HA €r0 KOHIBI C 33JaHHBIMU 3HAYCHUAMHU. AJIrOPUTM HAXOAUT Cpe-
I BCEX TIyTeU TO HEMPOUJEHHBIM BEPITUHAM, COCAUHAIINX IBE TPOUICHHBIEC BEp-
IIIMHBL, MYTh C MAKCUMAJbHBIM HAKJIOHOM. [ HAXOXIEHUA TAKOTO MYyTH AOCTa-
TOYHO PACCMOTPETH BCE KPATYAUINUE IMYyTH MEXKIY MPOUIEHHBIMU BEPIIMHAMHU, IO~
CKOIbKY OT COKpPAIEHUs IyTH HAKJIOH TOJBKO Bo3pacraer. Hauas myTh ¢ Mak-
CUMAJBHBIM HAKJIOHOM, AJATOPUTM AEIAeT €ro MPOMEXKYTOUHBIE BEPIIWHBI TPOU-
JIeHHBIMU, 3HA4YeHUsA (YHKIMU PuuMmaHa B 5TUX BEpUIAHAX 00pasyoT apudme-
TUYIECKYIO HOPOrPECCHI0 BMECTE C YK€ W3BECTHLIMU 3HAYMEHUAMM HA KOHIAX IIy-
T™H.

JlokaxeM O MHAYKIINKM KOPPEKTHOCTL paboTH anropuTMa. Ha 0-Mm mare uasect-
uble unciaa, 0 u 1, HAWAEHBI, PAa3yMeeTCs, NPABUALHO. IlycTh mepes KakuM-TO TaK-
TOM BCE M3BECTHBLIE AArOPUTMY 3HadeHus pyHkuuu Pruyumvana HAUIEHBI TPABUILHO;
JTOKaXKeM, 9TO Ha 3TOM TAKTE TIOCTPOEHHLIE AJTOPUTMOM 3HAYEHUA TAKXKE MPABUIb-
HBL.

IIycte v1 — v9 — pebpo ¢ MAKCUMAJLHOU PAa3HOCTLIO 3HaveHud QpyHKiun Pud-
MaHa B U] U ¥z CPEIM BCEBO3MOXKHBIX peGep € KOHIAMU B HEIPOUEHHBIX BEPIIMHAX
U1 ¥ vg. [IpeanonokuM [y ONpeneJeHHOCTH, 9TO 3HaueHue pyHknun PuyuMana B vy
ooasme. Torga vs — MOTOMOK ¥; C MAKCHMAJBHBIM 3HadUeHueM (hyHKIUM PudMana
cpefu BCeX MOTOMKOB. IIyCcTh ¥g — MOTOMOK ¥7 ¢ MUHMMAAbHLIM 3HAYEHUEM (yHK-
nun Puamana. R(vy) = %(R(Uo) + R(v2)), otkyma R(vi) — R(vg) = R(ve) — R(v1).
AHamornyHo, mycTh Vg41 — COCET Vi ¢ MAKCUMAIBHBIM 3HaUeHMEM R, vi_1 — cocen
U ¢ MUHUMAJBLHBIM 3HadenueM. [lociegoBaTeapHOCTh 0643aTEABHO TPUAET B MPOU-
JEHHYI0 BEPIIUHY U COPaBa, W CIEBA, TTOTOMY UTO WHAYE OBl MOCIEIOBATEIHHOCTH

., R(v_1), R(vg), R(v1), ... Gbuia OB GeCKOHEYHON (MOXKET OBITH, TOJIBKO B OTHY

CTOPOHY) apu(pMeTUIECKON NPOrPECCUEr, YTO NPOTUBOPEYUT OrpaHudeHHocTH K.
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Byaem cunTaTh, ITO MOCTPOEHUE MOCAETOBATEIHLHOCTH B 00€ CTOPOHBI OOPHIBACTCS
. 1
Ha NPOUJEHHBIX BepINMHAX. JameTuM, 4ro R(vg) = §(R(vk,1) + R(vg41)), OTKy-

na R(vy) — R(vg—1) = R(vgs1) — R(vg). 3uaguT, nocaegoBarenbuocts R(v;) ABas-
eTCA KOHEYHOU apu(PMETUIEeCKON MPOTPECCUEN ¢ M3BECTHLIMHU AJITOPUTMY KOHIIAMU.
OCTaJIOCb TOJBKO 3aME€THUTBh, ITO IIOCJAEITOBATEIBHOCTBb U; — IOYTH C HanOOJIBIINM
HAKJIOHOM, TIOCKOJBKY €T'0 HAKJIOH PaBeH [InHe pebpa ¢ CaMOu OOJBIION Pa3HOCTHIO
3HavYeHUr IR Ha KOHIIAX, a HU OJWH MYTh HE MOXKET UMETh OOJBITNY HAKIOH. Torga au-
ropuTMm BbI6epeT OyTh C TOYHO TaKNM K€ HAKJOHOM; HO 3TO BO3MOXHO TOJBKO B TOM
cIydae, eciu 3HadeHua R Ha 3TOM IyTH 00pasyloT apudMETHICCKYH IPOrPECCHo.
JoxazaTeabCTBO 3aKOHIEHO.

NuTepecHo, 9T0 3TOT aArOPUTM B HEKOTOPHIX CJIyYasAX MO3BOIIAET HAXOMUTh (PyH-
kim0 PuuMana Ha 6eCKOHEYHOM Tpade, 3a0MHO MOKA3LIBAA €€ eIUHCTBEHHOCTDL (a
s 6eckoHedHOro rpada (yHknua Puuamana MoxeT ObITh He enuucTBeHHal). [las
3TOr0 HeOOXOAMMO HAUTHU CIIOCOO OTBHICKAHUA KPaTJIalIluX [IyTel Ha 3aJaHHoM Gec-
KOHEYHOM r'pade, U3 KOTOPOr'0 BEIGPOIIEHO KOHEYHOE YMCJIO BEPIIMH (KOHEUHO, Ta-
KOU Croco0 He Bcerga cymecTsyer). Hanpumep, mia 6€CKOHEYHOU KBAIPATHON CET-
KU HECJOXKHO OmucaTh Tpedyemun cnocob. [locae sToro arroputm 6yaer paboTaTh
KaK OOBIYHO, XOTs, KOHEYHO, B O0IIEM CIy4ae HEBO3MOXKHO MapaHTUPOBATh, YTO IJA
KaKOHU-TO BEPIIMHLL AATOPUTM PAHO WIK IO03IHO MPOUIET depes Hee.

Y1068 OKA3aTH NPABUILHOCTE PAGOTHL AATOPUTMA B Caydae HECKOHEIHOIO IPa-
¢da, npuUBeIEHHOE NOKA3ATEAbCTBO MOTPEOYETCs CAEIKA U3MEHUTh.

IIpeanosoxuM, ITO aJIrOpUTM Ha HEKOTOPOM Imare ommbces u 3HadeHus R Ha
BLIOPAHHOM UM IIyTH He 00pa3yoT apudpMeTUIecKOn nporpeccun. Torna BLIOpaHHbIT
AICOPUTMOM [YTh COAEPKUT PEOPO vy — V2, Ada KoToporo R(vs) — R(vp) Goabe
HAKJIOHA, MYTH, BHIOPAHHOTO alrOPUTMOM. MOXHO TIOCTPOUTH MOCIEI0BATEILHOCTD
Vg AHAJOTMYHO IPUBEJEHHOMY BBILIE IOCTPOEHUIO. 3ameTuM, 94T0 R(vy) mpu k > 1 —
cpeanee apupmerundeckoe R(vgy1) U 9ero-ro eme, MeHbIIEro wind paBHOro R(vg_1),
orkyna R(viy1)— R(vi) ve mensme R(vg)— R(vg—1). AHATOTUYHOE PACCYXK [EHNe TIPH
k < 2 mokasmBaer, uto R(vi) — R(vg—1) He Menbine R(vg41) — R(vy). 3HaunT, npu
Beex gonycTumeix k R(vg41)—R(vi) me menbme R(vy)—R(vy). IlosTomy Hak10H 1y TH
v; GOJIBIIIE HAKJIOHA Iy TH, IOCTPOEHHOrO AATOPUTMOM, YTO IPOTUBOPEIUT OIUCAHUIO
aaroputMa. [[0Ka3aTeILCTRO 3aKOHYIEHO.

8. OB ANIOPUTMAX HAXOXKJIEHUSI ®YHKIUU PUIMAHA

B nacrosimee Bpems He U3BECTHO AIrOPUTMA AJs HAXO0XK fgeHus pyHknuu Puavana,
PO KOTOPHIXA OBLIO GBI JOKA3AHO, UYTO OH 3aKAHINBAET PA0OTY 3a MOJUHOMUATBLHOE
OT YMCJAa BepInH rpada BpeMs.

Ipocrenmuit asropurm noucka Gyakuur Puumana — 310 nepeGop BCEBO3MOXK-
HEIX MEPECTAHOBOK 1 4ucen (37eCh W gajgee n — KOJUYECTBO BepwH rpada, uc-
KJII0YaA CHHIOK W KpacHywo). Kaxnas mepecTaHoBka (a;) COOTBETCTBYET MPETIO-
sgoxeruto R(vg,) < R(vg,) < ... < R(v,,), e v; — Bepumssl rpada. ITo6H B
DTOM TPETONOKEHNN HAUTU R, TOCTATOYHO 3aMETUTh, UTO A KaxkKJIOU BEPIIU-
HEI €€ MIOTOMOK, B KOTOPOM JOCTUIaeTCA MAKCAMAAbHOE (MUHUMAILHOE) 3HAYEHHUE,
yxke onpenenunca. Torga onpenenenue GpyHknuu Prudmana npespamaercs B cucTemy
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JIUHENHBIX YPABHEHUN BUIA
NEPEMEHHAA = CpefHee apupMETHIECKOE ABYX NPYTUX IEPEMEHHBIX.

Pemus ee, moayunM 3HadeHusa mpepnoaaraemMon ¢pyukmnu Puamana. HeTpyauo mpo-
BEPUTH, SABJSAIOTCI JU OHU B JEUCTBUTEIBLHOCTU HYXKHBIMU 3Hadenusmu. Ecau Her,
[PEeIOoJIOXKEeHe OTOPAKOBBIBAETCA.

DTOT aArOpUTM, KAK HETPYAHO BUAeThb, paboraer 3a Bpemsa O(n!). Ogunako, u3-
BECTHHI AJITOPUTMEI, pabdOTAOMINE 33 DKCIOHEHINATLHOE BPEMs, T.e. 3HAYUTETHLHO
6eicTpee. OnuimeM UAEK0 OAHOIO U3 TAKUX AICOPUTMOB.

Pacemorpum ma 3agannoMm rpade HeKOTOpBIN HaGop uucen, M, nanpuMep, Hy/au
(ecTecTBeHHO, B KpacHOU BepuimHe no-npexuemy 1). Ipumem M 3a nynesoe npubiu-
xenme K ¢ynknnu Prumana. Ha xaxaoMm 1mare 6yaeM mepexoauTh OT MOTYYIEeHHOTO
Ha gaHHOM Iiare Habopa uucen N k caenyiomemy npubmmkenuio p(N).

IIpeanonoxum, 4T0 TEKyliee NPUOIMKEHAE 3A0A€T TAKOU XKe MOPAIOK HA BEPILIU-
HAX, 94TO U 3HaveHus pyHkiuuu Puamana. OnucaHHBIM BBIE CIOCOGOM MOXKHO BTO
MPOBEPUTD, PEIUB CUCTEMY ypaBHeHUU. ECiu HauIeHHOE pelleHue CUCTEMBI ABJA-
ercsa ¢yukiuern Pudumana, To pab0Ta 3aKOHYEHA, UHAYE MEPEXOIUM K CJAENYIOUEMY
mary.

Henb3a He OTMETUTH OJHY TOHKOCTH, CBA3AHHYIO C pabOTON TAKOTO AJTOPUTMA.
Io maGopy uncea N, TOAYIEHHOMY HA OUEPEIHON UTEPAINH, NI TIOCTPOCHUS CACTE-
MBI YPABHEHUU HEOOXOAUMO ONPEIEeJUTh NOPALOK BepIInuH. PazyMeeTcs, ecan 4ucio
B OJHOU BEPIIVHE MEHBIIE YUCAA B APYTOU, TO U DTA BepumMHa OyAeT CTOATH PAHBIIE
B UCKOMOM mopsake. O THAKO, MOXKET TaK CAYYUTHCSA, YTO B HECKOJIBKUAX BEPIIMHAX
3HAYEHUA OyIyT OJAMHAKOBBIMU. Kak B TaKOM CJIyyae ONpPeneInTh UX TMOPSAI0K?

OKa3sbIBaeTCs, 9TO ANCOPUTM PAbOTaeT KOPPEKTHO HE MPU JI000M MPABWIE YIIO-
PAIOYEHUs1 BEPHIMH € OquHAKOBBIM 3HadeHveM N. Ilpweexem mpumep mpaBmia, Ko-
TOpPOE TaPaHTUPYET KOPPEKTHOCTE aaropuTMa. /s Tpynnbl BEPINH ¢ OTUHAKOBBIM
sHadeHreM N TOJIOXKUM, 9TO Ta U3 HUX (MEHBINE», U3 KOTOPOU KPATIAUIINNA TMYTh K
BEPIIVHAM C MEHBINUM 3HadeHneM N KOpOodUe, eCJu XKe IINHA DTUX MyTel ONUHAKOBA,
TO KTO MEHBIIIE — HEBAXKHO.

3aMeTuM, 9TO He JOOU HAOOP YNUCeN TOAUTCA B HAYAILHOE TMPUOIMKEHUE: He-
06X0UMO, ITOGHI [ JH000U BEPIIUHBI CYIIECTBOBAI MYTh B CUHIOK BEPINHHY, HA
KOTOPOM YHCJIA HAYAIBHOTO NPUOIMXKEHNUA YOBIBAIOT.

Y onucaHHOU MAen eCTh OUPOMHOE KOJIMYECTBO BAPUAHTOB BBIMUCJICHUS CIEAYIO-
mero mpubamkennsa. K mpuMepy, MOXHO B KadeCTBE CJAETYIOUIETO TPUOINKEHUA UC-
MOJB30BATE MOJYUIEHHOE PEIeHNe CUCTEMBl YPABHEHNH, a MOXKHO TIPUIATH KaX JOMY
YUCIy CKOPOCTH B HAIPABIEHUU CPENHErO apupMETHIECKOIO0 MUHMMYMA U MAaKCHU-
MyMa B TIOTOMKAaX, a 3aTeM MOM0XIATh A0 TMEepPBOTO OOTOHA OJHOTO YUCIA IPYTHUM.
MoxHO0 Takxke 3a1eUCTBOBATEH HECTAH AP THLIE UT'POBHIE BJEMEHTH, U3MEHAOIINE Ca-
My ¢yukimio Puumana, Bpoge paspemenus Cunemy 10 non6pachbIBAHUS MOHETKH
BLIOPATH U3 HECKOJILKHAX BO3MOXKHLIX BAPUAHTOB HAGOp pebep, BeAyIuX U3 TEKYLIen
BEPINMHLI, WIN YCTPOUCTBA, ¢ HEKOTOPOU BEPOATHOCTHIO TepefpachiBarolee (puir-
Ky M3 OJJHOM BEPIIVMHLI B APYTYIO (TVIABHOE — CJIEAUTH, YTOORI BEPOATHOCTH HUYBLEN
6bu1a 0). 3arem B x04€ paBfOTLI AArOPUTMA HECTAHAAPTHLIE HJIEMEHTLI IOCTENEHHO
MCYEe3aI0T, U UI'Da IpeBpaaeTcs B 00rrdHy0. K coxanenuto, mpo Bce mono0HbIE aJl-
TOPUTMEI U3BECTHO MAaJo0, MHOTIA MaXKe He M3BECTHO A0KA3aTEeJbCTBO OKOHUYAHUI UX
pabOoTHI.
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9. IrpA PUYMAHA 19 TPEX UT'POKOB

[llobapmeHre TPETHENO UI'POKA BHOCUT KAYUCCTBEHHBIE M3MEHEHUA B UTpy Puuma-
Ha, JeJas ee HeCBOAUMOM K KJIACCUICCKOHU UrpeE.

OTO HANPABJIEHUE UCCAENOBAIOCH CPABHUTEALHO Mano. CyIIECTBYIOT pa3inydHbIe
BAPMAHTHI TIPABWI UTPHI M7 TPeX UTPOKOB. TpeTun urpok (gamee Mbl OyaeM HA3BI-
BATh €ro JEJIEHBIM) TIOMYYAET CBOK «(KOHEYHYIO» BEpPIIUHY (¢) N HAYAJIBHBIN KAUTAT
G. (Kak u B urpe AByX UI'DOKOB IPEAIONAraeTCs, 9YTO U3 JIO00U BepIUUHLL rpada
eCTb IIyTh, BEAYLIUI B BepIIUHHL 7, ¢, b.) Ilo cyTu B urpe meHseTcs JUIIb aIropuTM
MpoBeaeHNA ayKIinoua. [1o 0HON U3 BePCUM UTPOK, CACTABIIAN HAUOOIBIIYIO CTABKY,
OTJAET €€ TOMY UTPOKY, CTABKA KOTOPOr'O BTOPAS MO BEIWYUHE; IO IPYIOU — €ro
CTABKa [IEJUTCA MEXIY OCTANAbHLIMU MPOIOPIMOHAILHO UX CTABKAM.

31ech MBI pACCMOTPUM TOJBKO MEPBYIO BEPCUIO TpaBui. B kKadecTBe mpocTpaH-
cTBa (PMHAHCOBBIX COCTOSHUUN UTI'POKOB UCIOAb3yeM PABHOCTOPOHHUU TPEYIOILHUK C
Bepmmaavu B, R u G. Cocrosnue urpokos 6y aer n306paxaTbCsa B HEM TOYKOU, Pac-
CTOAHVA OT KOTOPOU [0 CTOPOH PABHEI KATIUTAIAM UTPOKOB, KOTOPHIM MPUHA JTEKAT
BEPIIKHBI, IPOTUBOMIOJIOKHBIE DTUM CTOPOHAM.

Taxum 06pazoM, HAYATIBHBIE YCIOBUA UTPHI OMPENEIAITCA HAYAIHLHON BEPIITUHON
rpada U TOYKOU B TPEYTOJIBHUKE COCTOAHUN. B oTamyme 0T caydas IBYX UTPOKOB,
MOI'YT CyIIECTBOBATH IEJAble 00JACTH B TPEYTOJBHUKE COCTOSHUMN, B KOTOPBIX HU ¥
OJHOTO W3 UI'POKOB HET OEeCHpOUrpHINHOU cTpaTeruu. Huxe MBI IPUBOIUM TAKOU
puUMep.

Havsem ¢ HECKONBKUX NPEIBAPUTENBHBIX 3aMEYAHUU OOIIEr0 XapaKTepa.

Mul MHTEPECYEMCA JUIb BHIUTPHIMTHBIMYA WX GECTPOUTPHIMIHEIMYA CTPATETUAME
Ui OJHOTO M3 UIPOKOB, ckaxeMm, Cunero. Torga moxuo cuurarsb, uro Kpacusi u
3eJIeHBI MEUCTBYIOT B KOAJMUIMHA. PaccMaTpUBas KOAJUIMOHHYIO UIPY, MOXKHO KO-
HEYHEBIE BEPIIXHBL ' U § OTOXAECTBATH (0603HAYATH ee OyaeM 7). Byaem HaswBaThH
Taxkoe mpeobpaszoBanue rpada Koaiuyuonnot 3amenot. Ilpu >TOM Hemb3sa 3a0LIBATD,
uro ecau craBku u Kpacuoro, u 3enenoro 6ombine no Beauyunue crasku Cunero, To
Kpacubii mepemaer CBOW CTaBKY 3eleHoMY (mam Ha0GOPOT).

OauH 13 BOBMOXHBIX BAPUAHTOB CTPATErHMU sl KOAJIUIUU COCTOUT B TOM, 9TO
OJIVH U3 KOAJUIIUOHEPOB AEIaeT BCE BPEMs HYJEBLIE CTABKU. 10raa urpa O0y1eT SKBU-
BAJCHTHA OOLIYHOU UTpE MAIA ABYX UrpokoB. OGo3HaunM (yHKINO PuuMana B pTon

urpe [depes R(v). Us kanaccuaeckon Teopuu Puumana cregyer, 9TO €Can <

_B
B B+R
< R(v) (B+—G < R(v)), ro Cunnn npourpsisaet. ECTh u cneruduaeckui 111 Urphl

Tpex urpokos caydan: ecim R > 2B u G > B, T0o y koaauimm ecTh BHIUTPBINTHAA
crparerusa. Kpacuoiu u 3enensint craat no B + €, Cunut He MOXET UX NepeKyIuTh.
CrapBka nepexoaut K 3ejaeHoMmy, y koroporo crauetr B + G + ¢ > 2B, a y Kpacwmoro
R —B > —¢B. YcioBue coxpanseTca, n KOATUINA OecIaTHo caeaana xon. [lenctsysa
TakuM 00pa30oM, KOAJUIMOHEPHI MOT'YT (€3 MOTEeph CYMMAapHOIO KAMUTAIA TPUATH
B ' U BEIUIDATH.

PaccmoTpum Temeps urpy Tpex urpokoB Ha rpade, m300pakeHHOM HA PUCYH-
ke 3a) (mavanbuas BepmuHa orMedena). O6J4aCTH CyLIeCTBOBAHUA GECIPOUTrPHIIIHEIX
(KaK BBIACHUTCA, 1a¥K€ BHIUTDHIMIHLIX) CTPATEMHU OTMEUEHE! A KaXKI0r0 U3 UTPO-
KOB Ha pucyHke 4. I3 3TOro pucyHKa BHUIHO, 9TO €CThb OGJACTH (BHIMYKJIBIA IATH-
YyLOABHUK) B KOTOPOU HU Y OJHOI'O U3 UI'POKOB HET GECIPOUrPHIIIHON CTPATErUH.
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Iocae koamuuuoHHBIX 3aMeH (OTOXIECTBICHUAsA KOHEYHBIX BEPIIAH KOAJIUIMOHE-
POB) M3 HEro moaydanTca rpadgel Ha pucyHkax 3b) u 3c). lpuBoas ux x caydarwo
urpsl CuHero npoTus Koaauruu KpacHoro n 3eJeHoro, Kak OMUCAHO BHIIE, oIy da-
eM B 000HX CJAyYasaX KOAJIUIMOHHYIO UIPy Ha rpade, n300paXeHHOM HA PUCYHKE 2,
HO C Pa3HBIMU HAYAILHBIMU BEPITUHAMU.

Pacemorpum sty urpy (Cunuin nporus koanuuuu Kpacuoro u 3enenoro ua rpage
pucynka 2). [IycTs HauanbHas BepmuHa — v1. U3 CKa3aHHOTO BHILIE ACHO, YTO €CJIN
R > 2B (G > 2B), To xoamuuus BHMrphBaeT (Tak kak R(vi) = 1/3). lanee,
eciu R > B u G > B, 10 xoanunus Toxe BLIUCpHIBaeT: cHadasa Kpacuwsi B, a
3esenbin — uuvero. Torga y Cunero cramer 2B, y 3eaenoro — G > B u dumka
mepeIBUHeTCA, U, Tak Kak R(ve) = 2/3, Cunun npourpaer.

IIpeanonoxum, 9TO HU OAHO U3 3TUX YCAOBUU HE BBHIMOJHEHO W HU OJHO U3 yKa-
3aHHBIX HEPABEHCTB He O0PAIIAETCA B PABEHCTBO, T. €. CIPABEIINBLI CJIEIYIOMINE YC-
aoeus: R < 2B, G < 2B, u R < B wmm G < B (meBmmykias 06JacTh HA PU-
cyuke 4). Torga y Cunero ects Borpeiusas crparerusd. [lepseiv xogom Cunun
CTAaBUT HA AyKIWOH BEChb CBOM KanuTaa. Eciu ero HUKTO He MEePeKyNnuT, TO OH BhI-
urpaet. Bes orpanunvenus o6mHEOCTH cunTaeM, 9To ero nepexkynut Kpacuwm. Torga
R > B, orkyga caegyer, uro G < B. Ilocae casura ¢umku xanurans: u Kpacuoro,
u 3enenoro crajau Menbine, yem B. Teneps Cunun nmogbupaer £ > 0 Tak, 9TOOLI
s =max(Ry,G1)+e < B, rne Ry u G; — nosoie kanuransr Kpacaoro u Cunero co-
OTBETCTBEHHO, U JeJaeT CTaBKy . OH BRIUTDAET ayKIMOH, CIBUHET (PUIIKY U OTIACT
CBOIO CTAaBKy OAHOMY U3 KoanunuoHepoB. Tak kak s < B, y mero ocranercs Goabiie
ero HaYaILHOrO KanuTajaa. [lamee o craput 2B — s. IlepekynuTh ero cMoxkeT JMIIbL
TOT, KOMY OH OTJaJ ACHBIM, & 3HAYUT, MOCJAE OUepeaHoro casura dgpumkn y Curero
craner 4B — 25, y 0QHOrO U3 €ro OPOTUBHUKOB KAMUTAJI IOHU3UTCA, a y APYroro
ocranercsa HeuaMeHHBIM. UToro, kanuran Cunero nosoicutcsa na 2B — 2s. Tak kak Ha
caenymwoteM ke crapka CUHETO He YMEHBIMTCSA, er0 KAMUTAT OyIeT BCe OBICTpee

B

Puc. 4.
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pPaCT, U B KAKOU-TO MOMEHT OH CMOXKET, HAXOIACh B BEPIINHE V1, IEPEKYITUTEH 060UX
MPOTUBHUKOB.

s HAYAJBLHOUW BEPINMHBI Vs AHAJOIMYHBIM PACCYXKIEHUEM NOKA3BIBAETCA, ITO
s Beimrpeima CuEero HeoO6XoauMo u 1ocTaTovHo, 9Tobsl B > 2R u B > 2G. [aa
HCXOMHOTO Tpada HA PUCYHKE 3a) TIOMYYaeM YeTHIPEXYTOMbHEE 00JIACTH, OTMETEH-
mele Ha pucynke 4 6yksamu R u G.

BiAroanaArHOCTH

AsToprr 6rarogapust M. H. BatoMy 3a mpemioxenne HAMUCATL 3Ty CTATHIO 1A
«Maremarudeckoro npocsemenusy; A. @poaenkoBy 3a o6cyxgenus; A. Axonany 3a
MHOI'OYUCAEHHBIE 00CY XK IEHUS U MOJE3HbIE TPEeLJIOKeHNs. ABTOPBI TaKXKe XOTAT IO~
oaarogaputs H. H. KoncTanTunoBa 32 3aMeYaTeNbHYI0 UACKH JeTHUX KOH(EPEHINN
Typuupa ['oponos.

CIUCOK JIUTEPATYPHI

[1] Marepuanst XII Jetnen Koudepenunn Typrmpa Toponos (saekTponHas Bep-
cus: wuw.mceme.ru/olympiads/1ktg).

[2] A. J. Lazarus, D. E. Loeb, J. G. Propp, D. Ullman Richman games. Cambridge
University Press, 1995.



OauMmima b1

MaTemaTuyaeckre COpeBHOBAHUA UMEHI Y UIbAMA
Jloyanna IlyTHama

E. M. Bponmrrenn

Mucrep Yuneam Jloyaan [lyraam B 1882 rogy nmoayumn B ['apBapae cremens 6a-
KaJaBpa [0 MATEeMATHKE U B TEUYEHUE PIAIA JET BO3IVIABJIAL FOCTEBOU JAENAPTAMEHT
MaTeMaTHIecKoro gakyabrera LapBapaa. OH Gbul OPraHU3aTOPOM COPEBHOBAHUM,
TONYUMBINUX Ha3BaHWe myTHaMmoBckuxX. He OymeT mpeyBenmteHmeM CKa3aTh, UTO B
HUX OH YBEKOBEUMT CBOE WM.

IIyTHaMOBCKHTE COPEBHOBAHUA ABAIIOTCSA OTHUMU M3 CAMBIX WHTEPECHBIX WHTEJ-
JEKTYAJbHBIX KOHKYPCOB. U 1en, moJoXeHHbIe B OCHOBY UX TTpoBeneHus, [lyTHam uamo-
XKWl B cTaThe, onyoaukosanuou B 1921 rogy. OcuoBuas naes — KOMAHIHBEINA [IOAXOI,
TMPU KOTOPOM YYACTHUKU BAIANIAIOT [IBETa CBOMX YHUBEPCUTETOB U KoJIeqKen. Bo
WCTIOTHEHNE 3aBeIanusa cympyra, Mmagam llyraam B 1927 roay yupemuaa GoHI Agd
MOAAEPKKHU MPOBEACHUs COPEBHOBAHUN. [[eHTPOM OPraHU3ANMOHHOU IeATEJbHOCTH
crax 'apeapn, 8 To Bpems [Ipesugentom IMapeapga 6s11 JI. Jloyasmr, 6par magam [Ty T-
HaM. Hano ckasaTh, BHAUaJAe pedb HE IILIa O TPOBEACHUN JUIIL MaTeMaTUIeCKUX CO-
PEBHOBAHUN, IPOBOAUINCH DKCIIEPUMEHTAIBHBIE COPEBHOBAHUA 110 AHTJIMACKOMY A3BI-
Ky, HO, BUAUMO, [IO[] BAXSHUEM BBLIAIOMINAXCSI MATEMATUKOB OTLA U ceiHA Buprodos,
IMona, Pamo u apyrux OBLIO PEIIEHO MPOBOANTL UMEHHO MATEMATUYECKUE COPEBHO-
Bauusa. /xopax [ssun Buprod chopmyampoBan HECKOIBLKO OCHOBHBIX MPUHIIATIOBR
VX NPOBeNeHnsa Ha KOTOPBIX 0a3upyercsa Bca 3Ta pabora:

1. Cocrazanusa NOMKHBL OBITH JUYHO-KOMAHAHBIMEI. KOMaHIa Kaxk 1000 yHUBEDCH-
Tera (KOLIEIXKA) COCTOUT U3 TPEX CTYAEHTOB, HO ydIacTHe MOI'YT HPUHUMATH
U Ipyrue CTyAeHTH aboro yausepcutera (kommenka) CIIA u Kanagwr. ITpn
5TOM TIOABOAATCA KaK KOMAaHAHBIE, TaK U JUIHBIE UTOTH.

2. O6ree pyKOBOICTBO COPEBHOBAHUAMU OcyiecTBaseT MaTemaTudueckas accomnu-
anma AMepuxku — mpodeccruonaTbHOE 00BEINHEHNE IPETOIaBATEIeN MATEMATH-
KU yIeOHBIX 3aBEJCHUN PA3HBIX TUIOB.

IMewaTaerca ¢ mobesnoro paspemenus /. Ars6epa (MAA).



Marematudeckue copeBrOBaHHA nMeHN Yuiabama Jloysmia Ilyrtaama 193

3. llpuszaMu 1 TOOIIPEHUAMEN OTMEMAETCSA 3HAYUTENbHAA TaCTh YIACTHUKOB. BHI-
neNAI0TCA TIepBas NATepKa, IepBas AecATKa 1 T. 1.

4. OgHOMY W3 MATH JYYNIAX YIACTHUKOB TMPEICTABIAETCA BO3ZMOXKHOCTD MPOI0J-
XKUTb 00ydeHne (Ha MarucTepckoM yposHe) B Lapsapie.

ITeproe copeBnOBanme coctosaock B 1938 roay, m ¢ Tex mMOp OHUM TPOBOAATCS
exKerofHo (KCKIIOUeHUEe COCTABUIU TONLKO BoeHHBIE 1943—1945 roawr). 4 nexabps
1999 roga cTyaeHTH COOPATUCH B MECTUACCATHIN Pa3.

HenocpencTBennoe pykoBOACTBO KOHKYPCOM OCYIIECTBAsSET IlyTHAMOBCKUU KO-
MUTET, COCTOANIUN M3 TPEX YeJOBEK. B pasHbie MOALl B COCTAB KOMUTETA BXOIU-
JIU TaKWe BRIJAIOIIMECS MaTeMaTuku, kKak Pano, [Mona, Kam, Kamraunckun (mo6ean-
Teab nepBoix copesHoBanut), Kewu, Mosep, Bexivan, Pora, Kokcerep. Komurer
paspabaThIBaeT 3agaHusd, NPOBepsAeT pabOThl yIaCTHUKOB, HyOJUKYET Pe3yabTaThI.
CaMo0 COpeBHOBaHME TPOBOAUTCA B OMHO M3 BOCKPECEHWU (B MOCJENHUE TONEl — B
nepsoe Bockpecenue aekabps). [IpeaBapurensHO 1O yHUBEpCHTETAM U KOJLIEIKAM
PACCBLIAIOTCA 3aJaHUS B COOTBETCTBUM C 3asABKAMU. B NeHbL NMpPOBEAEHUs y4aCTHU-
KU COOMPAITCA B CBOUX YUEOHBIX 3aBeNeHUAX, UM mpeanaraerca 6 sagad (A1-A6)
Ha Tpu 4aca ¢ yrpa u 6 sagau (B1-B6) ma Tpm uaca mocae obena. Habaromareas-
[IpenogaBaTenb 00eCHednBaeT MOPAIOK U OTHpasaseT paborel B komurer. K yua-
CTHUIO HOIYCKAIOTCS CTYAEHTHL NepBod (6aKaIaBPCKOM) CTYHEHU, CTYLEHT HE MOXKET
y4aCTBOBATE B COPEBHOBAHMAX GoJee YeTHIpeX pas. UHTepecHo, 9TO B mTOrM (OHM
nyOIMKYIOTCS B 2XKypHatax MaTeMaTudeckou acconuanuu AMepuKy ) BKAIOYAIOTCs Pe-
3yJAbTATHI PELICHUs KAXK JOU 3a1a4u augepamu B Buge 11-mepHOro BeKTOpa: nepsasd
KOMIIOHEHTA — YUCJIO PEIIUBIINX 341349y MOJHOCTBIO, JAJE€ IUCJIO0 PO ABUHYBIIAXCSA
HA COOTBETCTBYIOIIYIO OO, NECATAA — YKUCJIO MPENCTABUBIINX COBEPIIEHHO HEBED-
HbIE MONBITKYU PEIIeHUs, OJUHHAAIATAS — 9YUCIO YYACTHUKOB, HE IPENCTABUBIINX
pemenunt Boobiie. COpeBHOBAHUS OYEHb MOMYJSAPHBI, €XKEMOAHO B HUX NPUHAMAIOT
yuaactue okono 300 xomana m cBhime 2000 ydacTHUKOB. B psme yHMBEpCHTETOB B
y9IeOHBIN TUIAH BKAOYEHBI CIEIUAIBHBIE CEMUHAPHL IO MOATOTOBKE K COPEBHOBAHU-
AM. Ycmexu KOMaHI U OTAEIbHBIX CTYA€HTOB — NPEIMET IOPAOCTH YHUBEPCUTETOB
u $HaKyIbTETOB.

TemaTuka 3aJa9 OCPAHUYEHA CTAHIADTHEIMYA MATEMATUIECKUMHA Kypcamu (aHa-
au3, aareGpa, reOMeTpus, MTUCKPETHAA MaTeMaTuKa, 1updepeHuaIbHbBEe YPABHEHU
u ap.). MHOrue 3agadu onupanTCs HA 3HAHUE DJIEMEHTAPHOU MATEMATUKH.

Ca0X)HOCTE 33139 BECbMa CHIBHO BapbupyeTcsa. HapAny ¢ yTelmuTeabHBIMY Jer-
KUMU 33a9aMU, TOCTYIHBIME [I0AABISAIONIEMY GOJBIIMHCTBY YIACTHUKOB, ECTh OY€Hb
TPYAHBIE, KOTOPBIE MO JAIOTCA YCAIAAM BCEIO HECKOABKUX YIACTHUKOB.

IIpuBenem 3a0a<KM HEKOTOPBIX COPEBHOBAHUN DABHEIX JET.
A5 (1985). MMaa kaxux neawix 1 < m < 10 cnpaBenameo paBeHCTBO
27
I, = /cos(m) cos(2z) - ... - cos(mz) dx = 07
0
A6 (1985). Ilycts I(p(z)) = af + a} + ... 4+ a2 — dysxuma nomuOMa p(z) =

=ap+a1z+...+a,z". Hananre momuaoM ¢(z) C BEIIECTBEHHBIMU KO>(DOUINEHTAMY
rakoit, aro g(0) =1, I'(g(z)") = T((3z? 4+ 7z + 2)™) n1a Beex HATYPAIBHEIX N.
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B3 (1985). IIycts

IBaX bl 6€CKOHEYHEIN MACCHB HATYPATBHBIX IHICe], B KOTOPOM KaKJ0e HATyPATbHOe
YUCI0 BCTPedaeTcsa poBHO 8 pas. [JokaxkuTe, 9TO AIS HEKOTOPOH Napbl MHIEKCOB
(m,n) BEINOJHAETCA HEPABEHCTBO Gy, > MN.

B6 (1985). I'pynna mo ymuoxenuto {M;} BelmecTBEHHBIX KBAAPATHBIX MATPUL IO~

T
PAAKA N COAEPKUT T dAeMeHTORB. IlycTh BHIMONHAeTCA paseHcTBO » | tr(M;) = 0, e
i=1

T
tr — caen Marpunsl. JokaxnTe, 9To MaTpuna y . M; — HyJeBas.
i=1

A3 (1986). Brrumcaute cymmy paga Y. arcctg(n® —n + 1).
n=0

B4 (1986). Ilycres G(r) = min ‘r —\/m? + 2n2‘. Jokaxure uiu onpoBeprauTe

m,n€Z

yrBepxkaenne lim G(r) = 0.
n—-4oo

B6 (1986). Iycrs A, B, C, D — kBanpaTHBIE MATPUILI TOPAIKA 1l C DJIEMEHTAMA
u3 nona IF, Takme, aro matpuner AB' , CD’ — cummerpuyaeckne u AD' — BC' = 1.
3mece B’ — marpuna, Tpancnonuposannas B, [ — eamnuanas matpuna. [JokaxuTe

pasencteo A’'D — C'B = 1.

A1 (1987). Ha mnockocTu onpegeneHbl MHOXKECTBA

A= ) :2— 2:#}; B:{ X - 92 + Yy :3},
{(w,y) LA A el & (z,y) : 27y 7

2
xT
C = {(zy) :333—333y2+3y:1}; D= {(x,y):3y:1:2—333—y3 =0}.
Moxaxwure, uto AN B =CND.

x

A5 (1987). MHamo BexTopuoe moue G(x = (-2 — .
(1987). 1 b @) = (-l i
Te WIM ONPOBEPIHUTE CyLIeCTBOBaHUE BekTopuoro nomst: F(z,y,z) = (M(z,y,z),
N(z,y,z), P(z,y,2)) co cRoncTeamn

0> . Hoxaxwu-

(1) pysxiuu M, N, P uMeT HeNpepHIBHLIE YaCTHBIE TPOU3BOAHEIE TIpH (T, Y, 2) 7

# (0,0,0);
(2) rot F = 0 mpu (z,y, 2) # (0,0,0);
(3) F(z,y,0) = G(z,y).
B4 (1987). Mycts (1) = 0,8, y(1) =06 mmpn n = 1,2,3, ..

z(n +1) = z(n) cos(y(n)) — y(n) sin(y(n)),
y(n +1) = z(n)sin(y(n)) + y(n) cos(y(n)).

Boruucaure npegensr lim z(n), lim y(n) uam onposepruuTe UX CyHMIECTBOBAHUE.
n—oo n—oo
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B6 (1987). Ilycts F — koHedHOE MOTE C p? DAEMeHTaMH, T e p — HeUIeTHOE MIPOCTOE
aucao. [ycts S — MHOXKecTBO, cocTosmee u3 (p? — 1)/2 PasINIHBEIX HEHYJIEBLIX
3JIEMEHTOB IIOJIs1, TAKOE, YTO [JIs1 BCIKOIO HEHYyJIeBOro »reMeHTa a € F B TodHOCTH
OJIVH M3 ABYX DJIEMEHTOB @, —a BX0auT B S. [lycTs N 4ncio oaeMeHTOB B epecedennn
S ¢ MuON)eCcTBOM {20 : a € S}. [lokaxuTe, 910 yncao N GeTHOE.

A6 (1988). IlycTs awHenHBIN OmEpPaTOp A B N-MEPHOM BEKTOPHOM MPOCTPAHCTBE
umeer (n + 1) cOBCTBEHHBIX BEKTOPOB, JIOObIE 11 U3 KOTOPBIX JIUHENHO HE3aBUCUMBL.
Caenyer au orciona, uro A = al, rge I — TOXIECTBEHHBIN ONEPATOP, @ — CKAJLAPT

B4 (1988). Mycte pag > a, (a, = 0) cxogutcsa. [JoKaxkKWTe CXOOUMOCTD DALA
io: (an)n/(n+1). n=1
n=1

A3 (1989). [oxaxute, uto ecmu 1120 + 10iz° + 10iz — 11 = 0, o |2| = 1.

A6 (1989). Ilycte a, = 1, ecau B IBOMIHOM DABJIOKEHUU HUUCIA 7 KAXKIBIA OJOK
UAYIIAX TOAPAA HYJEU COCTOUT U3 9eTHOTO [nciaa mudp u 0 B IPOTUBHOM CJaydae.
Hampumep, aszg = 1, nockoasky 36 = 1001002, a azg = 0, mocxoasky 20 = 10100,.
IOycts o = 1 + a1z + azz? + ... — GOPMAIBHEI CTENEHHOH PAJ 110 MOLYJIIO 2.
Hoxaxute, ato o + za + 1 = 0 mo MoxyTIO 2.

B6 (1989). Oycrs (z1,22,...,T,) — TOYKA, CIyIalHO BHIOMPAEMAA U3 N-MEPHON
obractm 0 < 1 < 29 < ... < T, < 1 B COOTBETCTBUU C PABHOMEDPHBIM pacIpe-
penenueM, u f(z) — Qyukuus, HenpepoiBaasa Ha [0, 1], y xoropou f(1) = 0. IToxo-
x®uM Lo = 0, 2p11 = 1. [Jokaxure, 9T0 MATEMATHYIECKOE OXKUIAHNE CyMMBI Pumana
n 1

Yo (@41 — ;) f(zi41) paBuo [ P(z)f(z)dx, rge P(x) — MHONOY/IEH CTENEHU N, He
i=0 0

saBucawui o1 pyuxknuu f(z) u takon, uro 0 < P(z) < 1 upu 0 < z < 1.

A3 (1990). dokaxkwre, 9TO JH000U BBIIYKIBIM NATUYIOJBHUAK, BEPIIUHEL KOTOPOI'Q
UMEIOT MEIOUNCICHHEIE KOOP IUHATH, N HUKAKNEe TPU U3 KOTOPBIX HE JeXaT Ha OJHOU
IPAMON, IMEET ILIOIALE, He MEHBINY 5/2.

A5 (1990). Ecim A uw B — xBajpaTHBIE MATPUIEL OTHOTO MOPAIKA, HIA KOTOPBIX
cnpasenauBo paBencTBo ABAB = 0, To o6s3arensuo iu BABA = 07

B4 (1990). Hycte G — KOHeYHAs IPYNIA TOPALKA N, TOPOK JEHHAA DIEMEHTaMN a
u b. JokaxuTe Wi ONPOBEPIHUTE CJCAYIOLIEE yTBEPXK ACHUE: CYMIECTBYET I10CIET0-
BATEIBHOCTD g1, g2, - - - , §2n, TAKASA, ITO

(1) xaxK BN BJIEMEHT IPYNNBLl BCTPEYAETCA B OCJAEL0BATEIBHOCTH 2 Pa3a;

(2) git1 = gia wm gipq = gibupu i =1,2,...,2n. (Caurars, 9T0 gni1 = g1.)

A3 (1991). Hamaure BCe BemeCTBEHHBIE MHOIOWICHB! p(X) CTEHEHH N > 2, i
KasKJOI'0 M3 KOTOPBIX CYIIECTBYET MOCAEI0BATENBHOCTD BEIIECTBEHHBIX YUCET 7 <
<rg <...<Tr, Takas, 94TO

(1) p(rs) =0mpui=1,2,...,n,
(2) p'((rs +7i41)/2)=0mpui=1,2,...,n—1.

A5 (1991). HangnTe MakCUMalbHOE 3HAYEHWE BEIMIUHEI / xt +y2(1 —y)?
upu y € [0, 1].
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B3 (1991). Cymectsyer au ancao L Takoe, 9TO ecau m U n Teible Yucia, 60asmue L,
TO IPAMOYTOJBHUK PA3MEPOB 17 X 1L MOXKHO PA3pe3aTh HA TPAMOYTOJIBHUKYA DA3MEPOB
4x6ubxT?

B4 (1991). IlycTts p — mpocToe HedeTHOe uUnciIo. JloKaxkuTe, 9TO
P .

3 (17) (pﬂ) = (2" +1) (mod p?).

o N J

A3 (1992). [lasa naHHOrO HATYPAIBLHOIO YHCJIA 1M HAWAUTE BCE TPOUKU HATYDPAIb-
HBIX qucen (n,z,y), Ae 9ucaa m, n B3aUMHO OPOCTHIE, 1S KOTOPBIX CHPABELJIUBO
pasencTso (22 + y?)™ = (zy)".

A5 (1992). Tycrs a, = 0(1), ecin 9MCAO €IVHUII B IBOUTHOM DA3IOKEHUN HATY-
PaIBHOIO 9UC/Ia N COOTBETCTBEHHO UeTHOe (Hedernoe). Jokaxure, 9T0 He CyLlecT-
ByeT HaTYPAIbHBEIX k B M TAKUX, 9TO Ak4j = Aktm4j = Ok+m+2; Ipu 0 < j <m—1.

PEMEHUA 3A0AY

A5 (1985). Hpumenas popMyay Duaepa cosp = e’ +267w, MOy UM
o
I, = /cos(m) cos(2z) - ... cos(mz)dx =
0
o
_ QLm /(em +emin) (£im® 4 e~imT) g —
0
2
_ QLm /Zeix(:tl:tz..:tm) do.
0
2 o

Mockoabky /e“””daj = 0 npu memom k # 0 u /daz = 27, 10 I, # 0, ecam npum
0 0
HEKOTOPOU PACCTAHOBKE 3HAKOB CIPABEIUBO PaBeHCTBO (1 +2+ ... +m) = 0.
Jokaxkem, 970 3T0 BO3ZMOXKHO TOa ¥ TOALKO Toraa, korga m = 0 (mod 4) uin
m =3 (mod 4). Yetnoctn qucen +1+2 .. .£m COBIATAIOT MPU JHOOEX PACCTAHOBKAX
3HAKOB, CJe0OBATENbHO, A BLITOJHEHNI paBeHcTBa +1 £ 2... £ m = 0 HeoOXOIUMA,
geTHOCTL yncaa 1+ 2+ ...+ m = m(m + 1)/2. DT0 paBHOCUIBLHO Ie1UMOCTH HA 4
oguoro us uucen m, m + 1. IIycte tenepy wucao k = m(m + 1)/4 weaoe u s =
=min{t:t+(t+1)+....+m<k} Eems+(s+1)+...+m=k 101+ ...
A s-1)—-—s5—(+1)—...—m=0Ecm s+ (s+1)+...+m < k, T0
qucno p =k — (s + (s + 1) + ... + m) yzosaersopsier HepaBedcTBaM 0 < p < s — 1.
Ecau marocsr B3ATh y uncen p, s, (s+1), ..., m 1 MUHYCBL y OCTAJIBHBIX, TO MOLY I€HHAA
cymma Oy aeT pasua Hyato. Cpenn aucen 1,2, ..., 10 HAUEHHBIM CBOUCTBOM 00Ja 0T
qucaa 3,4,7,8. 3uadur, orBer 3agaun — mHOxkecTso {1,2,5,6,9,10}.
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A6 (1985). Ilycts p(x) = ap + a1 + ... + apx™ (an # 0). Onpeneanm MHOTOWIEH
pl(z) = 2"p(1/z) = apz™ + a1z" ' + ... + a,. Ouenngno, wro (p*(x))T = (p?(z))*.

Hoxaxkem, 4T0 415 JOOBIX MHOIOWIEHOB p(x) = ag+ a1z + ...+ anz™, g(x) = by +
+byiz+...+b,x" BermommseTcs paserctro L'(p(z)g(x)) = ['(p? (z)g(x)). Mepemmoxas
MHOTOWIeHH p(z), ¢(2), moayunm

T((p(x)g(@) =D at? +2 > aa;bib;.
7
i+n—s=j+n—t

To ke mosydum u n1a

F(pT(.T)q(:L')) = Za?bj + 2 Z aiajb,-bj.
i+n7;7=£‘;'+n7t

Honoxum p(z) = x+2, q(x) = 3z +1. Torga p(x)q(z) = 322 +7x+2, pT (z)q(z) =
= 622 + 52 + 1. [Ipn »Tom mo goxazamroMmy panee I'(p(z)q(z))” = I'(p”(z)q(z))™.
Taxum o6pasoM, Tpexwier 622 + 5z + 1 061anaeT HYKHBEIME CBOHCTBAMA.
B3 (1985). Ilycrs, manporus, npu Bcex (m,n) BBEIIOJIHACTCHA HEPABEHCTBO G, p <
< mn. Onpegenum MuO)KecTBO T), = {(m,n) : am,n < k}. Ho ycaosuro |Ty| = 8k. C
APYTON CTOPOHHI, 1o mpeamonokennto S = {(m,n) : mn < k} C Ty. Ho

k k k 1 1
.| = = LS S e
|Sk| k+bJ+L3J+ +1/2(1+2+ +k)

mpu 10CTaTOYHO Gosbmux k. TeM caMbIM TpM TOCTATOYHO OOJBIMKX k MTOMKHO BHI-

k 1 1
NOMHATHCA HEPABEHCTBO o (1 + 3 +..+ —) < 8k, 4TO IPOTUBOPEIUT PACKOIUMO-

k
CTU TAPMOHUYECKOT'O PAA.

B6 (1985). IIycts S = ) M;. Ilo ycaosmio tr(S) = 0. Umeem SM; = > M;M; =
i=1

i=1

T
= S, nockonbky {M;} — KoHeunas rpynma no ymaoxennto. [laree, S = Y SM; =
i=1
-
= Y S =rS.Orcoga cregyer, 9T0 COGCTBEHHBIE YUCAA MATPULLL S MOI'YT DABHATH-
Jj=1

ca Toapko 0 u 7. 3 pasencrsa tr(S) = 0 ciaenyer, 9T0 eIMHCTBEHHOE COOCTBEHHOE
3HaveHne MaTpuisl S pasHO 0, TOCKOIBKY tr(S) ecTh cyMMa COOCTBEHHBIX 3HAYECHUN
maTpunsl S. A Torga matpuna S — rl He UMeeT HYJEBLIX COOCTBEHHBIX 3HAYCHUM,
T. e. obpaTuma. [losTomy m3 pasenctea S2 —rS = S(S —rl) = 0 crexyeT paBeHCTBO
S =0, 9T0 U TPeHOBAIOCH.

1+ ctgactg

A3 (1986). Bocnoabzosasummce gpopmyaon ctg(a — f) = g f —cigal

, TIOJIy<IaeM
ctg(arcctgn — arcctg(n + 1)) = n? +n + 1. Otciona

arcctgn — arcctg(n + 1) = arcctg(n? +n + 1).

k
Craenosatenbro, y. arcctg(n® +n + 1) = arcctg0 — arcctg k, uTo gaet
n=0

oo
Z arcctg(n® + n+1) = 7/2.

n=0
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4 (1986). [ToxaxkeMm COpaBelIUBOCTE CHOPMYINPOBAHHOTO Y TBEPXK TCHUA.
IIpex e Bcero, mpoBepuM, 9TO IJIA MOJOKATEILHOrO k CIpaBeNINBA, OLEHKA k —
— L\/EJQ < 3Vk. Mycrs p = L\/EJ Torga k = p? + s, e s < 2p+ 1. CrenosaTersHo,
kE—|VE]? =s < 2p+1<3Vk, uto u Tpe6oBaioch.
Mycts 7 > 0, m = |r]. Tornar =m+d (0 < d < 1). Honoxum n = |Vmd).
Onenum 3uavenne r2 —m? — 2n. Ioayuaem

(m+d)* —m? —2n® = 2md + d* — 2| Vmd)* =
=2(md — [Vmd)*) + d*> < 6Vmd + d* < 6\r + 1.
OxkoHYATEIBHO HMeeM

5 5
: — op? 6\/_+1
Gr)y<r—vm2+2n2=" —m’
(r) < r+\/m2+2n2 r

. 6T
MMockonpky lim —— = 0, HyKHO€e yTBepXKJeHUE TOKA3AHO.
r—oo T

B6 (1986). Cummerpuunocts marpuusl AB’ osmauaer, uro (AB') = BA' = AB/,
cummeTpuaHOCTE Matpunsl C' D' — uro (CD’) = DC’ = CD'. U3 pasenctsa AD’ —
—BC' = I caenyet pasenctso (AD'—BC') = I',1.e. DA'—CB’ = I. Paccmarpusas

A B D -B
npowu3sBenenue OJ0YHBIX MATPUIL ¢ p) \_cr 4 ) morytaem

CD'—DC'" —-CB'+ DA 0 I

Ho Torpga cnpaBeniuBo u paBeHCTBO
D' -B A B D'A-B'C D'B-BD\ (IO
-c' A ¢ D —C'A+A'C —-C'B+A'D) \0 I/’

Orcwona, A’D — C'B = I, 9t0 un Tpe60BAIOCH YCTAHOBUT.

(AD’ - BC'" —-AB' + BA’) _ (I 0)

A1 (1987). Paccmorpum dynkmmio f(z) = 2% —1/z — 3i KOMILIEKCHOIO HEPEMEHHOT'O
z = x + 1y. Umeem
_ .2 2 i _ Y
Ref(z)=a" -y  — 5, Imf(2) =22y + - —3.
o +y " +y

Ilepecedenne A N B B €CTECTBEHHOM CMBICIE COBMALAET ¢ MHOXKECTBOM KOPHEN
ypasuenus f(z) = 0.

Awnanoruano, nepecedenne C' N D coBmagaeT ¢ MHOXKECTBOM KOPHEHM yPABHEHUA
g(2) = 2% — 3iz — 1 = 0. Mockoabky 2z = 0 HE ABAAETCA KOPHEM HU OTHOTO W3 3TUX
YPABHCHUY, OHW PABHOCUILHBL.

Pasymeercs, 5Ty 3agady MOXHO permmTh 1 6€3 IPUBIeIEHN KOMILIEKCHBIX YKCe,
HO TaKOE€ PeIeHNe BBIMVIALUT U3AILIHEE.

A5 (1987). Taxoro moas ne cymecrsyer. [JencTBUTENIBHO, €CAM TAKOE HOAE CYLIEC-

TBYET, TO €r0 IMUPKYIALUS [0 JIOOOMY 3aMKHYTOMY KOHTYPY, ABAAIOIIEMYCSI KPAeM

OPUMEHTUPYEMOU TIOBEPXHOCTH, HE COMEPKAIIEN HAYAI0 KOOPANHAT, paBHA HyI0. Pac-
2

xT b o
CMOTPUM MOJOBUHY SJLIHIICOUAA — - +9? +22 =1, z > 0. Ero rpanunei aprsercs

o o T 2
IIJIOCKUU SJLIUIIC C, 3a1aBacMbIN YPDABHCHUAMU I + y- = 1, z = 0. Boruancass un-
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Terpasn fc G, dz + G, dy, ybexaaemcd, 9T0 OH OT.INYeH OT HyaA. IIpum BeIamcaeHnn
MHTEerpana yao0HO MCHOJIB30BATEH MAPAMETPU3AINI0 T = 2C0s @, Y = sin .

B4 (1987). Tlockoasky x2(1) + y*(1) = 1u 2%(n + 1) + y*(n + 1) = 2%(n) + y*(n)
mpu n = 1,2,3,..., To 2?(n) + y*(n) = 1 npu Tex xe n. OTcooga, npu J060M 7
cymectByer yroa #(n) taxon, uto cosf(n) = z(n), sinf(n) = y(n). U3 gamHBIxX
PaBEHCTB CAEAYeT, 9TO MOXHO mpueaTh §(n + 1) = 6(n) + y(n) = 8(n) + sinf(n),
npu »ToM B kadecTse (1) MOXHO BEIGpPAaTh OCTpPHI yroa. PaccMorTpum (dyHKIHIO
y = z + sinz. Dra dyHkuua Bospacrawomad, npudem y(z) < 7 npu = < 7. OTcona
crefyeT, 9To mocrenosatensHocTh {A(n)} cxomurea. Tlepexoas k mpeeny B paBeH-
cree B(n + 1) = 6(n) + sinf(n), noxyuum: sin nlim f(n) =0, T.e. nan;o f(n) = nk. U3

— 00

OpPEIBIYIINX PacCy Xk aenun caeayet, 9o lim 6(n) = w. Tem cambim lim z(n) = —1,
n—oo

n—oo
lim y(n) = 0.

B6 (1987). Ipu neuernom p uucao (p? — 1)/2 gernoe. O6oznauum 1epes Py npous-
BEJIEHNE BCEX AIEMEHTOB MHOXKECTBA S, n 4epe3 P, mpowsBeneHne 51eMEHTOB BUIA 24
(a € 8). Orcioga P, = 2/5|P;. C gpyro# cTopoms:, a1eMenTs Bia 2a 061a4a0T Te-
MU K€ CBOMCTBAMH, 9TO W BIEMEHTH S, T. €. JJA BCAKOT'O HEHYJIEBOro saeMeHTa b € F
60 b, 6o —b umeer vug 2a, (a € S). Orcoga, Py = (—1)ISI=VNP, = (~1)NP; 8
cuny gernoctu |S|. Ocramocs gokasars, aro 2/ = 1. Tlockonsky xapaxTepucTuka
moJis F paBHa p u 2 IpUHAAIEKUT MUHUMATLHOMY MOAMOIM0 [F, TO MO Mamon Teopeme
Depua 2P~! = 1. Torga 2!51 = 2(p=1(P+1)/2 — 1(»+1)/2 = 1 410 u Tpe6oBaOCE.

A6 (1988). Orser monoxurensusiu. Ilycrs 21, ..., Zy11 — COGCTBEHHBIE BEKTOPEHL
omepaTopa A; A1, ..., App1 — COOTBETCTBYIOIIKE COOCTBEHHBIE 3HaYeHus. [JocTaTod-
HO [0Ka3aTh, YTO BCE COOCTBEHHBIC 3HAUEHUSA COBMAAAIOT. [I0CKOIBKY COGCTBEHHBIE
3HAYEHUA — KOPHU MOJUHOMUAILHOTO YPABHEHUA CTEMEHY 7, CPEAN HUX €CTh COBMA-
JAOIINE — IIYCTh Ay, = App1. 1OrAa BCE DIEMEHTHI IBYMEPHOU JUHEHHOU 000JI0YKN
Lo BEKTOPOB Xy, Tpy1 — COOCTBEHHBIE BEKTOPHI omeparopa A ¢ cCOOGCTBEHHBIM 3HA-
genueM \,. O6osnaunm gepes L,_1 (n — 1)-MepHY0 AuHETHYIO 060JI0YKY BEKTOPOB
Z1y...,%n—1. U3 coorHomenus I'paccmana caegyer, uro dim(L,_1 N L2) = 1. Ilycts
Y — HEeHyJEeBOM BEKTOp M3 DTOr'0 IepecedeHusa. BeKTOPHL X1,...,Tp_1,Y JAUHEHHO
sapucumbie. Ilycts pi1x1 + ... + pn—1Zpn—1 + tpy = 0, vae cpenn K0dDIUITNEHTOB
€CTh OTIUYHEIE OT HyJd. [[puMeHnB k¥ 06eMM 9aCcTAM 3TOTO PABEHCTRA OmepaTop A,
moaydaeM: A1y + ... + Ap_1fbn—1%n—1 + Anptny = 0. Eciu cpenu co6eTBeHHBIX
3HAYEHUN €CThb PA3JINYHBIE, TO BLIYTA U3 MOCICIHEN JUHENHON KOMOUHAIMY IIPEILI-
VIO, YMHOXEHHYIO Ha A, TPUXOAWM K BBIBOAY, UTO BEKTOPBI Li,...,Tn_1 —
JINHENHO 32aBUCUMBIE, & 3TO HIPOTUBOPEIUT YCJIOBUIO.

B4 (1988). Pa300beM MHOXKECTBO HATYDAIBHBEIX YMCET HA JBA KJIACCA!:
N, = {n  (an)V (D) < 1/2}, Ny = {n (@)Y (D) > 1/2}.

Jlaa mepsoro maoxkectsa (a,)™ ("t < (1/2)", paa Broporo — (a,)™ (™Y < 2a,.
Tem cambiM cxogarca o6a paga Y. (a,)™ ™D (scerma) u Y (a,)™ ™Y (Beres-

neN; n€Na
o0 [&.°]
CTBHE CXOUMOCTH PAZa Y. Gp). Hlockombky <wrensr psaga Y. (a,)™ ™Y monoxu-
n=1 n=1

TeJIbHBIC, OTCHOda CIeayeT €r'o CXOINMMOCThb.
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A3 (1989). Mockonbky 0 He ABAAETCA KOPHEM TAHHOTO YPABHEHUA, €T0 MOXKHO Pa3-
nemuTs Ha 2°. Moryaaem ypasmerne 11(2° 4+ 275) + 10i(2* + 27*) = 0. PaccmoTpum
KODHU yDaBHEHHA, PACIOIOKEHHLIC HA eJUHUYHON OKpyxHOCTH z = e'¥. Ilogcra-
BIAA M UCTIONB3YS (POPMYJIBI DUMepa s CHHYCA W KOCUHYCA, TIOIYIUM YDABHEHUE
11 cosbyp + 10sindp = 0. Pacemorpum dyuxmuio F(p) = 11 cosbp + 10 sin 4. Nme-
em F'(0) >0, F(n/5) <0, F(2x/5) >0, ..., F(97/5) < 0. Tem caMBIM Ha € JUHUIHOU
OKpYyXKHOCTHU pacnonoxeno 10 kopuen gaHHOro ypasuenus. [[0OCKOIBKY OHO UMeeT He
6omee 10 pasIuIHBIX KOPHEN, YTBEPXKAeHUEe TOKA3ZAHO.

A6 (1989). TMockoabKy 9uCa0 47 MOAYIEHO U3 1 JOOABICHUEM ABYX HYJIEH, TO G4y =
= Qp. AHAMOTUYHO d2p41 = Gp. [IpU DTOM, TOCKOABKY YUCIO 41 + 2 TONyUeHO u3
n mobGasrerueM mudp 10, umeeMm ag,12 = 0. PazoObem (bopMaJIbelfx’I pag oz ) =

=14+ a1z + asz®> + ... Ha IBe HaCTH: ay(z) = 1+ asz? +a8:1: +...=14az*+
+asx®+... = a(z?); az(z) = ez +azx® +az2x®+. .. = z+a 2’ —I—agar —I— = za(x?).
Jlanee, 11 IBOWYHBIX TIEPEMEHHBIX a,b BHIMOTHeHO a’ = a, (a + b) = a® +

+ b o mogymo 2. Mloatomy a(z?) = (a(z))?, a(2?) = (a(z))?. Orcoaa, a(m)
= a(z?) + za(z?) = (a(z))* + 2(a(z))?. Tem cambiv, a(z)(a®(z) + za(z) — 1) = 0.
IMockonvky y dopManasHOro psaga a = 1 + a1z + a2 + ... CBOGOAHBIN HiaeH 1, TO
no nEAyKINN yoexaaemca, ato (o’ (z) + za(zr) — 1) = 0. Ho (a®(z) + za(z) — 1) =
= (a®(z) + za(x) + 1) no moaymo 2.

B6 (1989). IIycte M — onucansas B ycioBuu 3a4a4u n-MepHas o6aactsb. Ee n-
MEpHLII 00beM paBeH

1 Ty T2
/dX:/dasn/dazn_l.../dxl -1
n.
M 0 0 0

3necs dX — osmemenT ob6bema MuHOX)ecTBa M. O6osnauum uwepes U(f,x1,...,Ty)

n
pumMaHoBy cymmy . (x; — x;—1). meem

A(f) :E[U<f7$177$n)} :n'/U(f,ZEl,,ZEn)dX
M

Paccmorpum unTerpan or caaraemoro (z; — ;1) f(x;). llepeiigem x noBTOpHOMY
MHTErpaTy TakuM 06pasoM, 9TOOLI MHTETPAT 10 T; ABJIAICA BHemHNM. Mmeem

5

1 Ti—1 Ti—1 Ti—1 1 1
/f z; dml/ i — xi—1)dz; / dzx; / dzy / dmi,g/dxiﬂ / dz,,.
0 0 1 Ti—3 Tq

Tn—1

(1—z)"t gt

f(x)Péi) dz, roe Péi) = CEDIREE Taxum 06pazom,

ODTOT UHTErpaJ paBeH

P (z) = zn: (") (1—2)" izt =1—(1—2)"

: : ?

i=1 i=1
31ech NCTIONBL30BAHO GMHOMUAIBHOE pasnoxenue Gyukunu ((1 —z) + z)". OueBnHo,
4910 noauHoM P, (z) o61ajaer HyKHLIMYA CBOUCTBAMU.
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A3 (1990). [okaxkem BHa4age, 9TO IUIOMAIb HEBLIPOXKIEHHOI'O TPEYTOJLHUKA C
[EJOYNCIeHHBIMA KOOpANHATAaMM He MeHbine 1/2. OnmmeM BOKDYT TpEyrolbHWKA
IPAMOYTOJIBHUK, CTOPOHEI KOTOPOI'0 MAaPAJLIEIbHEl KOOPAMHATHEIM OCSAM. 1orga mio-
A b TPEYTOALHUKA PABHA PA3HOCTH TLIOMIAIN MPAMOYTOTLHUKA C IEJIOTNCTCHHBIMET
CTOPOHAMU U TLIOIMIAAEN HECKOIBKUX MPAMOYTOJBHBIX TPEYTOJBHUKOB C MEeI0YUCICH-
HBIME KaTeTaMu. [I0CKOIBKY MIoIa fb NPAMOYOIBHAKA [E/Ias U IIOMA N TPEYrOJb-
HUKOB MOJYIeJble, TO ILUIOUIAAb NAHHOIO TPEYrOJAbHUKA MOLYLEIas U IODTOMY HE
MeHble 1/2.

JoxaxkeM, 9TO B IATUYTOJILHUKE HAUAETCSA TOUKA C HEIOYUCICHHBIMU KOOP JUHA-
TaM¥, OTJAUYHAA OT Bepmuubl. Cpean MATH TOYEK C MEJOYUCIEHHBIMEA KOODIUHATA-
MU HAUIYTCA IBE, Y KOTOPHIX COBMAJAIT YeTHOCTH 06emx koopamuar. Ho Toraa
CepeluHa COOTBETCTBYIOMIEIO OTPE3KA TAKXKE HMEET IeJ0YMCACHHEIE KOODAWHATHI.
Ecan Ttaxas Touka HaXOAWTCA BHYTPHU HATUYLOJIBHUAKA, TO MATUYIOJBHUK pa3buBa-
€TCs Ha TATh TPEYTOJAbHUKOB, BEPITUHBI KOTOPHIX IIEJOYUNCAEHHBIE, TO €CTh TLIOMIA b
IATUYTONbHUKA He MeHee 5/2. Ecam ke ToYKa HaXOAWTCs HA TPAHUIE, TO TUIOMATL
OATUYTOJLHUKA HE MeHee 2.

[IpoamanusupyeM NOTOJHUTEALHO TOCAeTHUN caydau. IycTs vi,...,v5 — Bep-
[MIUHBL JAHHOI'O ILITUYTOJBHUKA B NOpsAgke 06X04a, Vg — CepesuHa OTpe3Ka [vg, Us]
C IEJIOYUCICHHBIMEA KOOPAMHATAME. VCXONHBIA NATUYTOJBHUK PACIALAETCS HA TPe-
VTOJBHUK C BEPIIMHAMU U3VU4Vg U TATUYTOTBLHUK V1 U2U3VgVs. 110 MOKa3aHHOMY TLIO-
majb TPEyroJdbHUKA He MeHbule 1/2; miomans naruyroabHuka He membiue 2. Tem
CaMBIM, IIOMAAL JAHHOI'O MATUYTOJABHUKA HE MeHee 5/2; 4To u TpeGoBaIoCh.

A5 (1990). Tlycts ABAB = 0. Torga (BA)? = B(ABAB)A = 0. [lokaxkewm, 9T0 B
TaKoM crydae ipu n = 2 (n — MOPAJIOK MATPHIILI) BLIIOHAETCA papeHcTBo (BA)? =
= 0. O6osnauum uepes S marpuny BA. S — MarTpuia JUHEHHOTO ONEPATOPA, KO-
Topu GyaeM 00O3HAYATH Tak ¥e. Kcam obpas omepatopa S ABymepeH, To S —
JIMHEHHLIH m3oMopduaMm u mosToMy S° # 0. Ecam o6pas omepaTopa S HyJIbMEpEH,
To 82 = 83 = 0. IlycTts Temeps 06pas L omepatopa S ogaomepen. Ecmm S # 0,
T0 SL = L, aTorgan S°L = L, 7.e. S # 0. To xe caMoe MOXKHO yCTaHOBHTE,
UCTIONB3YA XKOPAAHOBY (hOpPMY MATpHIl. TakuM 006pa3zoM, MATPUI] BTOPOTO MOPALKA
C TAKUMH CBOHNCTBAMH HE CYIIECTBYET.
Nuate o6cTouT menao mpu n > 2. [IpuBenaem mpuMep Takux MATPHUI Tpu N = 3:

0 01 0 01
A=1(0 0 0], B=11 0 0
010 0 00

B4 (1990). TlocTpoum OpUEHTHPOBAHHEIN T'pad clenyommM 06pa3oM. Ero sepmuss
ABJAAIOTCA DIEMEHTAMU TDPYNOE; pPe6po (p,g) CYWECTBYET TOTAA U TOJBKO TOTA,
Korga ¢ = pa wiu ¢ = pb. Ator rpad ob6aanaeT CieyIOIMUMA CBOMCTBAME:

(1) u3 BCAKOU BEPUIMHBI MCXOMAT ABA pebpa, MOCKONLKY W3 PaBEHCTBA pa = pb
CIeyeT PaBeHCTBO a = b;

(2) BO BCAKyI BepmuHYy BXOAAT ABa pebpa. O60CHOBAHUE TO Ke;

(3) rpad ABAAETCA CUIBHO CBA3HBEIM. [[EMCTBATENBHO, W3 BCAKOW BEPIIVHEI €CTh
TyTh B €IWHUYHLIA DJIEMEHT M O0OPATHO, MOCKOJLKY TPYIMNA TIOPOKICHA BJe-
MeHTaMu a, b.
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NssecTHO, 9TO rpad C TAKUMU CBOUCTBAMHU ABIACTCA DUICPOBHIM, T.€. CYIIECT-
BYeT IIMKJ, B KOTOPOM KayK10e pedpo BCTpedaeTCsa OAuH pa3. BuImuchiBas BepIIMHBI
B IOpAJKE NPOX0XKIAEHUA 3TOr0 MUKJIA, IOLYIUM HYKHYIO IIOCIEJ0BATEIbHOCTE BEP-
IIIVH.

A3 (1991). Copasenmuso mpeactasienue p(z) = c(x — ri)(x —r2) - ... (x — 7y).
Orcrona
p(x)=c(x —re)(x—r3) ... (& —71p)+
+Hrx—ri)x—7r3) ... (T—1p)+...
otz —r)(@—ra) - (= rpo)]
Torga
p/(?"l ;LTQ) — C[(h ;LTQ _ Tz)(% —r3) ... (% —rn)+
IR (R gy (R )+
-+(¥ _ 7“1)(% ). (% —_—

IockobKy CyMMa MEpPBHIX IBYX CIAaraeMBIX PABHA HYJIO, & IPUA N > 2 BCE OCTab-
HEIE ClaraeMble OTINYHBI OT HYJIS U MMEIOT OAWH M TOT Xe 3HAK, TO PABEHCTBO
P'((r1 + 72)/2) = 0 Bo3MOXKHO TOABKO mpu 1 = 2. OYEBUAHO MPM BTOM, UTO JOGON
KBAIPATHEIN TPEXWICH € PA3IAIHLIMA BEIIECTBEHHBIMYA KOPHAMHE 001 A€T HY KHBIMU
CBOUCTBAMH.

A5 (1991). BocCrnomb30BaBIIACH HEPABEHCTBOM
et +y?(1-y)? <a2® +y(l—y),

[IOJIYy<IaEM OLEHKY

y y
/\/:174 +9y2(1 —y)?2dx < /(:172 +y(l—y))de =y>— 2y3/3.
0 0

Makcumanbaoe 3navenue ynkmun y> — 2y° /3 ma orpeske [0, 1] pasro 1/3. Tem ca-
MBIM, JaHHBIN MHTerpan He mpesocxoanT 1/3. Ho mpm y = 1 mmTerpan mmeer Bup

1
[ x?dz = 1/3. OTcrona creyer orset: 1/3.
0

B3 (1991). OTBeTr MOMOKUATEILHBIN.

lokaxem BHaMAME TaKoe yTBepXK aeHue. [lycTh HaTypaabHBIE YUCAA A1, A2, .. . , ()
B3amMHO mpocThIe. JItob6oe HaTypasbHOe dncio, 6dabinee, 4em kaias - . .. - Gg, MOXKHO
NPEACTABUTE B BUZE t1ay +toas+. . . +tray, ae ducna ty, ta, . . ., iy HEOTPUIATEILHBIE.

Ilockonbky wmcaa ap,as,...,a; B3aUMHO IPOCTLE, TO 1, a 3HAYUT u JIIOOOE <IuU-
CJI0, IPEACTABAMO B BUIE IEJOYNCICHHON JUHCMHON KOMOMHAIINA IUCEI 41, A3, . . . , (k.
MOycte m > kajas - ... - ax uw m = tiay + teas + ... + tyag, OpudeM cpeau Yu-
cexa ty,ta,...,l, ecTb orpunaTeapusie (mycrh s oupegeaennoctu ty, < 0). Cpexn
TMONOXKUTENbHBIX CAATaeMBIX €CTh TPEBOCXOMAIIEe a1as - - . . - A, TYCTh IJI OTpee-
JEHHOCTH! t1a; > a1as - ...-ag. lorga t; > as - ... - ap. OupegeanM HOBLIE 3HAYCHUA
t =t —ar >0, t}, =tr +a1 > ty. Ocranpuble 3Ha4eHNs t; OCTABUM 0€3 M3MEHEHNU.
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Toraa
t’lal +t2a2+...+t§€ak =tia; +toas + ...+ trar = m.
HpO,ELOJI}KaH AHAJOTUYIHO, TOJAYyYIaeM HYXKHOE YyTBCDXKICHUC.

HOCTpOI/IM Teneph M3 JAaHHBIX TPAMOYT'OJBHUKOB TapPbl MPAMOYTOJIBHBIX GHOKOB,
AMEIOMNX OOIIYI0 CTOPOHY.

1. 20 X 6 — u3 npamoyroasHuKoB 4 X 6 1 20 X 7 — u3 IpsAMOYTrOJBHUKOB 5 X 7;

2. 35 X 7 — u3 OpAMOYIOJIBHUKOB D X 7 1 35 X 5 — U3 TexX XKe NPAMOYIOJIbHUKOB
(Ipy M3MEHEHUK ODUEHTALNN);

3. 42 X 4 — u3 TPAMOYTONBHUKOB & X 7 1 42 X 4 — U3 IpAMOYTOILHUKOB 4 X 6.

[MpuMenss noKa3aHHOE YTBEPK ACHUE, MOJIYIAEM: IPU TOCTATOYHO OOJBIIUX 7, U3
MAHHBIX TIPAMOYTOJLHUKOB MOXKHO CJIOXKUTEL TPAMOYTOMBHUKY pasMepoB 20X n, 35X n,
42 x n. lockonpky uncaa 20, 35, 42 B3auMHO IPOCTHIE, TO U3 TOr'O XK€ yTBEPK ICHUI
CIeIyeT, 9TO MPHU AOCTATOYHO OOJBLIIOM 11 M3 NAHHLIX IPAMOYIOJLHUKOB MOXKHO
CJIOXUTEH MPAMOYTOJBHUK PA3MEPOB 1M X 7, YTO U TPEOOBAJIOCH.

B4 (1991). Paccmorpum nomusom (1+(1+2))P(1+2)P = (24+2)?(1+2)?. Hainzem xo-
5P PUINEHT 5TOro NOAMHOMA NPH TP ¢ NCHOIB30BAHMEM KAXK I0I0 U3 IPEACTABICHUN.

P .
JleBy10 4acTh MOXKHO IPEICTABUTL B BUgE Y (?)(1 + x)PT7. Orcrona, koaddunuenTt
i=0

> -2007)

j=0 j=0

npu P paBen

C apyrou cTopoubl, koaddunment npu P pasen

>x(,7 )() =22 ()

Ilpu 0 < j < p GuHOMUAIBHBIN KO3(DUITHEHT
P\ _plp=1-...-(p—j+1)
j 7
JIeJUTCA HA P, TOCKOJBKY B CHIY MPOCTOTH YUCIA P 3HAMEHATENb B3AUMHO MPOCT €

p .
p. Torna nmeem »_ 27 (?)2 = (2P + 1) (mod p?), 9T0 W TpeGoBaTOCh TOKA3ATE.
J=0

A3 (1992). Mpumenss mepasenctso x° + y? > 2xy, momyuaem (zy)" > (2zy)™,
OTKyzZa n > m.

Ilycts p — mpocToe uucio, a u b BLICHIME CTENEHU P, HA KOTOPBIE NEJAATCA T U
y, mpmiaeM a < b. Torga JeBas 9acTh JAHHOTO PaBEHCTBA ICIUTCA Ha p>°™, a mpaBas
ma pl@th)" y we nenarca ma Gomee Bricokme crenenn p. Ho Torga 2am = (a + b)n >
> 2an, YTO TPOTUBOPEYUT HEPABEHCTBY N > m. Takum obpaszom, a = b u moTomy
x = y. Ilogcrapasas B MCXOZHOE ypaBHEHHE T = y, moiaydaeM 27z = 227, T.e.
2m = z2(n=m) Qrcioga, x = 2¢. Umeem m = 2t(n — m). OTcioga, IUCIO M YeTHOE.
Iycte m = 2s. imeem s = t(n — 2s). Eciu n — 2s > 1, TO IPOCTON [eIUTEND TUCIA
n — 25 ABAAETCA OOLIUM AEJUTENEM 7 U S, YTO NPOTUBOPEYUT B3AUMHOU IPOCTOTE 71



204 E. M. Bponmrerin

um. Orcioga, n =2s+1=m+ 1. Opustom t = s, = 25 = 2M/2. OKOHYATENBHO,
PABEHCTBO BBITIOJHAETCA TOJABKO TIPU M YeTHOM, n =m + 1, x =y = om/2

A5 (1992). OueBuaHBI PABEHCTBA U2y = Up, G2nt1 + Gop = A2pt1 + Gp = 1.

IIycte Takme naper wucen k, m cymecTByioT. Broibepem kakyo-1mbo u3 Takux map
C MUHAMAJIbHBIM 3HAMEHUEM M.

Iycte uncno m > 1 HewerHoe. MOXHO CUMTATH, UYTO A = Qk4m = Gkt2m = 0,
TMPOTUBOTOIOKHBIN CAyIal PACCMATPUBACTCA AHAIOTUIHO. [[0CKOMBKY OHO U3 9ucen
k,k + m derHoe, TO Qj41 = Aptm+1 = Gk+2m+1 = 1. lIpogomxkas, noaydaum agio =
= Qg4m+2 = Qg+2m+2 = 0, u T. 1. Ilockoapky uucno m — 1 geTHOE, TO Qfptm—1 =
= Gptom—1 = Ak+3m-1 = 0. OO n3 wucen k +m — 1,k + 2m — 1 geTHOE, TOPTOMY
Qk4+m = 1 WA ag49y = 1, 9TO IPOTUBOPEIUNT MCXOTHOMY IPEIONOKEHUIO.

IIycte gmeno m derHoe. PaccMOTPUM DAaBEHCTBA Opij = Oktmi; = Ohtm+2j
TOMBKO [J1A YeTHBIX HHAeKkcoB k + j. [lo mpegwiaymemy aiijy/2 = Qrymij)/2 =
= Q(k4m—2j)/2- TeM caMBIM, CIDaBETUBBI DABEHCTBA A[k/2]4i = O[k/2]+m/24+i —

= a[g/2]+m/2+2i 1pu 0 < i < (m/2) — 1. (B npexpraymmx pasencTsax npu k ger-
HOM CJeAyeT OpUHATh j = 2i, npu k HederHom — j = 2¢ — 1).Ho sTo nporusopeuur
MUHUMAJIBHOCTH 1.

Haxkonern, npu m = 1 [OJXHBI BHEIIOJHATHCA PABEHCTBA Gf = (j4+] = Qg42. HO
3TO HEBO3MOXKHO, IOCKOJIBKY OXHO u3 kucea k, k + 1 gerwoe.

YTBep:K 1eHure TOKa3aHo.
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Benrepckas 3agada o KBaapaTax

C. A. JopuieHko

ABTOpY BTOU BaMeTKHN CTajla U3BECTHA OT BEHIEPCKUX MATEMATHUKOB 3ajJa4da 00
OLIEHKE OTHOLIEHWS IEPUMETPA K IIOMA AN A/ GUryp, 00pa3oBaHHBIX O0HEIUHEHIEM
OIMHAKOBHIX KBAIPATOB. JTOT CIOXKET OBLI TIOJOXKEH B OCHOBY CJAEAYIONIEN 33124,
npemaoxkernon mkoaburkaMm 10 — 11 kiaccos Ha ocenrem Type 22-ro Typuupa Topo-
IOB, KOTOpBIA cocTosicsa 29 oktabps 2000 roxa:

a) Hecxoavko uepunix keadpamos co cmopowot 1 cm npubumer k£ 6eaoti naoc-
Kocmu 00num 2603dem moawunbt 0,1 em. Obpaszosanacs Muo20y20abnas uepuas Pu-
eypa. Moxcem au nepumemp amot Pueypvr 6bimv Goavwe, uem 1 xm? (I'603dv ne
sadesaem 2panuy K6adpamos.)

6) Ta wce zadaua, no 260306 umeem moswuny 0 (mo ecmb mouka).

8) Hecroavko wepubiz xe6adpamos co cmoponoti 1 aexcam na Geaoti naocxocmu,
06pa3ya MH020Y2046HYI0 wePprylo Guaypy (603MONCHO, COCMOAWYI U3 HECKOALKUT
KYckos u umerowyro dupru). Moxcem au omuowenue nepumempa 3mot guzypul K ee
naowadu 6ermu 6oavwe 100000 2

OTBeT BO Bcex Tpex ciaydasix orpuuaresubiy. Konedno, nyHkTeL a) u 6) caegyior
U3 MYHKTA B), OHN OBLIA NOOABIEHEL, 9TOOBI O0JETMIUTh PEIICHNE MOCIEHET0, BEChMA
TPYAHOTO, MTyHKTA.

IlyaxkT a) 5TON 3ama4uyu ObUI PEIIEH HEKOTOPLIMU ITKOJBHUKAMMU, DEIICHAE MyHK-
Ta B) TIOKA HE BCTPETUIOCH (MIPOBEPKA €Ille He 3aKOHYEHA, TaK KAK MOy IEHEI eIl1e He
BCE paboTHL).

3aMeTuM TakKXKe, YTO NI PACCMATPUBAEMBIX (DUI'YP U3BECTHBI U [OPA3 10 Jy dIlIue
(HA HECKOJBKO HOPSAKOB) OLEHKU OTHOLIEHWs HepUMeTpa K miomanyu (cM. noapob-
HOCTHU B CTaThe aBTOpa ucxogHou zagaum: Tamas Keleti, “A Covering Property of
Some Classes of Sets in R™”, Acta Univ. Carol. — Math. Phys. Vol. 39 (1998) No.
1-2, p. 111-118. Corollary 12 and Remark 14), Ho Tounas onenka cBepxy 0 CHUX LOD
HeuspecTHA. MoxeT ObITh, ee yIaCTCs NOAYyIUTh KOMY-HUOY Ib U3 HAIINX UTATENCH !

PEMEHUE 3AJAYK O KBAAPATAX. IIYHKT A). TBO3IB MEpeceKaeTesa ¢ IIOCKOCTHIO,
K KOTOPOU NPUOUTH KBAAPATHI, 110 KPYyry, 0603Ha4uuM ero ueatp depes O, a pagu-
yc — qepes r. [lonyauBmasca 9epras purypa ABAAETCA MHOTOYTOIBHAKOM, 0003HA-
amm ero A As ... A,. Coequuanm Touky O ¢ BEpIIMHAMEA 3TOTO MHOTOYTOJILHUKA. T0-
raa Hama ¢urypa pazobbercs Ha Henepecexkawumecs Tpeyroabauku OA; Ag, O As As,
...y OAL A, (370 caexyer w3 Toro, 4ro Touka O HPUHAIJIEKUT BCEM KBAAPATAM).
O0603HAYMNM COOTBETCTBEHHO UEPE3 (1, . .., YIJBL 3TUX TPEYTOJILHUKOB TPU BEp-
e O.

PaccMoTpum 0fvH U3 TPEyTOAbHUKOB, cKaxeM (O A As, v olleHUM IJIUHY CTOPO-
HEI A; As.

OTpesok Aj Ay TeXKUT HA CTOPOHE OMHOTO W3 MCXOAHBIX KBAAPATOB. Tak Kak 1o
YCJIOBUIO TBO3[b JEXUT IEJUKOM BHYTPH 3TOrO KBaAPaTa, paccrosuue oT Touku O
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1o mpaMon, cogepxkaimmen Ay Ao, 6oasme 7. [losToMy mromans Tpeyroasuauka O Ay Ay
60aBIITe % -r- A1 As. C IpyTOUM CTOPOHBI, HTa IIOMIAAbL PABHA % -OA1-OAy-sinayg, n
nockonbky OA; m OAy MeHbITe amaroHam KBaapara (TO €CTh \/2), IWIOMAIE Tpe-
yroabuuka O A; As menbine sin . Iloaygaem mepaBercTBO:

1 . 2 .
5T A1As <sinap, orkyma A1As < = -sina;.
r

3amnucas 118 KaX JOU CTOPOHBI (PUTYPhI AHATOTUYHOE HEPABEHCTRO U TIPOCYMMUPOBAB
7X, IOy INM:

2 . . 2 4
A1A2+...+AHA1<;-(smal—l—...—l—sman)<;-(a1+...+an):7ﬂ.

Tak kak r = 1/20 cm, MBI moxy4aeMm, 4T0 nepumeTp Gurypsl He npesocxogut 807 cu,
uTo Menbie 80 - 3,15 = 252 ¢cM u momaBHO MeHbIe 1 KM.

ITIyHKT B). OxasbiBaeTcs, OOLIYIO 3a1a9y MOXKHO CBECTH K Tpensiaymen. s 5Toro
HAJIOXKUM Ha IIOCKOCTh KBAaJPATHYIO CETKY C MmaroM 1/2, B ya1ax KOTOPOU BOOBEM
reo3auxy paguyca 1/20 (To ecTh 4 KaXKAOrO y3Ja CeTKHA HAPUCYEeM KPYT Paquyca
1/20 ¢ ueHTpPOM B DTOM y31e€).

JIEMMA. /Jas kascdozo u3 ucrodubiz ke6adpamos natidemcsa 26030uk cemxu, ye-
AUKOM COOEPHCAWUTCA 8 IMOoM Keadpame.

[TOKABATEJLCTBO. BrwmieMm B KaX b U3 UCXOAHBIX KBAAPATOB OKPYXKHOCTH
paguyca 1/2. locTaTo4HO HOKA3aTDh, YTO /I KAXKAOU TAKOU OKPYKHOCTH HAUAETCs
IBO3IUK CETKM, IEJIUKOM B Hel comepxkammuca. [IycTe w — onHa M3 3TUX OKpPYXK-
mocten, M — ee menTp. Touka M JeXUT BHYTpU OTHOTO U3 KBAAPATUKOB CETKU,
paccrosamre 0T M 10 GAMXKAWIIEN U3 BEPIIUH DTOT0 KBAPATUKS HE OOJBINE TIOJI0BU-
HBI QUArOHANU KBAaAPATHUKA, TO €CTh He OOoJbIie 1/2\/5. Torma reo3auk ¢ HEHTPOM
B DTOU BepinHe GyAeT MEIUKOM CONEPKATHLCA B OKPYKHOCTH W, TAK KAK ee Pagnyc
pasen 1/2, wro Goasime 1/2v/2 4 1/20. Jlemva noxasaua.

Pazobrem Tenepr mcxomHble KBALPATHL HA IPYNNEL 10 MPABALY: B OLHY DYIILY
BXOJAT KBAIPATHI, [EJUKOM COMEPKANINE KOHKPETHBIA MBO3JAUK CETKU (BO3MOMKHO,
HEKOTOPHIE KBAIPATHL MOMAIYT CPA3y B HECKOJIBKO CDYIIM).

IIpumenuB ast KaxK A0 IPYNOBL HEPABEHCTBO U3 MYHKTA a), HOLYIUM, ITO [Hepu-
MeTp Gurypsl, 06pa3oBaHHOU KBaAPATAMU OJHON IPyHIbl, He Gosabme 807.

Ilycts Becero rpynn N. Torga nepumerp Bcen Harmen Guryps He Goubie 80w N.
C gpyrou CTOPOHBI, TaK KAaK ILIOLIA b KaX 0ro reo3auxa passa /400, u reo3quku
HE [ePeKPBIBAOTCA, 00mas mwiomans Hamen ¢purypsl He menbine 7N /400. Hosromy
OTHOIIIEHNE MepUMeTpa Haien GUrypHl K ee miomaau He npesocxoaut 32000, uTo
menbIe 100 000.
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NcTopua ogHon OIMMIINA THON 33 a1

A. A Kanenn

Ha 63-i1 Mockosckou I'opogckon Maremaruaeckon onumnuane (2000r., 11 kaacc,
sanada Ne6) GbLIa IPEIIOKEHA CIeNYIONaa 3a1a9a;

MoxHOo qu Tak PaCHONOKUTL B CI0E€ MEXKAY ABYMs ILIOCKOCTAMU CEMEU-
CTBO OJIMHAKOBBIX BBITYKJIBIX TeJ TaK, YTOOBI HA OMHO U3 HUX HEIb3A OBLIO
CIBUHYTDL, HE 3a1€Bas OCTAJbHEBIE?!

Ha mrmockocTn, B €10€ MEXKAY OBYMS MPAMBIME, TAKOTO PACTIOIOKEHNS BEILYKIBIX
duryp HeT (5TO TOBOIBLHO COAepKATEIbHAL 3a4a49a). A B IpocTpancTBe OTBET — Aal
(cM. puc.).

JlokaxkeM, YTO HU OJUH U3 TETPADAPOB HEIB3s BEIABUHYThH. JAMEHUM OIWH U3 HUX
BIMCAHHLIM B HET'O MIAPOM S U MOKAXKEM, YTO 3TOT IMAP HEIb3A BEIIBUHYThH. Bpamars
map GeCroe3Ho, MO3TOMY OFPAHUYUMCA PACCMOTPEHUEM MaPALIEILHBIX IEPEHOCOB.

Pacemorpum miockocts rpauu I' gpyroro terpasapa, koropas kacaercsa S. Muo-
KECTBO BEKTOPOB CABUIA, PA3PEIIEHHBLIX [, 3a1aeTCsA MHOXKECTBOM BEKTODPOB, UIY-
mmx u3 [' B cropony S. Takme BekTOpa 00pa3yoOT MOMYNIPOCTPAHCTBO HATIPABICHNUN,
a MHOXKECTBO BO3MOXKHBIX CIBUI'OB €CTh [EPECeYeHNe MHOXKECTB HAIPABACHUN (IO-
JYHOPOCTPAHCTB), PA3PELIeHHBIX MPAHAMYU TeTPAa3APOB YK/IAIKA, KACAIOLIMXCA S.

Jlerko BugeTn, ¥T0o oHO mycTo. [losToMy map, a 3HaYUT, U TETPA3AP, B KOTOPHIN
OH BNUCAH, HE BHIHUMAETC.

A BeTpeTwacs ¢ aTom 3anaven Tak. B cBoe BpeMsa MeHA He B3AAU B ACTUPAHTYPY
MT'TIA um. B. U. Jleanua (moMuMo OOBIYHBEIX MPOGAEM OBLIA U TAKasd — TOTTAITHUN
IPOPEKTOD MHCTUTYTa 3asaBui, 4To cuenmanauctsl 1o ucropuun KIICC nporus) u s
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MOCTYIII B aCIUPAHTYPY MockoBckoro l'oproro MucturyTa. TaMm s 3aHsics usy«e-
HIEM PaBHOBECHs OJOYHBIX MACCUBOB CKAJIBHBIX mopof, mpoden kuury R.Googman
and Shi-gen-Hua “Introduction to Rock Mechanics”. B sTon kuure Opuia mamoxe-
HA KOHIeNunsa k4tuegoeo Omoka. KaodeBrle 610ku — 5T0 Te OJIOKH, KOTOPHIE He
3aK/AMHEHBI OCTATBHBIMUNM MOT'YT ABUTATHLCSI BHYTpU BhIpaboTku. [l obecnedeHus
6€e30MacHOCTU BHIPAOOTKM AOCTATOYHO OCYIIECTBUTH KPEILIEHUE TOIBKO TakuX 6J10-
koB. Tam xe comepkKATCA PACCY K AEHUS C IePEcedeHrneM ITPOCTPAHCTB HATIPABICHUH,
3a7aBaeMbIX TpaHAME. BOIPOCH, CBA3aHHEIE C BO3MOXKHBIM OTCYTCTBUEM KIIOYUEBHIX
6JIOKOB TaM fMake He TOTHUMATACh.

IMocae 3ammTel guccepTanuy S K TOPHOMY neay He BosBpamaica. O qHako, y3HAB,
YTO M3 BEIIYKJBIX TEJ MOXKHO COCTABUTH BBITYKJIOE TEJIO TAK, YTOOLI HU OTHO U3 HUX
HeJB35 OBLIO BEIIBUHY Th, IPUAYMAJ TY CAMYIO 33434y 1A MOCKOBCKON OIMMINA,THI.

Uctopus mmena samstHOe npogomxkenune. Korpa s 6et1 B Wspaumne 8 mae 2000
roga u uMesa TPy LHOe (PMHAHCOBOE MOJOXKEHVEe, TO BCIIOMHUII, YTO 3 JOKJA Al [LIATAT
(50%) u mamen GHIBIIErO HAYYHOT'O PYKOBOAUTENA IO acnupanType. Ha Kakywo Temy
caenaTs MOKJIAMI?!

Mpumna upes. B mamom sepue me passuBaercsa Tpemmuna. C Apyrou CTOPOHBI,
3epHA MOI'YyT KIWHUTH APYL OPYra, €CJAU UX CAEIATH, CKAXKeM, B (hOpMe IPABUILHBIX
TETPA>IPOB U PACIOJOKUTL TAK, KAK DTO CAEJAHO B pemeHnn 3aaa4uum MockoBckon
Omumvnuager. [TosToMy BO3BHUKAET BO3MOXHOCTB CO3QABATH KOMIIO3UTHI, B KOTOPBIX
[UIOXO PACIPOCTPAHAIOTCA Tpemuubl. OHU MODYT BBIAEPKUBATH BHICOKOE JABJICHUE U
061a1a0T IPYTUMA UHTEPECHBIMA CBOMCTBAMH.

[lanHas uges 3aMHTEPECOBATA CTIEMAATACTOB. Tak OBLT M300pEeTeH HOBBIU CIOCO0
YKIAAKU KApnuden (KaK MHE KaXXeTCsl, KDACUBBIN).

Bruu npepnoxkensr gpyrue pacnonoxkenus 3eped. OKa3anioch, 9T0 BOMPOCH, CBS-
3aHHBIE ¢ TPOCTPAHCTBEHHON OPTaHM3ANMEN CTPYKTYPHBIX DJIEMEHTOB MPU PACIONIO-
XKEHUM KOMIIOBUTOB (B ILUIAHE CO34aHUs IPOCTPAHCTBEHHOUM CTPYKTYDHI MAaTEPUAIA)
B JO/DKHOU MEpe He UCCIEIOBAHBL, HE TOBOPS yKe 00 3derTe CaMO3aKINHUBAHUA 3€-
pen. B nasHbII MOMEHT BefeTCA pabOTA BMECTE C MATEPUATOBENAMU U CTIEITUATACTA-
MU TI0 MEXAHWKE; yKe PUHATA K nedarn craTha (A. V. Dyskin, Y. Estrin, A. J. Kanel-
Belov, E. Pasternak A new concept in design of materials: assembles of interlocked
tetrahedron-shaped elements, to appear in Scripta Materialia).

Takum 006pazoM, s BEICTYIWI B POJIM CBOErO POA «KYJILTYPHOTO areHTay (Beib
HUYEro 110 CyTH ©3006PeTeH0 MHOIO He Ob110). DO(MEKTUBHBIM OKA3aACA APYTOU, 1y Th
6osee MUPOKUNA B3TVIAL HA CUTYAIHUIO, YeM OPOCTO PEIlIeHNe OJUMIIUAJHOU 331a4u.
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[Iporpamma Kypca JeKIIU Ha, BYXTOJUTHOM TTOTOKE

DMII um. M. A. JlaBpertnesa, CYHII HI'Y

B. B. BouTumex

Bamnmas Bamnasosuu Bomrumex, nonent xadgenps Matemaruku CYHI[T HMY,
IpEeAJIaraeT CPABHATEH MPUBOAUMYIO HFXKE IIPOrpaMMy ¢ mporpaMMon «MaTimkoas-
HUK», onybaukoBanHou B Ne2 Tperben cepum «MaTeMaTHIeCKOro IpOCBEIIeHAAY.

HNECATHIN KJACC. IIEPBOE NOJYTOJUE

MATEMATAYECKUN ANIMAPAT HAYKH

1. Kommrekcusie qucna. @opmer 3anucu. OCHOBHBIE TeUCTBUSA, UX T€OMETPUIECKUN
CMBICI (BKIAIOYas MHBEPCUIO U cTepeorpadudeckyio npoeximio). Popmyaa Mya-
Bpa. Kopuu u3 enquuuie.

2. Nurerpan. @opmynsr 6pyca, Tpamernuu, napaboasl. Meton yasoenus. HaTypanan-
HbIn gorapudm: mwiomans noarpaduka 0 < zy < 1 npu = > 1. Beraucaenue 7.

3. Hepsas, BTOpas, n-a npoussoauas. Popmyaa Tounopa 114 KBAIPATHOTO TPEXHIe-
Ha U OCHOBHBIX (pyukimu. «[IpaBmiao moxas». 3agada o paxere. Dopmyna Horo-
Tona — Jlenbuuna. KpuBoiuuenusin nvaTErpA.

4. Dranel ananusa pyakuun y = f(z). Coucok OCHOBHBIX (DYHKIUI ¥ COOTBETCTBUM
B R? (85 maspammit). MeTo TMHUA yPOBHSA.

5. OcuoBuble orobpaxenus w = f(z). IlomaTue 0 pUMaHOBOU IOBEPXHOCTU
(15 mpumepos).

6. MaTpumsl, onpeaetnTens, XapaK TePUCTAICCKAE YPABHEHNA (BTOPOU, TPETUH TIO-
panok). IipeoGpasosanue KoopauHaT. Yriasl Jitepa. O6paTHas MaTpUIA.

7. DnemenTH aHamm3a B R?. IlapameTpumdeckoe 3ajaHne KPUBLIX I MOBEPXHOCTEH.
I'pagmenT, kacaTeabHas MWIOCKOCTD, SIKOOUAH.

8. DJIEeMEHTHI TOTOJOTHN. JUIEPOBA XapaKTepucTuka. CynecTBOBaHNE TPABAILHBIX
MHOrorpanaukos. Knaccudukarms moBepxHocTen.
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9. Tumep6oanmveckue moBOpOT U QyHKIuu. IIpeobpasosanue Jloperuna (mo KHUre
JI. U. Tonosuuon «/lunenuas anrefpa 1 HEKOTOPHIE €€ TPUIOKeHUA», u3a. M.: Ha-
yka, 1985).

10. Pemenue cucrem ypasaenuu. Cummerpuyeckue noauHombl. Op6uror. Dopmyna
Bapwumnra.

ANECATHIN KJIACC. BTOPOE HOJYTOJAUE

I'onx cHOKOWHOW MATEMATUKHA
11. Cnoco6ur mpubnuxenus ¢pyaknun pyrumu pyHkuuamu. [oauaoMebr u pagst Ton-
aopa n @ypre. Muorowiensr YeOrinera, HauMeHee OTKIOHAIOMINECT OT HYJAI.
12. Nurepnonsuus. Popmyast Jarpamxa u Heorona. Cransb.

13. Koadopunuenter Dypoe. Caoxenune rapmonuk. Cpensee KBaIpaTudaHOE OTKIOHE-
HUE.

14. Henwte uucaa n muorowiensi. HOI, HOK, cxema 'opuepa, anrroputM JBKINIA,
LenuLie 1pobu. 30J0TOE CeYeHne, COU3MEPUMOCTE OTPE3KOB.

15. Muorounens: vag Z. Hyau uensie, panuonanbusie. ['panuns myaen. Meron kaca-
TEIBHBIX I UX HAXO0XK ferusa. Cxxumatomme 0Tobpax)enns. HemoaBuxueie TOUYKH.

16. CymecTBoBaHne KOMILIEKCHEIX KOpHen MHorowienos Han Z (R, C). Meron Jlo6a-
YEBCKOTO [/ HAXOXK JCHUA BCEX HyJEH MHOTOYUJIEHA.

17. Kouudeckue cevenusa. [Mapo Jangenrena. Paszauannie onpeneneHus u CBOUCTBA
KOHUYeCKnX cedenun. Ksagparypa. Beimykasie gactu. Bunoaspubie n »innTu-
YeCKMe KOOPIUHATHI.

18. Yruybrennoe maydenwe sranoB ananu3a ¢yaknuum. JerHocTs. IleprogmyHOCTE.
Mouoronuocts. O6paTuMocTsb. BeImyKiaocTs.

19. Tlosemenne gpyHkumu Ha Kpaw Dom(y) — XapakTep paspHIBOB, ACUMITOTHI.
20. TocTpoenne rpadgukoB ypaBHEHUN U HEpaBeHCTB. Da3zoBbie TOPTPETH PYHKIIAN

x(t).

BoInyCcKHOM KJACC. IIEPBOE IIOJIYTOIUE

21. Cymmuposauue. Koncranta Jutepa. Kaaccudeckue mocie0BaTessHOCTH U CYM-
MBI,

22. As6yka mpenenos (z,) u lim f(z). Teopemsr lllToabua. Ycnosue Junmuna. Cxa-
THE.

23. OcuoBHbIe mpaBwia kKoMOuHaTOpUKU. KOHEYHbIE TDYIIIEL.

24. ®opmyna Myaspa — Ctupauara auas n!

25. Bepoatuocts. BriGopku. Cxema u teopema f. Bepuymmu. Axcumomwbr A. H. Koxa-
moroposa. MaremaTuyeckoe oxugaHue, IUCIEPCUsL, YCIOBHAS BepOATHOCTE. He-
pasenctso II. JI. Ye6pimosa. UTo Takoe MaTeMaTuuecKas CTaTUCTUKAT

26. DaemenTnsl Teopun uHdopmaruu. Mepa saTpornuu. HepasencTso Mencena.

27. BapunenTtpuyeckue koopauuatsl. Cpenume Beamumubl. Kiaccuyeckue HepaBeH-
CTBa.
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28. Ywcao B miaHuMeTpun (yMHOXKEHUE BEKTOPA HA YUCIO, MEPHl YIVIOB, IJIUH, IO
manen).

29. Yucao B crepeomerpun. QO0BeM, MIOMATE TOBEPXHOCTH. PACCTOAHMA MEK Y TOY-
KaM#, IPIMBIMHA, IIOCKOCTAMI.

30. Daementsr Teopun MuoxecTB. Cuernocts. KouTunyym. KanToposo MHOXKECTBO.
Havaupubie ceenenus o mepe Jlebera. @urypo Cepuuuckoro. IouaTue obracru.

31. IIpodeccus maremaruxa (nepcnektussl). Maremarudeckue uentpsr Poccuu, 3a-
py6exbs.

32. Nucturyr maremaruku CO PAH.

BLIIYCKHOM KJIACC. BTOPOE IIOJIYTOIUE

AJBTEPHATUBHBIA KyPC B. B. BOUTUIIEKA

33. Passurue uneit maremaruku (¢ Heroronom 357 net, 6e3 uisbepra — 57). (aHB.)

34. DaeMeHTH TPOEKTUBHON reoMeTpun. Mo neas TpOeKTUBHON TIOCKOCTH. TeopeMul
ITamma, Hdesapra, Ilackams, Bpuanmona. Konednsle mpoeKTUBHLIE IPOCTPAHCTBA,
(mo A. . MIupmosy). (derp.)

35. Hoaxoxn x wmopgeau mrockoctu H. . Jlo6auesckoro (9.Beavrpavu, @.Kienn,
A.Tlyauxape). (Mapt) Tomomorun 105 met.

36. OKBUANCTAHTHI, OPUINKJILI, TUNEPIUKILI, PACCTOAHUA, YIoa mapasieansma Jlo-
6agenckoro (no kuure b. B. [lla6aTa «BBenenne B KOMIUIEKCHBIN AHAIA3Y, 9aCTh 1,
uzg. 3. M.: Hayxka, 1985).

37. Teopema ITudaropa B wiockocru Jlodauesckoro. IlenrarpavMma Henepa. (mapt-
amp.)

38. Kax Burauc/suiy uaTerpad: 3agadn Apxumena, s610ko Kennepa, nuka Topudennn,
noaxon Jeunbununa, Kouwm, Pumana, Jle6era. (anp.-man)

I PYTUE AJTBTEPHATUBHBIE KYPCHI
39. OcHoBHble cBenenusa 0 audPepeHImaIbHEIX YpaBHeHusaX. | paduyeckoe naTErpu-
pOBaHMe, U3OKJIUHEBI, METOX JOMAHLIX. Da30BBIE ILIOCKOCTH.

40. MeTon pasnenenus nepemenusix. O THOPOAHBIE YpaBHEHUA. SHAKOMCTBO C TPYII-
MOBBIM aHaau3oM Auddepenmmaibabix ypasaenun no JI. B. Oscanaukosy.

JIUTEPATYPA IO KyPCY B. B. BOUTHIIEKA

[BUCKY] Cwmupuos B.H. Kypc Briciuen maremaruku. Tom 1, Tom 2.

[Ka] Kaenu @. DremenTapHas MaTeMATHKa C TOYKYW 3peHHA Bhicimien. Tom 1,
Tom 2. M.: Hayka, 1987.

[PaHuCo] ®azgzxes . K., Huxymuu M. C., Coxonosckuu I. . DaemenThl BHICIIEN
Maremaruku s mkonsHUKoB. M.: Hayka, 1987.

[KuP] KypautP., Po6uncT'. Yro Takoe maremaruka? M.: IIpocs., 1967.
[[lol'eBy] IloropeaosA.B. I'eomerpus pas Byzos. M.: Hayka, 1984.
[Bouar] Boarauckuu B.T'. Daementapuas reomerpus. M.: IIpocs., 1985.
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(1] MTamxuu FO. A. Henogsmxuee Touxku. M.: Hayka, 1989. (cep. «Ilomyaap-
HEIE JEKIUA [0 MATeMaTuKey, BhI. 60)

[6u6K] Butnnoreuka «KBanTy — MaTeMarTuideckmue BuImycku 17, 21, 22, 23, 56,
61, 64, 77, 83.

K] Kypuan «Ksanty (PAH, PAO) — rogosas nognucka.

[9] Qunukioneagun — BCI, 19, MD, MaC, 29M, O3CKM.

[Tallla] JlaBperTres M. A., Ila6atrB.B. Metroam TDKII. Usa. 5. M.: Hayka,
1987.

[Bel] Bepxe M. Teomerpus. Tom 1, 2. M.: Mup, 1984.

[ABPri]  AusexcanaposA. [I., Bepuep A. II., Prixux B.U. T'eomerpus. M.: Ilpocs.,
1988.

[BT] Benus I'. Maremarnieckoe mbinuienue. M.: Hayka, 1989.

[BuC] Bpoumrenn 1. H., Cemenases K. A. CnpaBounuk no maremaruke. M.: Ha-
yka, 1985.

1.

[IPOrPAMMA TMPAKTUYECKUX 3AHATHUN (IO KYPCY
B. B. BOUTUIIEKA)

IToBTOpenue — cenTsa6pPDb, OKTAODD.

Asre6pa — pemenwe THNWYHBIX CHCTeM HepaBeHCTB (> 1) Mexnmy saeMeHTap-
vy pyuxuwavu [BAHA ) ru. 6]; [AIP]; [AkIle-3, ru. 1,3, 7, 8]. Teomerpuieckun
CMEICT cucTeM U pemenni B R, R?, R3.

IInamumerpus — reopema Iludaropa (12 npoxasareascrs) [KuC], [ATY],
[MIp, gacts 1]; okpyxHOCTE U 3agada Amomtomna [[Ip, gacts 1, ru.9]; sagaun
Ha nocrpoenwe [[Tol'eBy, ru. 22]; miomans kpyra.

. Texyuine 3aHATAA — OKTAOPL — MaM.

Ananus — HaXOXJIEHWE NMPOU3BOJHBIX MOPALKA 71 > 2 W NOCTPOEHUE T'PAdUKOB
ocuorueIX Qyukuun [Ky, Tom 1], [Bun, ru. 1], [BAHA]. Haxox nemne nepsoo6pas-
HBIX 1 QyHKuun u3 dpusuku, skonoMuku. [Ky, rom 2, ru. 1,2]. Ucnonssosanue
pasnoxkennu no ¢popmyae Tonnopa [Ky, Tom 1, §19]. IlocTpoenne rpadmkos cooT-
BETCTBUN (M HEABHBIX (PYHKIUN) B A€KAPTOBOU, NOJAPHON, [[WJIVHIPAIECKON CH-
cTeMax KOOpIMHAT, BKIOYAs U napamerpudecky 3agannsie kpussle ([Ky, Tom 1,
7.1-7.283;24.1-24.70], [Bus, ru. 1]) u nosepxuocru [[Tol'eBy].

Pemenue zagauy Apxumena, ucnoansys npununun Kasaasepu [Ky, Tom 2, 8.63—
8.70].

leomeTpua — cTepeoMeTpHua — 3aHUMATEILHBIE 330U [0 I€PIEHUIO0, TOCTPO-
enne cevennn [fAkIle-3, ru. 16, 17]; mapamiensHOCTE U MEPHeH IVKYIAPHOCTD M-
mbix u maockocten [KuCl, [AT], [fxIIe-3]; TeopeMa 0 Tpex HmepHEHIUKYIIPAX,
KO>()PUINEHT MCKAKEHHUA ILIOMALHA NPH OPTOCOHAILHOM IPOEKTHDPOBA-
uuu [[IoleBy].

Teomerpus — muanuMeTpus — uHBEpCUa U cTepeorpadudeckas npoexuus [K|
Ne7, 86], [IoI'eBy], [BUCKY, Tom 2], [Ka, rom 1], [KuP], [JIallla], [IIp, gacTs 2,
. 28).

Anrebpa — QopmMyan caoxenus kpyroseix Gyuxmmi [BAHA], [ATIP], [fAxIle-3].
O6patasie kpyroswe pyakuun [JAIP], [Ky, Tom 1]. JencTsus ¢ KOMIVIEKCHBIME
yucaamu [Ky, oM 1], [®uC]. Kopun u3 eiuHuns.
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[lercTBUA ¢ MATPUIIAME, ONPEIEIUTEAAMA, XaPAKTEPUCTUUECKUMY YPABHEHUAMY

[®uC].

HNror

Ha nepBoMm sk3aMeHe ydaImmuucs perraer, HAIpuMep, TAKue 3aJa4u:

. B xakoM OTHOIIEHUN TEMUT IWIOCKOCTH (MpsAMasa) 06beM (IJIOMALh) TPABUILHOTO

MHOTOIDAHHUKA (MHOTOYTONBHUKA), €CIU OHA TPOXOJUT YePe3 BEPIIUHY, CEpenu-
Hy pebpa ¥ LeHTp rpanu’

. Hycte M — MHOXECTBO BCEX NEUCTBUTEILHBIX YHCE] HA Z-TMIOCKOCTH U TeX 2 €

€ C, uto pacnosoxkensl Ha paccTosauu 2 oT yucaa 1 + 2¢. [lepeuncantes n1pobHO-
JIMHENHLIe npeoOpasoBanus, nepesoasanme M B cebs.

. Boruncants ([Ky, Tom 2, 8.70.4]) o6bem Tena, ecim by = x(a — z), by = z(z — a),

z = b, z = 0 — rpauuna Teia.

HOBBIE TEMBI

(rol CTOKOWHOW MATEMATUKW), (AHB.)

1. AsnropurMmel, cBasasHble ¢ MHOrowieHaMn [PuC].

2. Pager @ypre. [Ipocrenmue paznaoxenus [Ky, Tom 2].

. Kounueckne cevwenus (mocobme B.B.Bourtumexa «Bpenenue B MaTeMaTuky»,

HTY, 1978).

. DrTansl aHaau3a GyHKIMK (HAXOXKJEHUE HYJNEd, 9eTHOCTb, HEPUOAUIHOCTH, MO-

HOTOHHOCTH, o6paTnMocTh) [Ky, Tom 1].

B BBITYCKHOM KJACCE

. OTansl aHaMM3a (OKOHYAHWE): BEIIYKIOCTh, ACUMITOTHI, (hazoBee nopTpeTH [Ky,

ToM 1.

. Kombunaropuka, noacaer sepostaocren [Ky, Tom 1].

. Haxoxxgenme cymm [Ky, ToM 2|, BEIMMCIEHME TIPEIENOB MOCIEI0BATEALHOCTEN,

dyuxnun Ky, Tom 1].

. UcnoabzoBanme anrebpamdeckux (GoOpMyd (BKIKOYUAA ONPENEIATENN) [JIA HAXO-

XKIEHNST BEIUYUUH, CBA3AHHBIX C TEOMETPUIECKUMHU (GUTypamMM Ha IUIOCKOCTH U
B npocrpanctse [BuC].

. I'pagmenT, kacaTeabHas MIOCKOCTD, AKOOMAH.
10.

Pewrenue 3a a1 BcTynuTensHOro sK3aMeHa, 3a nocaenare tpu roga 8 HI'Y, MT'Y,
M®THU, MUDPU, MI'TY, IIT'Y, no xypuanry «Ksant» u sagaunuxy B. C. Berono-
cora u M. B. ®oxuna, mag. 5, CO PAH, HT'Y, 2000.

ITPUMEYAHUE. OcTanbHBle TeMbl IMKOIbHON MareMmaTumku (cM. [BAHA], [AT))

yUalmecs U TPemnoaBaTeNn BEIOUPAIOT, 3aTeM U3YTIAI0T CaMOCTOATETLHO.
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B CaroY. Simple proofs to three parity theorems // Ars Combinatoria, 1996. Vol. 42.
P.175-180.

Tox ®enn (feil@denison.edu) coobmun o ceoen copmecraon ¢ M. Anzepconom
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NcnPABIEHUA K CTATHE [I. PENOBIIA 1 A. CKOIIEHKOBA

AsTopw onybaukoBarHON B miponioM HoMepe ctatbu (Teopusa nmpensTcTeun nis
madunaomux // Maremarudeckoe [Ipoceemenue, 2000. Cep. 3, Ned. C. 154-180) upu-
CIAMH CIEAYIOMME YTOIHEHNA U WCIPABIEHUA:

1) Bropou a6szan ua crp. 157 Ha10 3aMEHUTH HA, CJA€LYIOLIMNL:

3agada 0 rOMOTONUYECKOUN KIACCU(PUKAIMYA HEIPEPBIBHBIX 0TOOPAXKEHUN — O
Ha W3 BAXKHENMNX B aireOpawmdeckon Tomomorun. OCHOBHAA TeOpeMa TOTMOJOTUEA O
TOMOTOMUYECKON KIACCUPUKAIINN HEMPEPBIBHBIX 0TOOpakenun S” — S™ (T.e. «MHO-
COMEDHBIX BETPOB») Obula gokaszana Xauuinem Xomndgowm B 1926r. ¢ ucnoabsoBanu-
€M WHBAPUWAHTA «CTemeHby, BBeAeHHOrO JlemTsemom IrHeptom fumom Bpayspom B
1911r. B 1932r. Xond 0606mma 3TOT pe3yabTaT 10 KAACCUPUKAIIUN OTOOPAKEHUN
n-nmoamdapa B S™ («mo 3akasy» I[lasra Cepreesuua Anexcangposa). IIpusogumeie
31ech POPMYIUPOBKA U NOKA3ATEILCTBO TEOPEMBl XOmda MPUHANIEKUAT XaCCIEPY
Yurau (1937). lansHenee pazsuTue TeopeMa Xomnda — YUTHE MOAydnaa B paboTax
Comrooaa dutentepra u Congepca Maknenna (1940), JIssa Cemenosuya [onTparuua
(1941), Hopmara Crurposa (1947), Mxona I'enpu Koncrantuna Yanrxena (1949) u
Muxanta Muxaunosuda Iloctaukosa (1950).

2) B nocaenneM ab3ale I0Ka3aTeJbCTBA TEOpeMBl Xomda u3 §1 HALO 3aMEHUTH
L €ZPy na I €ZV».

3) B zazage 5.b u3 §1, 3-i1 crpoke cHE3Y, HALO YOPATH CJIOBO ¢3KBUBAPUAHTHOW).

4) Mepsrbie Tpu cTpoku 3aga4u 9 u3 §1 HATO 3AMEHUTH HA CJAEIYIOIINE:

9. (Teopema Tloutparuna) Hamomuum, wro [S*, 5% = Z (Xond-Tloutparun-Ppettten-
Taxs, 1931-1938).

a) /laa 3-mommsapa K u xnacca v € H>(K, Z) onpegemure mpoussegenme U : H' (K, Z) x

H3(K,7)
HYK,Z)U2y

5) B sagage 9.b m3 §1 mano samennts «f : K(®) — S? masce Ky ma «f | : K& —
S? ma Bee K.

6) B zagate 10.a u3 §1 mago samernts «f : K" — §" na Bce Ky Ha «f|fm) :
K™ — 8" ya pce K».

7) B Teopewme ua c. 163 rpad A u npenstcreue v(¢) € Ho(A) onpenenens TOIbKO
IUIST HeBbIPoHcIerH020 OTOOPAKEHNS @, T. €. He OTOOPAKAIONIErO HU OMUH OTPE30K B
TOYKY.

8) B npusenennou ¢popmyauposke 3agauu 4.b u 4.c u3 §2 wesepusl. Bepuyio dop-
MYJUDOBKY CM. B [3, §4].

x H*(K,7Z) — H*(K,Z) n nocrpoiire 6uexmmo deg ™' v —

ABTOpBI IPUHOCAT U3BUHEHUS 32 NOMYIIEHHBIE HEOPEXKHOCTH.
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B »ToOM pasjere BHUMAaHWIO YUTATEIEN TPEAIATACTCA MOAOOPKA 3aJad PA3HOU CTEme-
HU CIOXKHOCTH, B OCHOBHOM TPyAHEIX. HekoToprie m3 sTux 3amad (He 0643aTEIBLHO CAMBIE
CA0XKHEBIE!) TPEOYIOT 3HAHNA (HEIEMEHTAPHOW MATEMATHKY — aHAIW3A, JHHEHHON AIre6pe
¥ T.I.

CocraBurenam >Tor mMOAGOPKYM KAXKETCHA, UTO MPENIAraeMble HIDKE 33Ja9M OKAXKYTCA
WHTEPECHBIMU KaK A CUIbHBIX MIKOJILHUKOB, MHTEPECYIONNXCA MATEMATUKON, TAK U [
CTYJ€HTOB-MaTEMaTHKOB.

Mp&1 o6pataeMca ¢ TPOCBGOM KO BCEM YMTATENAM, UMEIOIINM CBOM COOCTBEHHBIE TTOA00D-
KM TaKWX 33734, IPUCHITATL UX B pegakmuio. U, pasymeeTcs, MBI ¢ yI0BOIBCTBHEM OyaeM
nyOAMKOBATE CBEXUE ABTOPCKHEE 3ana41u. 2K aeM Bammx nuceM (Kak ¢ BHOBb IPEAIAr A6 MBIME
3a0a9aMU, TAK U ¢ PENIEHUAME OMYGINKOBAHHBIX 3471a9).

B ckofkax mocre ycioBma 3afadW OPUBOAUTCA daMuama aBTopa (yTOYHEHUA CO CTO-
POHBL IMTATENeN NPUBETCTBYIOTCA). Ecaim aBTOp 3a4avm HAM HEM3BECTEH, TO B CKOOKAx
YKa3bIBACTCA «(DOTBKIODY.

1. B tenecepuasne «Tanna Canrni-Bapbapey 15 nencrsyrommux aun. Cepus Ha3LiBa-
eTca codepacamenbnoti, €CIU B HEH MPOUCXOAUT OLHO U3 CAELYIOMUX COOLITHUH.
JIu6o KkTO-TO y3HaeT TauHy, AMOO KTO-TO Y3HAET, 9TO KTO-TO 3HAET TAWHY,
aub0 KTO-TO y3HAET, 9TO KTO-TO HE 3HAET TamHy. KakoBO MakCMMAaabHO BO3-
MOXKHOE 9UCJIO COLepKATeNbHBIX cepuil! (TalHa OAHA U IEPBOHAYAIBLHO €€ He

3HAET HUKTO). (C. B. Konszun)

2. Am-Ba6a gemur c pasbounukom 10 ky4 s3omororo necky. Anu-Baba moxer B
JIO00OM MOMEHT B3ATH TPU KYYU U YUTH, JUOO OH MOXKET BHIOPATE 4 M00bIe Kyun
7 pa3IequTh KaX Yo U3 Kyd Ha MPABYIO U JEBYI 9acTh. Pa3zfonnuk o6pasyer
u3 3TUX dacTen 4 HOBbIE Ky4uu, OOBEAUHSMAA KAXKAYIO IPABYIO 9aCTh C OJHOU U3
aebix. Cmoxer au Aau-BaGa yuectu ¢ cobon csbime 49 Kr 30J0TOr0 1ecKy,
ecan Bcero 66110 50 Kr?

(A. A Beaos)

3. Ay,..., A, — "enyaesnie MmaTpuinsl. [Joxaxure, 4To HaugeTcs Matpuna B Ta-
Kad, ITO

BA{BAs...BA,B #0. (A. 4. Beaos)

4. Orpesok SP coeaunser Touky P Ha rpanune u dokyc S swunca. Touka )
JEXKUT HA KACATEJIBHON K 3JTUICy B Touke P (mocraTodno 6ausko k P B Hampa-
BaeHuU Tpubankenus kK Gokycy S). lapanreasnas SP npaMas, TpOXOIAMIAA
gepes (), mepecekaeT >JUIC nepBeid pa3 B Touke R. Touka T — ocuoBamme
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10.

TePIEH IUKYJIApa, OnyIeHHoro us R wa orpesok SP. Haugure

[vHEL IOAyOCen a, b 3INICA CINTATE U3BECTHLIMMA.
(A. Cendepuuun)

[oxaxwure, 4To nepecedenue 10 npaBUIBHBIX TETPA3IPOB, BIMCAHHLIX B 1016KA~
5ap (BEPIIUHBI TETPA3IPOB ABJIAKTCA BEPIIHHAMY T0AEKADIPA), €CTh UKOCADAP.
(A. A. Beaos)

a) Bce xosdduuuentrr Muorownena P(z) ueable u cpeau HUX €CThb HEUETHEHIE.
[lokaxuTe, 9T0 HAMAETCA MHOTOWIEH (J(T), MMEIIINA POBHO [BA HEYETHBIX
Koa(putvenTa u genAmunca ga P(x).

6) Cymectsyet au MHOrOwWIeH P(x,y) ¢ measiMu KO3(pPUIueHTaMu TaKOU, 9TO
Besikui Muorowien R(z,y), mensmuiics na P(z,y), umeer 6ojee MULINOHA He-
YeTHLIX KO3(ppuunenTon? (A. A. Beaos)

G — rpynna 6e3 KpydeHus, T.e. HET HEeIUHUIHBIX DIEMEHTOB KOHEYHOT'O I0-
paaka. 3BecTHO, 9TO 1414 HEKOTOPOrO N > 1 BEIMOMHAETCA TOXAeCTBO (ab)” =
a™b™. MokaxwuTe, 4TO rpynmna abeaesa, T.e. I JIOOBIX a, b BuImoaHeHo ab = ba.

(I'. A. Kapaces)

PasbenTe mIOCKOCTH Ha HEMEPECEKAIINECS OTPE3KM PABHON JUHHL.
(Poavraop)

a) B kieTkax 6eCKOHEYHON KJI€TYATOU JEHTHL 3AIUCAHE] IOI0KUTEAbLHBIE TUCIA.
N3BecTHO, 9TO KaxA0€ UUCIO HE MEHBIIE CPeaHero apudMeTHIeCKOr0 TPeX COo-
cemen cJeBa u Tpex cupasa. [lokaxmrTe, 9TO YUCIA DABHBI.

6) Ha xieTyaTon miockocTw B KJIETKAX PACCTABJIEHBI MOJOXKUTENLHBIE THUCIAA
TaK, 9TO KaXKJ0€ 3alICAHHOE YUCJI0 PABHO CpefneMy apudmerudeckomy 4 ceoux
cocenen. [lokaxure, 9TO BCE YMCIA PABHEL.

B) BepHO /1 aHAIOrMYMHOE yTBEPXK AeHUe 11 IPOCTPAHCTBEHHOU PEIeTKH?
(A. @. lapwreun,)

JydalHBIe BEIUIUHBL X BHOMEDH i} JIEHBI H WHUYIHOM OT-

Cayua e Be X. Y, Z paBuomepHO pacupenene ae OM O

peake. JloxaxuTe, 1T0 Bemmauna (XY)? Takixe paBHOMEPHO pacIpe/ieieHa.
(M. Keav6epm)
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Pemenns 3a a9 U3 MIPpEeAblIYIINX BBIITYCKOB

1.2. Yca0BUE. [loka3aThb, 9TO cyuecTByeT 6ECKOHEYHO MHOI'O HATYPAIbHBIX Y-
cex N raxux, uro 2V okamumBaercs na N.

PEmEHUE. Ilpexnge Bcero, HETPYIHO IPOBEPUTDH, ITO

236 oxammBaeTca Ha 36. (i)

IIyctos
236 = 10*N + 10°K + 36. (ii)

3
Hokaxem, aro 210 K+36 oxapunpaerca ma 10°K + 36. IIo xoay gena Ham mpuiercs

BOCIIOJIB30BATBCA TEM, ITO

3
245" 1 gemwrca ma 5%, (iii)

ar0 caegyer u3 Gunoma Heiorona: (15 + 1)53 —1=5%-15-N = 5. N;. Umeem:
I0°K+36 _ (103K + 36) L 219K (10N + 10°K + 36) — (10°K + 36) =

3\ 2K
= 210°K 101N 4 (10°K +36)(2'°°K — 1) 210'N, + Ny (((2‘*)5 ) - 1)-

Bropoe craraemoe nemutcs Ha 5* B ey (iii). C apyrou croponsr, B cury (i) 10K +36
nemntes Ha 24, spaunt 210°K+36 _ (103K + 36) gerurcs ma 10%, 4To u TpeGOBATOCH.

Mzur coBeprimiau neppeiid mar uaaykimun. O6mee moctpoerune TakoBo. [lonoxum
am+1 = 2% b, — uncao, o6pa3oBaHHOE TOCAEAHAMH M MUPPAME UUCTA Apy, M 2
> 2. Torga 2= — b, nemurca ma 10™. [IpefocTaBUM UUTATENO IPOBECTH M-I mIAr
HHIYKIIIU CAMOCTOSTENBHO. (B. M. Tuzomupos)

1.4. YcanoBUE. Hau tpeyroabunk ABC. K — TOYKa KacaHUs BOUCAHHOU B HET'O
OkpyxkHOCTH U cTOpoHbI BC. PaccMOTpuM [BE OKPYXKHOCTHU, KACAIOUIUECA TPAMOU
BC, ayaa AK u okpyxHocTH, onucadHon BOKpyr A ABC (ma puc. 1 uzobpaxkensr
nyakTuUpoM). JokaszaTh, 9TO UX PaAUyCHl DABHEL

PEmMEHKE. IlycTts E — HEHTD BHEBNUCAHHOU OKPYXKHOCTH, KACAIOIIEUCA CTOPO-
el BC u npogomxenun ¢ctopor AB n AC, panuyc 5TOU OKPYKHOCTHA 0603HATUM I,
a Y — OKPYKHOCTB, Kacaomasacsa nponomkennn orpeskoB AK, BK u Takxe kaca-
OIAACA OTIMCAHHOU BOKPYT Tpeyroabunka A BC OKPyXHOCTU C BHEITHEN CTOPOHHI.

JIEMMA 1. Paduyc v pasen rq.

YTBepx AeHue 3a1a49u cpasdy ciaenyet us seMMmbl 1. OxaswsiBaeTCs, 06 MyHKTUPHBIE
OKPYXHOCTHU Ha puUC. 1 HE TOIBKO PABHBI MEXKIY COOOW, HO U PABHBI BHEBIUCAHHOU
OKPY2KHOCTH.
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Puc. 1.
Jlemmva 1 BeIBOAMTCA M3 cremyromero yTeepxkaenna. llycte K/ — npomsBoabnas
Touka Ha cTopone BC, 4/ — 0KpyKHOCTE, KACAIOMAACA PO NOTKeHnl oTpe3koB A K’

u BK’ (Toukn kacauns o6osHaumMm M u L COOTBETCTBEHHO) M TAKIKE KaCAIOIIAACST
OTMCAHHON BOKPYT TpeyroabHuka ABC OKpyX)HOCTHU C BHENTHEN CTOPOHHI.

JIEMMA 2. Jas amoboti mouxu K' € BC npamasa ML npoxodum uepes mouxy E.

[lokazaTeascTBO 3TOr0 (hakTa (M AHATOTMYHOTO (HAKTa A BIOMCAHHOU OKDPY K-
HOCTH) MOXKHO HauTu B KHure U. . [Maperuna «3agauu mo reoMeTpun (TLIAHUME-
Tpus)y, Gubanoredka «Kpamry, Ne7, 1986 u B kuure pemenun dersepron Copocos-
cxont Ommvmnuaast (10 kaace).

IMokaxem, Kak U3 JEMMEI 2 BRIBOUTCA JeMMa, 1, 8 3HAYMUT, U Yy TBEPK JCHUE 33,1a4H1.

[TOKA3ATEJBCTBO JEMMbI 1. Onycrum nepnenauxyasp EV ua cropony BC u
npoao/KuM ero 3a Touky F nHa ero gauny. lonyaum orpesox VW, nepuenauky.sap-
el BC u rakon, uro VW = 2V E = 2r,. Jlerko noxkasars (13 roMoTeTun OKpyxK-
HOCTEN), 9T0 0Tpe3ok BW mpoxoaut depes K. lpumenss aemmy 2 nua K' = K,
3akarodaeM, 9to Touku F, M, L nexat uHa oguou mpamou. Bosemem Touky H Ha
cropore BC rak, urobmt WH || ML. O6o3unauum O cepeguny WH. Tpeyroan-
uuk M KL — paBuobeapenusiu, 3ua4uT, u Tpeyroabuuk WK H takxke paBHOGe-
npennsiu. [lostomy KO — ouccektpuca yraa WK H. Bonee Toro, orpesok KL
ABAAETCA cpenHen guuuen B Tpeyroasuuke WV H. Ilostomy WELO — mapaine-
Jorpamm. Jto oszuadaer, 4ro OL = r,, OL 1 BC. Takum o6pazom, O — ueHTtp
OKPYXKHOCTH 7y (KaK eIUMHCTBEHHAA TOYKA TEpecedeHnsa nepnerankyaapa LO ¢ 6uc-
cexrpucon yrima WK H). CrnenoBaTelbHo, paquyc v pPaBeH 7q, 9TO U TPeGOBAIOCH

JIOKA3aTh. (B. ITpomacos)

AHAJIVTUYECKOE PEMEHUE. [[okaxeM, 9TO paguyChl OKPYKHOCTEN, YKABAHHBIX
B yCJIOBUM 3342491, PABHBI PALUYCY T, BHEBIUCAHHOU OKPYx)HOCTU C; TPEyrOJbHUKA
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ABC, kacatormenca cropoust BC. Ilycts | — BTOpas xacaTeabnan k Oy, mapaiieib-
nas BC. Touky kacanmsa | u C, o6osnadum K'. Jlerko BugeTs, 9TO 2Ta TOYKA JEKAT
ua npamoun AK.

Beegem npAMOyroJbHyIO CUCTEMY KOOPAUHAT, OCh aGCIMCC KOTOPOU COBHALAET
c l, a ocs opaunar npoxoaut depes A. Koopaunarer A pasuw (0, L), abcuuccer To-
vek mepecedenus npambix AK, AB, AC ¢ ocwio abermee 0603HauMM ¢, &1, €5 COOT-
BeTCTBEHHO. Haugem cooTHoOmeHre Mex a1y HuMu. Anrefpandecku yCaoBUe KACAHUA

okpyxuoctu C, u npsamon AB (AC) ozuadaer, 4TO y ypaBHEHUs

(@ = 5)% + (y = 1a)?

_ .2
=7,

L .
riey = L — §_$ — KPATHBIM KOpEHb, T.e. MUCKPUMWHAHT TpextaeHa paBeH (.
(3

Iloncrasass BoIpaXKeHue M/ i, HOJYIAEM YCIOBUE
2
2L(L — 2
(2%—1— M) —4 (1 + L—2> (5% + L(L — 2r,)) =0,
§i &
13 KOTOPOT'O MOCJIe YIPOILIEHUA CIeAYeT, 94TO &1, o — KOPHU KBAJIPATHOTO YPABHEHUS
(oTHOCUTEABHO &)

(L —2r)&* —2(L —ry)2eé + Lo — L2 = 0. (1)
Abcuumccerr 11,72 TOYeK KacaHua (W MEHTPOB) OKPYXHOCTen, Kacawommuxca BC,

I, AK, sBasiorcs kopHaAMEU aHatoruduoro (1) keagpaTHOro ypaBHeHUs (HO OTHOCH-
TEJIBHO 1])

(L —2r4)s* —2(L —rg)sem + Ln*> — Lr2 = 0. (2)

Tenepb HYXHO MPOBEPUTH, UTO 3TU OKPYKHOCTHU KACAIOTCA OMUCAHHOU BOKDPYT
AABC OKpyXHOCTH, T.€. COBOAJAIOT C MyHKTUPHLIMU OKPYKHOCTAMU HA PUCYHKE
K YCJOBHIO 3a1a%U.

Koopaunate: Bepmna B u C' paBHBI (%(L —2ry),2r,) 1 (%(L —2r,), 2r,) cooT-

Bercrenno. [Tosromy u3 (1) nonyuaem, uro abcuucca uenrpa O ONUCAHHOU BOKPYD
AABC OKpyXHOCTH paBHA

- L —2rq L—r,
nz%(%(L—QTG)—f—%(L—QTG)): 2L2r (&1 4+ &) = Lr %:’71;’72’ (3)

opauuaty O o6o3HauMM h, a paauyc onucanHou okpyxuoctu — R. Torga abciuccet
B v C ABAAIOTCA KOPHAMEU KBAIPATHOIO YPABHEHUs

(¢ —7)* + (2r. — h)* = R?,
KOTOPOE TMOTOMY MOXKHO MEPENNCaTh B BUIE

L —2rq L —2rq

2
ZL'Z—T(El-FfQ)JJ-F( I ) 515220.
IIpupaBuuBas cBOGOAHLIE WIEHBL DTUX yPABHEHUU U UCHOab3ya (1), moaydaem

L —2r,
—I

L—2r\2 L2 —r2) . 2
) S = (2 ) (4)

Terneps YIPOCTUM JeByo 9acThb (4), yauThBas ypasserue 72 + (h — L)? = R? (Bep-
mmHa A JeXUT HA OMMCAHHOU OKpY:KHOCTH). Jamenas 72 — R? ma —(h — L)? u pac-

7+ 2ro— )P - B2 = (



Pemrenna 3agadq 221

KJIAMBIBAS PA3HOCTH KBAAPATOB HA MHOXUTEIN, TOJYYIAEM BEIpDAXKEHUE s h

2 2

2h =L +2r, + =10 (5)

u g R?

2 2\ 2
2 _ =2 1 _ n =Ty
R =7 —|—4(2ra L—|—4L ) . (6)

OcTanoch TPOBEPUTE, ITO OKPYKHOCTH C MEHTPAMU (1);, T4 ) W PATUYCOM T'q Kaca-
IOTCA OKPYXKHOCTH ¢ TeHTpoM (7], h) u paamycom R, T.e.

(7 =m:)* + (h—ra)* = (R +ra). (7)

Ao yeaorme, ¢ yaetoum (1), (2), (3) u (6) MoxHO 3ammcaTh B BUIe

2 2 2\ 2
n— N2 1 x —rg
( 2 )+4(L+ L )

OTKYIa TOCAe YIPOUICHNN MPEACTABIACM €r0 B BAE BRIpAKEHUA 1 R:

2 2

2
51 -
:rz—f—nQ—i—Z(QmL—i—%Tra) +2r,R,

_ L(L —2rq) + 42
R= 57 : (8)
HemocpencTBeHHBIM BBIMUCACHAEM TIPOBEPACTCA, 9TO KBAAPAT TPaBou dactu (8)
TOXK IECTBEHHO paBer npason wactu (6).
A P b (6) (M. H. Baavii)

1.6. YcJOBUE. a) Jan mmorounen P(X). Mua mo6oro X > 0: P(X) > 0. Hoka-
3aTh, 4T0 9T0 P = )/T, rne Q u T — MHOTOYIEHHBI C HEOTPUIATETLHBIMA KO2(Dhu-
[IIEeHTAMH.

6)* Ilycteo P — KBaJpaTHBI TPEXWIEH, ( — apIyMEHT €ro KOMILIEKCHOIO KOPHIL.
Toraa crenens () He MeHbLIe T/ Q.

PEWEHUE. a) [Ipex e Bcero 3amMeTuM, 9TO MI060U MHOIOWIEH C BELIECTBEHHEI-
MU KO3DPUIMEHTAME PA3JAraeTcs B MPOU3BEIEHNE JUHEUHBIX U KBAAPATHBIX MHO-
TOYWIEHOB C BEIIECTBEHHBIMU KO3(D(PUIMEHTAMU, TPUYEM NUCKPUMUHAHT BCEX DTUX
KBaIPATHBIX TPEXWIEHOB OTpuiaTenet. 3 ycaoBus ciegyeT, ITO BCE JUHEUHBIE MHO-
KUATENA HE UMEIOT HOJIOKUTEIbHBIX KOPHEH U MOTOMY UMEIOT BUI I + ¢, rae ¢ > 0.
[MosToMy mocTaTo4¥HO pemuTh 3a4a4y AJd KBAAPATHOrO TpexwieHa. /lanee, nemas
BaMEeHy T — AT W yMHOXas KBaAPATHLIM TPEXWIeH Ha MOAXOAAmee N, MOKHO MpH-
BecTu ero K Buny P(z) = 2?2 — dx + 1. IIpu 5ToM § < 2 ¥ HETPUBHATLHEIM ABIACTCA
caydan, korga 6 > 0. DTO ycaoBrE PABHOCUIBLHO MOJOXKUTEABHOCTH BEIIECTBEHHBIX
JacTen KopHen MHorowieHa P. Temepb mpucTynuM K peIeHuio.

Momuoxus Muorowren P(x) = 2% — éx + 1 ma muorouren P(z) = 2% + 6x + 1
noryaum Berpaxenue Py(y) = y? + (2 — 6%)y + 1, rme y = 2. [lpu 5TOM apryMeHTH
KOPHEN MHOTOWIeHA Pj, KakK Jerko BUAeTh, OyAyT B ABa pasa OOJBIIE apryMeHTOB
COOTBETCTBYIOIAX KOpHEN P.

Apasornganiv 06pa3oM, IOCTPOUM 0 MHOrowieny P, muorowien P u T. 1. Us-
HAYATBLHO apPTUyMEHT OHOTO M3 KOpHen 3akaover Mexay 0 u 7/2. Tlockonbky apry-
MEHTBI KOPHEU BCAKUU pas OyayT yIBAMBATHCA, TO HA HEKOTODOM IIAre BO3HUKHET
MHOrowieH Py, apryMeHTh KOpHel KOTOporo 6y 1y T 3ak/iodensr Mexay /2 u 7. Bee
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ero KoahuIUIeHTH 6y YT HeOTpHIaTeIbHEL. [I0CKOILKY MHOTOWIEHB P; MMeoT Heo-
-1 1

k=1 5 o ok—
Tpunarenbuse Koadounuentsl, Mporoutens Q = [[-) Pi(z* ) u T = Py(z* )
YIOBJIETBOPAIOT TPEOOBAHUAM 34 TA4H.
OTMeTnM, 9TO MOKHO GBHLIO OB PAOOTATE C NOCIEAOBATETBHOCTHIO §; = 2 — 67,

n yGGAHTBCﬂ ABHO B HAJUYUU HENIOJOXKUTEJIBHOI'O YJEHAa.

YTBepxaeHUE TyHKTA 0) O3HAYAET, YTO MPEALIAYINasd KOHCTPYKIUA OIM3KA K
ontumanbHO#. Kak u Bhime, paccMaTpubaeTca MEorowies sua P(zr) = 22 — dx + 1,
npudeM d > 0. Torga § = 2cos ¢ n BemmumHa ¢ (0 < ¢ < 7/2) eCTh ApTyMEHT OIHO-
ro m3 Kopuen P. 3aMeTum, 9T0 KO>(hPUIUEHT § MOHOTOHEH OTHOCATENBLHO TIOJOKHA-
TEJBLHOr0 apryMeHTa KOpHa. Kpome Toro, ecan koadgduimenTsl MEHOroweHoB PT u
T HeoTPHUIATENbHEL, 3 KOX(PGUIUEHTH P; He MeHbIe COOTBETCTBYIOMINX KOD(PPUIII-

eHTOB P, TO BCe Konpdurments P T Toxke HeorpunaTeabunl. [losToMy mocTaTotHO
i

AOKA3ATB, ITO €CIH (p = o 7, TO MUHUMAbHAA CTENeHb () paBHa k u Goublue k, eciu
p < g% B manbuenmeM MBI OyJeM CIUTATH CTENEeHbL MHOTOWIEHA T, yIOBJIETBOPA-
IOIIEro YCJAOBUIO 3302491, MUHUMAABHO BO3MOXKHOU.

Mockoarky muOrownen P ¢ukcuposan, koadgdunmrenTs MuOorowiena ( = PT Oy-
OyT JUHEMHO 3aBUCETL 0T Koa(puunenTos ¢y muorodiena 1. Bygem asurars napa-
METPHI tj, C TOCTOAHHLIMA CKOPOCTAMM, T. €. PACCMATPUBATL CEMEUCTBA MApAMETPOB

;c =t +vrT (T — «BpeMﬂ»). O6parennio B HyJ b KO3(Q(UIMEHTOB MHOTOYIEHOB ()
wir T OTBEYAIOT JUHEUHBIE YPABHEHUA HA MAPAMETPHI.

IlycTs B IpoIeCcce ABUKEHUA HEKOTOPHIN KO3(hPUIIIEeHT 00paTuTCsA B Hy b, Torga
paccMOTPUM HOBEIE HAYAJILHLIE 3HAYEHUS t;, a HAa CKOPOCTH V; HAJIOXKKUM O'DaHUYe-
HUe, 03HAYAMIIee, 9TO TOT KO3(gpuuueHT He MeHseTcsa. Torga OH 0cTaeTcs HyJeM
7 COOTBETCTBYIOIEE OTPAHWYEHUE OYeT UMETh BU] JUHEUHOTO YPABHEHU C HYJe-
BOU HpaBoOl 4dacThio: y . «;v; = 0. B camom geme: JMHEMHOCTH yXKe yCTAHOBJIEHA, &
VTBEPK JeHNe IPO HYJEBYIO IPABYIO YaCThb CAEIYeT U3 TOI'0, YTO BCe KOI(DPUINEHTE
coxpaHsATcs, kKorga Bce v; = 0.

Byzem 1o Tex nop, moxa 3T0O BO3MOXKHO, CTPEMUATHCSI OOPATUTH B HYJIb KAK MOXKHO
Odaniree wucao koapduimenTos mEorowienos 1" u R. Caenyromas JeMMa TO3BOIAET
OrPAHUIUTHCA PACCMOTPEHUEM TOJBKO KO3 duimenToB MEOrowiena () = RT.

JIEMMA 1. Iyems T(x) = 1+ tyx + ... +tgz® + -+ t.2"; t, > 0. Toeda muo-
eouaen Ty (z) = 1+t + ... +ty_12* 1 ydosaemsopaem ycaosuro zadawu (m. e. 6ce
roadPuyuenmer Q1 = PTi Heompuyamesbrvl) 1 UMEEM MEHBULYIO CMENEHD.

KoanvecTro cBoGomubx mapameTpos pasHo cremnenn deg(T) muorowrena T, a
KOMMYIECTBO KO2(hUIMEHTOB (), KOTOPBIM OTBEYAKT ypaBHeHus, pasHo deg(Q) —
—1 = deg(T) + 1 (cBOGOAHBIN 4ieH He MeHseTCA). MBI BOCIOAB3yeMCA Cle Ly OLIIM
yTBEPXK IEHUEM U3 JUHENHOU aareOphl:

JIEMMA 2. Jhob6as odnopodnas cucmema n aunednulir ypasrernutd om k > n neus-
BECTIHBIT UMEET HEMPUBUAALHOE Pewente (8 KOMOPOM HE 6CE SHAUEHUA HEUBBECTN-
HBIT HYAU).

[loxazaTeasCTBO DTON JEMMBI — UHAYKIUA [0 YUCITY YPABHEHUU U HEM3BECTHHIX.
B cumny naHHOU JeMMBI MOXKHO H06UThCA TOTO, 9T00B deg(T) xoadduInenTon
MHOro4IeHa () 06paTuanuch B Hyab. Hyjsem He oxaxkeTcsa cBOOOJHLIM 9I€H U CTAPIIII
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kondunment. [1opTOMYy HEHYJIEBBLIM KPOME 3TUX ABYX MOXKET OKA3ATHCA €IIe TOJBKO
OIWH KO2DPUIINEHT.

ITokaxem, kak HOGUTHLCA TOrO, ITOOBI 3TOT KO3(pPUIHEHT OBLI IPENNOCIeIHIM
(T.e. mpu gde8(@ 1),

O6osuaxaum k-it koaddumuent (mpu 2*) Muorowrena @ wepes qi. Torma qp = ty, +
+tg—2 —2cosp - tg—1. Oycrs tp > 0 g k < deg(Q)) — 2 u tp = 0 gas ocTadbHLIX
k # 1,deg(Q). TlokaxeM, Kak MOCTPOUTH MHOTOWIEH 1", y IOBJIC TBOPAIOIIAN YCIOBUIIO
3a0adu, y KOTOPOro mnepeuie k KO3 (pUINeHTOB — HYJIH.

Honoxum ¢; = t; upn i < k u t; = At; ecom ¢ > k. Ilpm srom 0 < A < 1. fcwo,
YTO MPU TAKOM BAPBUPOBAHUMN Y KODMPDUIUEHTOB ¢ M1 § < k— 1 mam s > k + 2
COXPAHAIOTCS MOJOKUTEILHOCTD, & TAKXKE CBOUCTBO «OBITH PABHBIM HYJIIO.

IMockoasKy ‘124-1//\ = g1 — (1/A — 1)tg41, TO HEOTPULATEJIBHOCTD ff ] TAKKE
coxpangeTca. UTo KacaeTcs 9iIeHa g, TO OH YMEHBIIAETCA U B KAKOU-TO MOMEHT CTa-
HOBUTCA PABHBIM Hya0. Takum 06pazoM, OCYIIECTBIEH IEPEX0] K CUTYALNUU, KOrIa
nepsble k K03pOUIMEeHTOB y MHOrOwIieHa () (He cauTas CBOGOIHOIO UIEHA) HYJIEBBIE.

B sTom caydae koapUIUEHTH t; OYAYT yIOBJIETBOPATDL CICAYIOMIAM PEKYPPEHT-
HBIM COOTHOIIEHUAM: tg = 1,41 = cosp,ls = 2cosy - ts—1 — ts—a; s = 2,...,deg(T).
IMosTomy muorounen T' Gymer oOpa3oBan HepBLIMU k wieHaMu pana Temropa gyHk-
nn

1 1 11
1—2cospz +2° (2—2) (x—2) (x—2))’
rie 2 = cos@ + isin.
1 .
O aty = —— (2% — zF) =sin(k .
Ty b = g (5 = ) = sin(kg) sin()

Ecnu Benuuuna ty, onpeneneHHas IpeablIyIIuM COOTHOLIIEHNEM, IEPECTAET OBITH
MOJOKUTENBHOU, TO PAL Y t,2", naunnas ¢ (k+1)-ro aiena, MOXHO 060pBaTE. Jlerko
BUIETH, YTO BEPHO 1 OOpaTHOE.

st 3aBepIueHus pemeHus 3a1a4u OCTAeTCA OTMETUTh, 4T0 ycaosue sin(ky) = 0

PaBHOCKUILHO ycaoBuio k = 7/ arg(p). (A. 4. Beaos)

1.9. YcJoBUE. U3BecTHO, 9TO mpu JA0OOHIX TEUCTBUTEAbHEIX A, B pas
1

2 Tizn + Byl
A u B MOTYT OBITH KOMILUIEKCHBIMY?

1
pacxomurcsa. O6sa3aH AN PACXOIUTHCA DAL D E ? A 4aTo ecan
n

PEMWEHVE. B ycroBum 3a1ayum HEe OrOBOPEHO, KAK TPAKTOBATH WIEHHI PAIOB C
Az, + By, = 0. Mul GyaeM nmosaraTb, 9T0 pedb UIET O PALAX

1
LAB =y
n:Az, +By,#0 |A$n + Byn|

S= Y s Z J ) = foa] + lynl.

[ Fum |0 on
[l yOpoIeHns 3amucu CInTaeM Iajee, 9TO BO BCEX (POPMYJIaX M3 CYMM HCKJIIOYa-
IOTCA WIEHBI, B KOTOPHIX OMUH U3 3HaMeHaTenren obpamaerca B 0.

OTBET: «HeT» B rE[eI‘/)ICTBI/ITGJII:HOM ClIyvae u «Oa» B KOMIINIECKCHOM.
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KOMIJIEKCHBIN CJy4YAil. [Iycts S cxommTes. /lokaxkem, 9TO TOrAa CXOAUTCS U
onun u3 panos L(g, —1). Tlockoabky

1 1
< - =
2 Gl S 27w
n:zx,=0
cxoaumocTh paga L(g, —1) He MeHAeTCA Tpu OTOPACKIBAHUY WICHOB ¢ T, = 0. 060-

3HAYUM DAL C OTOPOIIEHHBIMA WIEHAMH, IJId KOTOPHIX L, = 0, uepes L(q), BBeméM
Takxke oGo3HavdeHue A\, = —y,/x,. Torga

14 |An
Zf Na = Anl’ M

IIpu mocTpoenunn ¢ 6yaeM UCIOJB30BATH MEPY

Z,\neX7zn¢0 fn)™
an;ﬁo f(”)_l

O6osmaumm [y = 1, m = 30. Pasoosém kBagpar Qo = {z : |Rez| lo/2,|Im z| <
< lo/2} mpaAMBIME, HapaLIe bHBIME JeHCTBATEILHOM U MHUMOH OCAM, HA m? KBa-
IPATOB €O CTOPOHOU [] = lo/m (IpUHA1JIEXKHOCTH IPAHUIHLIX TOUEK nponsBoanaﬂ)
s xaxgoro w3 (m — 2)? BHYTpeHHWX KBaJAPATOB () OTMpeseauM «OKPeCcTHOCTE Q7
KaK OOBLEIWHEHUE DTOrO KBAAPATA U 8 CMEXHBIX ¢ HUM. [[OCKOIBKY KaXKILIU KBa-
opaT pazbueHus BXOAUT He Gosee deM B 25 «OKPECTHOCTEN», TO HAUAETCA KBALPAT
pasbuennus Q; Taxon, uto u(Q) < 251(Qo)/(m — 2)2. lpumenus Ty xe mponeaypy
K (01, momyuuM kBaapat (Jo u 1. 1. [locaeoBaTeabHOCTE KBAAPATOB (; ONpeneaseT
HEKOTOPYI TOYKY (.

TMokaxem, a0 pan (1) mis ¢ cxomurea. O6osmaaum No = {n: A\, ¢ QF}, Ny =
={n:A, ¢ Q5 }\ No u T. 1. I3 npoue1ypsl HOCTPOCHUA CACAYIOT OUEHKH

u(X) =

(2)

> L
m

B g N A
Z f )Qk 3 (n € ]») = |q - |
neNg

Bribepem Temepr Takoe R, aro6w mpu |z| > R Bomoananocs (1 + |z])/|g — 2| < 2.
OueHnBas mo OTAETBHOCTY WIEHH C Ay > R u A, < R, monxydaem

k
Z T |q7)\| <2+ (R+1)m Z f <(R+2) (;(m_”g) S,

ne Ny

oTkyna mpu 25m/(m — 2)? < 1 cregyer cxogmmocts paga L(q).

JEACTBATEJABHBIN CAYYAR. Ucnone3ys yxe BBeJéHHBIE 0003HAUEHN, TOIAra-
em f(n) = nln®n (sToro mocrarouno mis cxommmoctu S). IocieroBaTeILHOCTE
An TOCTPOUM CJeLyommM ofpaszoM. Paznennm €€ Ha IBe TMOATOCICIOBATEILHOCTH:
Ap = )\gt), rien =t+2s,t € {0,1}. 3agagum )\511) = n. Ilocaef0BATEILHOCTD )\510)
onpeeauM CIeayommM 06pa3oM. 3aHyMepyeM HATYPAJbHBIMEA YACIAME APHI IEJbIX
uncen (u,v), v > 0, B mopsake BospacTanus max{|ul,v} (B ocTarbHOM HyMmepauus
npousBoabHaA). O603HAYMM 7-10 TIAPY (U, Uy ), TOTAA Y = Up [Up. 3aMETHM, UTO
napa (u,v) BCTpeTUTCA He To3¥xke, deM Ha (max{|u|,v}?)-m MecTe.

IIposepum pacxogumocts psanos L(A, B) npu TakoM BeIGODE A;,.
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Mycte B = 0. BospMém noanocaegoBaTeabuocTs ng = 1 + 2k. [l weé

1+ [Angl 1+k
ZIAxnkl IAIZ f(ng) |A|Zl+2k 2(1+2k)’

tak ato pax L(A,0) pacxomurca.
Ilpn B # 0 o6osuaunm a = A/B. Ouennm Bkaan L,, KOTOPHIM AaéT B psAA MOI-
HOCJIEI0BATENLHOCTD Ny = 28, TAE S HYMEPYIOT Te napbl (u,v), Al KOTOPBIX

ja— 2| <L

Jns rakux map max{|ul,v} < vmax{l,|a| + 1} = Cv, nosromy umeem

1 1+|uk/vk|
_— >
Z |A%n, + Byn.| _ |B| Z fu)la — ugfog| =

2
1 J Inwv/2

> > : _ — Q
~ 4c?|B| LZ ko® In’ (402 2) 7 4C?|Blv In®(4C%0?) oy

Tak xax L(A, B) > >, Ly, pan L(A, B) pacxoaurcs.
(M. Baawiii)

1.10. YcyoBUE. dyuKIM, 3aIaHHAA HA BCEUM BENECTBEHHON MPAMOU, GECKOHEU-
HO Auddepenuupyema. B kaxgoll TOUKe HEKOTOpPas HPOU3BOAHAS (HOMED IPOM3-
BOJHOU MOXET 3aBUCETH OT TOYKM) paBHa Hymao. Jlokaxure, 4T0 dTa QyHKIUI —
MHOTOIEH.

Pemenne 1Y, Tycts F, = {z | f(z) = 0}, G, = R\ F,. Jokaxem Bcro-
morareasnoe yrsepxkaenue (A): Eciu f He ABaseTcs MHONOWIEHOM HA HEKOTODPOM
OTKPBLITOM MHTepBaje A, TO 44 J000r0 N HANAETCA COCTABIAILNINN UHTEPBAL He-
MyCTOrO OTKPHITOrO MHOXKeCTBa Gy NA| Ha KOTOPOM f HE ABIACTCA MHOTOUICHOM.

W3 (A) nerko BHIBOAUTCA YTBEPXK ICHUE 3A0A9M: IPENOJI0KUM, 9TO f HE MHOTO-
wied Ha R, OCTPOUM IOCIE[0BATEABHOCTD BIOKEHHBIX UHTEPBAIOB A, = (ay;by,) C
C G, [@nt1;bn+1] C A, nepecedenne KOTOPLIX HEIYCTO, YTO NPOTUBOPEIUT YCJIO-
BUIO.

IIpeanonoxum, 910 (A) He BBIIOJHAETCS, T. €. 9TO A/ HEKOTOPBLIX N 1 A QyHKIus
f — me MmHOrowien ma A, HO ee OrpaHuYeHue Ha JIO0OM COCTAB/IAMIIMN UHTEPBAI
MHOXecTBa G, N A spasercs MHOrowieHoM. O6ozHaumm cumposioM o(z) (z € A)
MAKCUMAJIBHBIN TPOMEXYTOK, 06JAJAl0Nmi cBoucTBaMu: & € o(x) C A, f|0(z)
MHOTOWIeH. IIpoBepbTe, 9TO ecim orpanmvenus [ Ha 0BA NPUMBIKAIONIMX IPOME-
XKYTKA — MHOTOWIEHEL, TO f — MHOrOWIEH HA ux oObenmuenuu. [lokaxwmre, 9TO
ecam g — TpaHWYHAsd TOYKA o (x), TO: 1) CymecTByeT MOCAe0BATEIBHOCTE Ty € Fy,
TR # a, v — a; 2) f(m>( ) = 0 gaa Becex m > n; 3) f( obpamaerca B my1b Ha 0 ().
Torga, B wactaocTn, f(™(z) = 0 gua Beex 2 € Gy, N A, 9TO HEBO3MOXKHO.

(4. FO. Bypazo)

PEmERUE 2. Ilycrs F,, — muOXKecTBO Hymrel ¢yukmun f(). O6beuHenue 3a-
MKHYTBHIX MHOXKECTB Fj, MOKPHIBAET MPAMYIO, & JOKA3aTh HANO, YTO ONHO U3 DTUX
MHOXECTB cOBIajgaeT co Bcer npamon. [Ipeanonoxum nporusnoe: F,, # R npu Beex n.

DW3 xuuru B. M. Maxapos, M. . Tonyauna, A. A. Jogxun, A. H. Hogkoperros «M36panusie 3a1a-
494 [0 BelleCTBeHHOMY aHanuay». M.: Hayka, 1992. C. 294-295.
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Mycte E, = F), — MHOXECTBO MPeeMbLHBIX TOYeK MHOXKecTBa F),. locTaTovHo
MOKa3aTh CACAYIONINE TPU JEMMEI:

JIEMMA 1. Iocaedosameavnocms (Ey) 6o3pacmaem.

JIEMMA 2. Ecau nenycmot omxpoimoiii unmepeaa (a,b) ne nepecexaemcs ¢ me-
xomopoim E,,, a odun u3 e2o xonyos a,b npunadaexwcum E,, mo (a,b) ne codepaucum-
ca 8 B, nwu npu xaxom m > n.

JIEMMA 3. ITycmb (G) — ybbisarowas nocaedosamesbHocmos HeNyYcmulxy o0m-
KPLIMBIT MHOKHCECTNE Ha Npamotl. [Ipednososxcum, umo das 8cex n < m Kaxcovd max-
cumaavnbii unmepsan (a,b) 6 G, nepecexaemca ¢ Gy, npuwem a = inf(a, b) N Gy,
ecan a xoneuno, u b = sup(a,b) N G, ecau b xoneuno. Toeda mmoncecmeo (G,
HECUEMHO.

Ipeanonox)uM, 9T0 >TH JeMMBI ycTaHoBaeHbL. [lomoxum G, = R\ FE,,. Cornac-
HO JeMMaM 1 u 2, nocaegoBarensuocts (G,) yaosaerBopser ycaoBusaM gemMul 3. Ilo
aemme 3 muoxkectBo A = (G, = R\ |JE, mecuerno. C gpyrou CTOpOHEI, TaK
kak (JF, = R, to A C J(F, \ E,). Muoxectro F,, \ F,, — 3TO MHOXKECTBO U30-
JUPOBAHHBIX TOYEK MHOXKecTBa F. Y n060r0 MHOXECTBA HA MPAMOU MHOXKECTBO
U30JMPOBAHHBIX TOYEK CYeTHO. (YKa3aHue: PACCMOTPUTE BCE UHTEPBAIBLL C DALMO-
HAJBHBIMYU KOHI[AMHU, KA b1 U3 KOTOPBIX COAEPKUT POBHO OJHY TOYKY NAHHOTO
mHOXecTBa.) U3 Brkmovenna A C |J(F, \ E,) BeITekaer, TakuM oGpasoM, uTo A
IOJIKHO OBITH CI€THBIM, U MBI IPAXOLUM K IPOTUBOPEUUIO.

OcTaeTrcs 10Ka3aTh TPU JEMMEI, C(DOPMYJIUPOBAHHEBIE BHIIIE.

JoxazarenscTso gemmbl 1. [JOCTATOYHO YyCTAHOBUTH CAEAYIOMIECE: BCAKAN HEU3O-
JUPOBAHHBIN HYIb AuddepeHimpyeMon (pyHKIUN ABJIACTCA HEM30ANPOBAHHBIM HYJIEM
€€ TTPOM3BOAHON. JTO BEITEKACT U3 TEOPeMbl POA: MEXKAY BCAKUMY ABYMA HYJAMA
(PyHKIUY JEXKUT HYJIb €€ NPOU3BOJHOU.

HMokasareabcTo JemMbl 2. [Tomyctum, uto (a,b) me mepecekaerca ¢ E,, a € E,
u (a,b) C E,, upu sekoropom m > n. Ha unrepsane (a,b) dynkuus f cosnagaer ¢
MHOrOwIeHOM crenesn k, rae n < k < m. Orcioga f*)(a) # 0. Oxnako no aemme 1
a € B, C Ey, max uto f*)(a) = 0. [IpoTusopeune.

Hokasareascrso aemmsbl 3. Ecau muoxectso (|G, COZEPXKUT UHTEPBAL, TO OHO
mecueTno. lpeanonoxum, uro (|G, e cogepxut uarepeaia. Ecan (a,b) — makcn-
MaJbHBIA MHTEPBAT B (G5, TO YUCIO0 KOMIOHEHT (MAKCHMAJLHBEIX HHTEPBAJIOB) MHO-
wectBa (a,b) N G, HEOrPAHWUYEHHO PACTET ¢ POCTOM 71, TaK UTO MPHU GOJBIIAX 17
MOXKHO BEIOPATh IBA MAKCUMAJILHLIX uHTEpBaaa B (a,b) NG, ¢ HenepecekaromuMucs
3aMBIKaHUAMEA. VCOMB3yA 5TO 3aMevaHue, JerkO MOCTPOUTH MO MHAYKIUU BETBA-
MIYIOCA CUCTEMY OTKDPBITHIX WHTEPBAJIOB Isk, 1<s<2F uwuncmang < no < ...,
takme, uto: (1) nmpu dpukcupopannoM k maTepBats I¥ mveror monmapro memepecexa-
fommecs 3aMBIKaHus; (2) KaxkIeli maTepBat IF ABIACTCA KOMIOHEHTOH MHOXKeCTBa
Gny; (3) IE, UIE € IF. Tyers By — o6wmeanuenue unrepsamon 1F, 1 < s < 2%,
a Oy — oObenuuenue ux saMbikaaui. MuOX)ecTBO (| C) HAXOAUTCA B €CTECTBEH-
HOM B3aMMHO OTHO3HATHOM COOTBETCTBHU C MHOXKECTBOM BCEX OECKOHETHEBIX MOCJE-
JOBATEIBHOCTEN HyJel W eIUHUI] U TOMEOMOP(HO KAHTOPOBY COBEPIIEHHOMY MHO-
xecTBy. Takum o6pasom, (| C}, HecteTHO. MHONKecTBO (| B Takke HeCUETHO, TO-
cxoapKy pasHocts [ Ck \ () Bi cogepxurca B caernom muoxectse | J(C \ By) xos-
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noB Beex maTepBaton [F. Tax kax By C ((Gn, = ()Gn, To MEOXKecTBO ()G

HECICTHO. (B. B. Ycnencwud)

2.2. YonoBuE. llycre P(z) m Q(x) — muorowrens:, mpudem Q(0) = 0. Toka-
xuTe, 9T0 eciu P(Q(x)) — uértHan Gymkmma, To Q(zr) — déTHas winm HeIETHASL
dbyHKIUTA.

PEIEHUE. YTBepxkaeHue 3a13a9u HEIOCPEICTBEHHO BBITEKAET W3 CJAEIYIOMINX
¢$aKTOB IPO MHOT OYJIE€HBL:

JIEMMA 1. ITyems Q — mmozousen. Tozda ||Q(x)| — |Q(—x)|| ecmv aubo won-
cmanma, Aubo cmpemumes K 6eckoneunocmy npu & — oo.

JIEMMA 2. ITyemw P # const — mnozouen u ||xn|—|yn|| — oo. Tozda ||P(zy,)|—
— [P(yn)|| — o0.

[loxazaTeabCTBO 3TUX YTBEPK JEHUN HECIOXKHO U OMyCKAETCA. (A. AI. Beaos)

3.3. YciaoBuE. (a) CymecrByer Ju Takas HenpepoiBHas GyHkuusa f(z), 910
f(f(f(x)) =e?

(6) ToT e BOMPOC 1A PA3PHIBHON (hYHKIIAN.

(B) Tor xe BOMpOC A1a GYHKINA C KOHETHBIM TUCJAOM TOYEK PA3PHIBA.

PEMEHHKE.
Otrset: a) He cywecrByer, 6) CyLIECTBYET, B) HE CYLIECTBYET.

(a) He cymecryer. IlycTh menpepeiBHas qyHkuus f(x) yIOBIETBODAET ypas-
uwermio f(f(f(z))) = e *. Tak kax e ¥ B3aUMHO OJHO3HAYHA, TO U f(z) B3aUMHO
ONHO3HAYHA. Byay4m HEIpepBIBHONI, OHA TOrAa CTPOr0 MOHOTOHHA. IloCKOIBKY €%
y6uiBaeT, 10 u f(z) yomBaer. Eciu ee MHOXECTBO 3HAYEHHN — BCA BEMIECTBEHHAA
npaMad, To 370 Bepro u 1A f(f(f(x))), Torga kax e”? BCIOAY MOJOKUTENbHA. SHA~
qut, f(x) orpannvena ceepxy wau cuHu3y. Ecam f(z) orpaHmdeHa CHU3y 9UCIOM ¢, TO
f(f(z)) orpanuyena cuusy Tem xe ducaoMm, a ceepxy — suadenueMm f(c). IIporuso-
pedne. Anajoru4no, ecau f(z) orpanudena ceepxy, To f(f(z)) Takxe orpanuyena c
o6enx cropon. Kak crencrsue, 1o Bepuo u aaa f(f(f(z))). Oanaxo e% e orpanu-
YeHA CBEPXY. SHAYUT, UCKOMOU (DYHKIUU HE CYMIECTBYET.

(6) Takux ¢gyuxuui 6eckoneuno Muoro. [lencrBurensuo, ay4a (—oo; 0] nog nen-
crBueM e~ % orobpaxaercsa Ha ayd (+00;1]. Tor, B cBOO OdYepesb, oTOOpaxKaeTcs
ua monynaTepsan (0;1/e], n T. 1. llpu 6eCKOHEIHOM MPOTOMKEHAN HTOTO MPOLECCa
3AMOHAETCS BEIIECTBEHHAA TPAMas, 34 MCKIIOYEHNEM HEKOTOporo otpeska [A; BJ,
mpuaem 0 < A < B <1, e 4 =B, e P = A 3amerum Teneps, uro npoussonmasn
dyuktmn g(x) = e™¢ " — x paBHa e ¢ % — 1 U PN TOTOKUTETBLHBIX T 3aBEIOMO
oTpuIATeIbHA (HETPYAHO MOKA3aTh, YTO OHA OTPUIATENBLHA TIPU BCEX BEIIECTBEH-
uerx 7). Tak kax g(A) = g(B) =0, To A = B. Kak crencteue, e 4 = A.

Pazob6bem Temeps Bce oTpuULATENbHLIE YUCIa HA Tpouku. Ecam x1, T2, T3 — og-
HA M3 TAKUX TPOEK, TO momokuM f(z1) = o, f(z2) = z3, ampu n > 3 x, =
=e ¥n-3 = f(x,_1). Yucaa B 5TON MOCICAOBATEILHOCTH HE IOBTOPAKTCA, MOCKOIb-
Ky QyHKIUA e~ ¥ B3aMMHO ONHO3HAYHA M BCIOAY HOJOXKUTeJdbHA. [Io ToU Xe mpudu-
He NBE MOCIe0BATENLHOCTY JJs PA3HBIX TPOEK He TePeCceKaoTCsa. [1oJ0kuM Takke
f(A) = A. s nokasaHHOTO BEIIIE CIEAYET, 9TO f(X) ONpeIeNeHa Ha BCEU BEIeCTBEH-
Hou npsmou, upudeM f(f(f(x))) =e *.
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(B) Takon ¢yuxumm me cymecreyer. Hyers f(f(f(x))) = e ® maa Bcex Beme-
cTBeHHBIX 2. IlycTh Takxke A — (eNUHCTBEHHBIN) KOpeHb ypasHeHus ¢ * = x. Ecan
C — rouka paspeBa gia f(x), To C apaserca Toukon paspemsa u nis e/ (®). Ho
e F@) = f(f(f(f(x) = f(e®), mosToMy e~ % — Touka paspBa 41s f(x). AHasormd-

HO, TOYKOW Pa3phiBa ABageTcA e ¢ | u T. 1. Kak nokasano B pemenun myHkTa (6),

npu C # A 5IeMEHTHI MOAYIeHHON TOCIEI0BATENLHOCTH HE TIOBTOPAIOTCA. SHAUAT,
ecau f(x) umeer x0Ts OB OQUH PA3pLIB IpU & # A, TO TaKUX Pa3pPBHIBOB HECKOHETHO
MHOTO.

Iycte Tenmeps f(x) numeeT eauucTBeHHRN pasphis nipu £ = A. [lockonsky f(A) =
= fle=) = f(f(f(f(x))) = e f) 10 f(A) = A. CreBa or A pyHKIEMA HEIPEPHIB-
HA; eCIU B 3TOM O6JIACTH OHA MPUHUMAET 3HAYEHUA U OOMBINE, U MeHbIne A, TO Tam
BCTpEYAETCA U 3HAYeHUE, paHOoe A. Ho 5T0 MpOTUBOPEYIUT B3aUMHON OTHO3HAYHOCTH
f(z), xoropas creayer us B3anMHOM oHO3HaUHOCTH € 7. Ecom f(x) < A = f(A) mpn
x < A, 10 510 BeImOIHATOCH 661 aust f(f(z)) u e™%, Ho mociesHee HEBEPHO. SHAYUUT,
f(z) > A npn x < A. Aranoruuro f(z) < A npu z > A.

JIroGoe aucio, Goabiee gem A, comepxurcea B obaactu sHadenu e ¥ = f(f(f(x))).
IMosTomy mo6oe uucno, menbuiee dem A, comepxurca B obuactu suadenunn f(f(z))
(c ygerom B3aumuou oxuosuaduoctu f(z)). Bece aru uuncia aBiorca 3HaUEHUAME
f(z), m c yaerom pasenctBa f(A) = A sTa QyHKIUA 0TOOPAKAET BEIIECTBEHHYIO
npaMyto Ha ceba. Ho Torga mem xe ceoucteoMm obaanaet u f(f(f(x))), B To Bpemsa
KaK e~ ¥ BCIOAY MOJOKUTENbHA. SHAYAT, NCKOMOU (DYHKIUY HE CYIIECTBYET.

(A. Kaneaw)

4.8. YCJOBUE. Pemmre ¢QyHKIMOHANBHOE ypABHEHUE NI HEIPEPHIBHLIX BeEIle-
CTBEHHBIX (DYHKIIUU BEIIECTBEHHOTO MEPEMEHHOTO:

F(z+y) = A(z) + B(z)C(y).

PEIMEHUE.
IMocTapaemcs cBecTm UCXOAHOE YpaBHEHUE K YacTHOMY caydaro. [lomoxum

Fi(z) = F(z) — F(0); Ci(y) =C(y) — C(0);

Ai(x) = A(z) — F(0) + B(z)C(0). (1)

Torma F1(0) = C1 (0) = 0,
Fi(z+y) = Ai(z) + B(z)Ci(y). (2)

Momosm B (2) y = 0:
Fi(z) = Ai(2). (3)

Ecan Fi(z) = 0, o (BBUAy (2) — (3)) mmm B(x), mmm C4(y) ABIsSETCS TOXIECTBEH-
ueM HyJeM. Menonssysa (1) (F(0) u C(0) MOXKHO B3ATH MPOM3BOJIBHBIMHE), MOMYIaeM
KJIACChl DYHKIWI, YKA3AHHBIE B KOHIE DEMeHus 104 HoMepamu 1 u 2.

Iycte Teneps Fi(z) Z 0. Momoxum B (2) z = 0. C yaerom (3) Fi(y) = B(0)Cy (y).
Kaxk crencreue, B(0) # 0. Honoxkum By (z) = B(z)/B(0). Torna

Fi(z +y) = Fi(z) + Bi(z) Fi(y). (4)
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MCHOHBByeM ACCOTUATUBHOCTE CJIOXKEHUA:

F1(5E+y+2) Fi(z+y) + Bi(z +y)Fi(z) =

(
Fi(z) + Bi(z) Fi(y) + Bi(z + y) F1(2);
(z
Fi(z

F(w+y+2) Fi(z) + Bi(@)Fi(y +2) =

) + Bi(2)Fi(y) + B1(2) B1 (y) F1(2).

Orcrona (By(x +y) — B1(z)B1(y))Fi(2) = 0. llockoaeky Fi(z) Z0, o By(z +y) =
= Bi(z)Bi(y). Takum CBOUCTBOM CPEIU HEMPEPHLIBHEIX (MYHKIMA OO TAI0T TOJIBKO
SKCIOHEHTHI ¥ TOX gecTBeHHbl Hyab. Ho B(0) # 0, u (4) npusumaet Bug Fy(z+y) =
= Fi(z) + e**Fy (y) mna mexoroporo a. Ecim a = 0, o Fy(z +y) = Fi(z) + Fi(y).
Cpean HempepHIBHBIX (YHKINHM TAKAM CBOMCTBOM OOAAAIOT TOMBKO OTHOPOTHEIE
aunenswe (y = kz), 9To npusoauT K kKaaccy dyukumn 3. Ecau xe a # 0, To BBUIY
koMMyTaTuBHocTu caoxenus Fi(z) + e**F(y) = Fi(z +y) = Fi(y) + e®VFi(z).
F1( ) _ )

-1 e™ —1
DTO BBINOJHEHO U Hpm x = 0 (nockoapky Fi(0) = 0). Orciona BO3HMKAET KIacc
dbyuimun 4.

B mrore monyydaeM CAeIyOIIME DEIIEHUS:

1) F(z) = A(z) = K (K — unpousBoibHas koucraura); B(z)
IIPOU3BOJIBbHAA HENPEPHIBHAA DYHKINA.

2) F(z) = K;; B(x) — npoussoanbHas HermpepuisHas Gyukuns; C(y) = Ko; A(z) =
= K; — B(x)K> (K1, K2 — npousBo/bHBIE KOHCTAHTEL).

3) F(z) = K1z + Ko; A(z) = K1z + Ko — K3Ky; B(z) = K3; C(y) = %y—l—lﬂ;

(K1, Ko, K3, K4y — HpOI/IBBOJIbeIe koucrautel, K3 # 0).

Otcroga mpu z,y # 0 = ¢ gna HekoToporo ¢, u Fy(z) = c(e®™ —1).

0; Cly) —

4) F( ) Kl( —1)+K2,A(JJ) :e”w(Kl—K3K4)+K2—K1;B(aj):ng‘m;
Cy) = % + K4 (a, Ky, K2, K3, K4 — npou3sBo/bHBIE KOHCTAHTEL, @ 7 0,
3
K3 #0).

(A. Kaneawv, B. Openrun)
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Kuauru n3aATEIbCTBA MIIHMO, BBINYIIEHHBIE B 1999-2000T.

1. Bomub6pyx A. A. ®dykcoss guddepeHIMAIbHbIE YPABHEHUA M ToJ0MOpQHbBIE
pacciaoerusa. — 2000. — 120 c. — Tupax 1000 sk3.

B nexnusax nadana aHaauTUYeCKOU Teopun AuddepeHINaTbHBIX YPABHEHUN U3-
JATAIOTCA C TOYKU 3PEHUS PACCAOCHUN ¢ MEPOMOP(HBIMUA CBA3HOCTAMUI HA PUMAHO-
BOU cepe. DTOT TMOAXO MO3BOAAET JOOUTHCA 3HAYUTEIBLHOTO TIPOTPECCA B PEIICHUN
TAKNX 3HAMEHWTHIX CTAPHIX 3a1ad4, Kak npobmema Pumana-I'mianbepra m 3amada o
Bupxrodgoson crangaptaon ¢popme, UCCAEJOBAHUIO KOTOPHIX U MOCBALIIEHA KHUTA.

Jlekruu, HAaYMHAIOIMECA ¢ OCHOB TEOPUM U TPeGYoIIre OT YUTATENA 3HAKOMCTBA
JIAIIB CO CTAHAAPTHBIMU KYPCaMU OOBIKHOBEHHBIX AU((dEpPEHIUATLHBIX YPABHEHUN U
KOMILIEKCHOT'O aHAJIN3A, BEIBOJAAT €0 Ha MEPEeNHUY KPal 3TON OYPHO PA3BUBAIONMICUCA
B MIOCJEHEE BpeMsa 00MACTU MATEeMATUKY, UMEIOIIEN BAKHBIE TIPUIOKEHNA K 3aJaMaM
MaTEMATUIECKON (PU3UKU.

2. H. K. Bepemarun, A. Illens. Jlekiuu mo MaTeMaTH4YeCKOH JOTHKE ¥ TEOPUH All-
roputMoB. Jacte 2. dswiku u ncuucrenus. — 2000. — 288 c¢. — Tupax 1000 sk3.

Kuura manmcana mo marepuanaMm JEKIUU U CEMUHAPOB, MPOBOAUBIIAXCA ABTO-
paMu A CTYJeHTOB MJIAANMX Kypcos Mexmara MI'Y. B mem pacckaswiBaeTcsa 06
OCHOBHBIX TIOHATUAX MATEMATUIECKON JOTUKY (JOTHKA BHICKA3BIBAHUM, A3HIKU TIED-
BOI'O TOPSAJKA, BEIPA3UMOCTD, UCIUCICHUE BEICKA3BIBAHUY, PA3PENIUMbIE TEOPUM, Te-
opeMa O HOJHOTe, Havasa Teopun Mogeneln). W3noxenue paccuuTano Ha yIEHUKOB
MaTEMATUYECKUX IIKOJ, CTYAEHTOB-MATEMATAKOB U BCEX MHTEPECYIOMIMNXCA MATEMa~
Tudeckon gorukou. Kuura skiao4aet cebsa okomno 200 3a1a4 pa3au<IHON TPYIHOCTH.

3. B. B. [Ipacomos. Muorowiensr. — 1999. — 336 ¢. — Tupax 1000 5k3.

B kHUre m310KEHBI OCHOBHBIE PE3YJbLTATH UCCASNOBAHUYU MO TEOPUU MHOTOUWIE-
HOB, KaK KJIaCCUYeCKUe, TAK U COBpeMeHHbIe. bombimoe BHuManue yaeneno 17-u mpo-
6aeve ['manbepra 0 npenCTaBICHUN HEOTPULATEIBLHBIX MHOTOWIEHOB CYMMAaMU KBa-
IPATOB PAIMOHAIBHEIX (DyHKIMK U ee 06001menuam. Teopusa [axya o6cyx naeTcs mpe-
XK€ BCETO C TOYKY 3PEHUA TEOPUU MHOTOWICHOB, 8 HE C TOUKN 3PEHUA OOIIen Teopun
pacUIupenns moJen.

s CTy1eHTOB, ACIUPAHTOB, HAYYHBIX PAOOTHUKOB — MATEMATUKOB U (PU3UKOB.

4. C.M.JIbBoBckuu. BBegenue B kKoromosoruu mydkoB. — 2000. — 128 c. —
Tupax 300 sxa.
ODTa KHUNa — 3alUCKU OTHOUMEHHOI'O KypCa JEKIUU, IPOYUTAHHOIO aBTOPOM

B Hesarucumom MockoBckoM yHUBepcuTeTe B oceHHeM ceMectpe 1997 roma. Kypc
MPEICTABIACT COOOU BBEEHNE B TEOPUIO0 KOTOMOJOTUY MYYKOB, OPUEHTUPOBAHHOE HA
[PUMEHEHNUA B aJreOpanvdecKor reoMeTPus.
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Kuura GygeT mosesHa CTyAeHTAM MaTeMATUYECKUX CIEIUATLHOCTEN, HATUHAIO-
UM M3Y4YaATh TOMOJOTMYECKYIO alreOpy win aarebpandeckyo reoMeTpuio.

5. B.U. Apuoina. 2Kectkne u Markme MaTemaruieckue mogean. — 2000. — 32
c. — Tupax 3000 5ks.

dra Gpolmopa MpeacTaBiseT COO0U TEKCT MOKJIANA, CACTAHHOIO AKAIEeMUKOM
B.1. Apaonbaom B 1997 rony ma cemunape npu [Ipesuaenrckom coete P®. B no-
KJaje PacCKa3aHO O MPUMEHEHUAX Teopuu AudhepeHITnaAILHEX YPABHEHUN B TAKUX
HAYKaX, KAK DKOJOTUs, 3KOHOMUAKA A COLKOJOTUA.

6. [Ixx. Hectpyen. I'magxue mHoroodpasmua u Habmogaemeie. — 2000. — 300 ¢. —
Tupax 1000 >x3.

DTa KHUr'a ABIACTCA BBeJeHreM B mudPepeHnnagsbHoe UCIUCAEHEe HA L KOMMYTa-
TUBHBIMEU ajrebpamu (miu mpocto nuddepennuanbuoe ucancaerne). [IyTs kK amomy
UCYUCTEHUIO MPOJEraeT Yepes A Kue MHOT00Opa3us, TIODTOMY OHA TAKXKE SBJIAET-
€ ¥ BBEJEHUEM B TEOPUIO DVIAAKUX MHOIOOODA3UU UM BEKTOPHBIX PACCAOCHUU, PAC-
CMATPUBAEMBIX B MEPBYIO O4YepeAb C aare0pamvdeckon, a He ¢ AHAIUTUYIECKOU WIn
nuddepeHnnaTEHO-TeOMETPUYIECKON TOYEK 3PEHUA. V3I0KeHne conpoBOXK IAeTCA 3a-
OaYaMy U IPUMEPAMU, KOTOPBIE [O3BOJAIT KUCIOJBL30BATH KHUATY B KadecTBe yues-
HUKA.

AnpecoBana KHUTaA B MEPBYI OYepelb HAUMHAIONIAM MAaTEeMATAKAM U (pU3UKaM,
HO HE TOJBKO MM, a U BCEM, KOI'O MHTEPECYeT COBPEMEHHOe cocTosiHre nuddepeHIiu-
AJBHOrO UCYUCJICHUS U ACCOLUUPOBAHHBIX C HUM aNreOpanIecKux U FeOMeTPUIECKIX
CcTpyKTyp. s ee monnManus TpedyeTCs MUHUMAIBHAS MATEMATUIECKAS IO OTOB-
Ka B IIPEJeJaX CTAHIAPTHHEIX YHABEPCUTETCKUX KYPCOB MHOTOMEPHOT'O AHAIU3A, JIU-
HenHOU 1 o0mmen aireGpul, a TakKe HEKOTOPLIM HABLIK KATEIOPHOIO MBIILICHUA.

7. Pacckasnl 0 maremaTuke u Mmarematukax. Coct. C. M. JIeposckun. — 2000. —
128 ¢. — Tupax 2000 5x3.

DTa KHUATA TPENCTABIsIET COO0U MOAGOPKY MOMYAAPHBIX CTATEN M0 UCTOPUU Ma-
TEMATUKM, TyOJIMKOBABIINXCSA B Pa3Hoe BpeMsa B xkypHate «Ksanty. B craTesax pac-
CKa3bIBaeTCsA (C PA3HOU CTENEHBIO HOAPOGHOCTH) U O KOHKPETHBIX MATEMaTHIeCKUX
pe3yabpTaTax, MOLYYeHHBIX UX [VIABHBIM I'€POEM.

8. T.Kopwmen, Y. Jleunsepcon, P.Pusect. AITOPUTMBI. — 2000. — 960 c. —
Hou. Tupax 3000 »k3.

Kuura mpeacrasaseT co6ou mepeBoa yueGHUKA MO KYPCY MOCTPOEHUA U aHAIA3A
5 PEeKTUBHBIX AITOPUTMOB, HAMUCAHHOTO B MaccadyceTckoM TeXHOJOTUIeCKOM WH-
CTUTYTE; B HE Pa3OUPAIOTCA BAXKHEUIINE KAACCHL OBICTPHIX AITOPUTMOB U MPUEMBI
UX OCTPOEHUA.

Nznoxenne moapoOHOE U MATEMATHYIECKN CTPOroe. KHUTY MOXKHO MCIONB30BATH
B KadecTBe y4eOHMKA M CIPABOYHUKA; OHA OygeT MOJE3HA KAK CTYJIEHTaM, TaK U
npodeccuoHasaMm B obmactu computer science u mporpaMMuUPOBAHUS.

9. Crygendeckme arenus HMY. Bemyck 1. — 2000. — 224 ¢. — Twupax 1000
3K3.

B kuure npegcraieHs! JeKun, TpOINTAHHBIE B He3aBuCMMOM MOCKOBCKOM yHU-
Bepcutere B 1997-98 rr., npeiHasHaveHHBIE 1 MIUPOKOU ayauropuu. Ux meab —
paccKasaTb 0 HEKOTOPBIX OOJIACTAX MATEMATUKU U OIUCATH HOBBIE UIEH.

[lis CTymIeHTOB, aCTIMPAHTOB W MPEMOAABATEICN MATEMATUIECKUAX CIEIUATLHO-
cren.
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10. H. b. Bacuawes, B.JI. I'yrenmaxep. Ilpaveie u xpussie. — 2000. — 128 ¢. —
Tupax 3000 ox3.

He myxpgaeTcsa B cnenuajbHOM MPEICTABICHUNA KHUADA, CTABLIAA KJIACCUKOW JUTE-
PATYPBI [/ IIKOJABHUKOB, HHTEPECYIOMUXCSA MaTeMaTUkou. /lannoe maganue mpej-
cTapasgeT coO0U mepemspaHue OpOLIOpHl cepun «BubInoTexka (pU3MKO-MaTeMaTHIe-
CKOT'O KPY¥XKKa», TABHO CTABIIEH OUOINOTPA(PUICCKON PEIKOCTDIO.

11. MaremaTudeckoe mpocseierue. TpeTbsa cepusa. Brmyck 4. — 2000. — 232 c.
— Tupax 1000 sxa.

Temon HOMEpa oUepeIHOro cOOpHUKa «MaTeMaTudeckoe MpOCBEIIeHNe» BHIOPAHA
TeOpUsA CAOKHOCTY BhAuUCIeHUN. [[y6anKyeMeie 31€Ch MaTepruaIbl Jal0T MPeICTaBIe-
HUE KAaK O KJIACCUIECKUX PA3AeNaX STOU TEOPUU, TAK U O HOBBIX, HETPAAUIUOHHBIX
(BapuanT Teopun cioxuoctu 10 J. Baom, C. Cumeny u M. llly6y B nomyaspuoMm us-
goxennn C. Cmena).

Pazmen «MaTeMaTwIecKun MWDy COAECPNKUT MATEPUATBI, MOCBAIICHHBIC TAMATH
A.B.Xoayaésa (1953-1999), samevyarelsHOrO MaTeMaTHKa U 3KCOEPTa B 061aCTH
IporpaMMupOBaHusA. TaM e, B IPOIOKEHUE MATEPHUAIOB IPEILLIYIINX HOMEDPOB,
TOMEINEH OYePK TBOPYECTBA ABYX BHIIAONMINXCA COBeTCKUX MaTeMaTukos A. O. lean-
donzga u JI. . Mlaupersmana.

IMoMuMoO 3TOr0, COOPHUK COAEPKUT P CTATEU, MOCBAIIEHHLIX WHTEPECHBIM Ma-
TEMATUYIECKAM CIOXKETAM: DIEMEHTAPHOMY HU3JOXKEHWI0 TEOPUU HPEISTCTBUU, MIPO-
cToTe umeaa 2'27 — 1, 10Ka3aTeTLCTRY KBAAPATHTHOIO 3AKOHA, B3ANMHOCTH, JUCKDPET-
momy npeobpasopanuio Pypre. B pasgene «Oaumnuanny 06CyKIAIOTCA HEKOTOPLIE
u30pAHHLBIE 3aJa49U MATEMATHIECKUX copeBHOBaHun 1999 1.

B zagaunom paszene, KpoMe HOBBIX 3a/1at, TOMEIIEHBI PeleHns HEKOTOPHIX 33144
U3 MPeIBIIYIINX BHITYCKOB.

12. U. M. Teasdang, C. M. JIssosckun, A.JI. Toom. Tpuronomerpua. — 2000. —
196 c. — Tupax 7000 ska.

OTa KHUTA, HANKCAHHAA TPYNION aBTOPOB MO PYKOBOACTBOM OJHOIO U3 KPYII-
HEUINIX MaTeMAaTUKOB XX Beka akagemuka U. M. Terndana, npussana ompoBepr-
HYTB DACXOXKee MHEHNE O TPUTOHOMETPUM KAK CKYYHOM ¥ HEMOHATHOM PAa3aene
IIKOJBHOT'O KypPCa MATEMATHUKU. TATATENO NPEIIaraeTcs B3IVISHYTH HA 3HAKOMBIN
npeaMeT mo-HOBOMY. 310keHune, COMPOBOXK IAIOIIEECS OOMBITNM KOJIMIECTBOM 33,139,
HAYMHAETCS C HYJS U JOXOMUT N0 MATEPUANA, BEIXOAAIIETO JOBOJIBHO NAJEKO 33 PAM-
KU IMIKOJLHOU TPOrPAMMBI; TPUTOHOMETPUIECKUE (POPMYJILI WILTIOCTPUPYIOTCSA TPU-
MepaMmu u3 (PUBUKU U T€OMETPUH.

OTnenpHas riaBa MOCBAIMIEHA TUMUYHLIM MPUEMAM PEIEHUS TPUTOHOMETPUUe-
CKUX 3324, MpeIIaraeMblX Ha BCTYIUTENbHBIX DK3aMEHAX B BBICIINE yYeOHBIE 3aBe-
IEHUS.

Kaura 6yger He3aMeHMMBIM MOMOIIHAKOM [JIs MIKOJIBHUKOB CTAPIIAX KJIACCOB,
TMpenogaBaTeNen, POJUTENeN U BCEX, NHTEPECYIOIMNXCA MATEMATUKON.

13. P.K. T'opans. 3To goskeH 3HATh KaX b MaTmkoabEEK. — 2000. — 64 ¢. —
Tupax 2000 3xk3.

B sTon kuure B popme cepun 3a1a4 U3NATACTCA IPAKTUIECKA BCSI DIEMEHTAPHAS
reoMerpus. Kuura cocTouT m3 AByX 9aCTen: TMEPBYIO0 MOXKHO CIUTATEH OA30BEIM Kyp-
COM TEOMETPUH, COIEPKAIINM HAnOO0Jee U3BECTHBIE U 9aCTO UCIOIBL3YEeMbIE TEOPEMBI;
BO BTOPOU MPUBOAATCA MAJOU3BECTHBIE, HO KpacuBble GakThl. Biauskue no remaTuke
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3aMavu PACTIONATAIOTCA PAAOM, TaK 4YTOOBI OBLIO YIOOHO mX pemaTh. KHura, 6e3-
YCIOBHO, OyIeT TOMe3HA KAK IMKOJILHUKAM MATEMATUIECKAX KIAACCOB (MATIIKOJLHU-
KaM), TaK ¥ npenojgasareasM. KpoMe Toro, oHa OCTABUT HEMAJIO IPUATHBIX MUHYT
BCEM JIOOUTENIAM TeOMETPHUN.

14. H.K. Bepemarun, A.[llens. Jlekiuu mo MaTeMaTHYIeCKOH JIOTHKE W TEOPHH
amropurmoB. Jacte 1. Hagana reopun muox)kecTtB. — 1999. — 128 ¢. — Tupax 3000
3K3.

Kuura manucana mo MaTepuagaM JeKIUA U CEeMUHAPOB, TPOBOAUBINAIXCA aBTOPA-
MU U1 CTYA€HTOB Maa amux Kypcos Mexmara MI'Y. B men pacckasbiBaeTcs 06 OCHOB-
HBIX [IOHATHUAX ~HAUBHOM TEOPUM MHOXKECTB” (MOLIHOCTH, YHOPSIOYEHHBIE MHOMKE-
CTBa, TPAHCPUHUTHAA UHAYKIUA, OpAUHANLL). V3I0KeHNe PACCIUTAHO HA YIEHUKOB
MaTEMATUYECKUX IIKOJ, CTYIEHTOB-MAaTEMATUKOB U BCEX UHTEPECYIOIMINXCS OCHOBAMMI
Teopuu MHOXKeCTB. KHura Biaoo4daeT cebsa 0KOJI0 COTHU 33034 PA3JIUIHON TPYIHOCTH.

15. H. K. Bepemarun, A.[llens. Jlekiau mo MaTeMaTHYIeCKOH JIOTHKE W TEOPHH
amropurMmoB. JacTh 3. Boramcaumere pyuknun. — 1999. — 176 ¢. — Tupax 1000
3K3.

Kuura nanmcana mo marepuanaMm JEKIUU U CEMUHAPOB, MPOBOAUBIIAXCA ABTO-
paMu A CTYJEHTOB MJIAANMX Kypcos Mexmara MI'Y. B mem pacckaswiBaeTcsa 06
OCHOBHBIX NOHATUAX OOIIEH TEOPUM BBIMUCIUMEBIX (DYHKUNY (BLIYUCAUMOCTD, Pa3pe-
[IIMOCTh, IEPEIUCIUMOCTD, YHUBEP CATBHBIE (DYHKIINY, HyMEDALUA U UX CBOUCTBA, M-
MOJHOTA, TEOPEMA O HEMOJBUKHOU TOUKe, apupMeTUIecKas NepapXus, BLIYUCICHUA
C OPAKYJIOM, CTENECHN HEPA3PEIIUMOCTH) U O KOHKPETHBIX BEIYUCIUTEILHBIX MOIEIAX
(Mamunb Teiopunara, pekypcusable Gyuakuun). Usmoxenue pacCIuTato Ha yICHUKOB
MAaTEMATHIeCKUX WIKOJ, CTYAEHTOB-MaTEeMATAKOB A BCEX NHTEPECYIOMINXCS OCHOBAMU
Teopuu arropuTMoB. Kuura BrawodaeT cebsa okoao 90 3agad pasJnTHON TPYIHOCTH.

16. B. A. Bacuubes. JlarpaHXeBbl 1 JieXXaH IPOBBI XapaKTEPUCTHICCKHE KIACCHI. —
2000. — 312 c. — Tupax 1000 »k3.

B kuure pasBuTa TEXHUKA MOCTPOEHUA XAPAKTEPUCTUICCKUX KJIACCOB, ABOUCT-
BEHHBIX K OCOOBIM MHOXKECTBaM AuphEpeHITUPYEMbIX 0TOOpakennn. [Jokasaubl MHO-
COYHUCJIEHHBIE COOTHOLIEHNUS HA COCYIECTBOBAHUE OCOOEHHOCTEN UAU MYJIbTHOCOGEH-
HOCTEU Ha OJHOM MHOTOOODA3WN.

Kuura cogepxuT BBeIeHNE B CUMILIEKTUYECKYIO U KOHTAKTHYI T€OMETPUIO U B
TEOPHUIO0 OCOOEHHOCTEN.

B Monoauenun, manucannom M. D. KazapsauoMm, pe3yibTaThl KHUTY WHTEPIPETH-
POBAHBI B TEPMUHAX TEOPUM DKBUBAPUAHTHBEIX TOMOJOTUN W MPUMEHEHBI K 3TOU Te-
opuu. [l15 CTyIeHTOB-MaTEMATUKOB, ACHIUPAHTOB U HAYYHBIX PAOOTHUKOB.

17. B. A.Bacuibes. Beranmecsa uaTerpamsi. — 2000. — 432 c¢. — Tupax
1000 k3.

Monorpadus HaX0IUTCSI HA CTHIKE HECKOIBKUAX KAACCHIECKUX PA31eJOB MAaTEMa-
TUKU: TEOPUU OCOOEHHOCTEN, TOMOJOruH, aarebpanvdeckon U MHTEr PAILHOU IeoMe-
TPUM, KOMILIEKCHOTO AHAIN3a, YPABHEHUN MaTeMaTu4Ieckon ¢pusuku. OHa CONepKUT
BBefeHue B Teopuio [Tukapa-Jledrimena n 10KaIbHY0 TEOPUIO 0COOEHHOCTEN, KOTOPHIE
YIPABIAIOT KAYECTBEHHBIM MOBeaeHneM (QyHKINUN, 33 JAHHBIX WHTErPAJbHBIMEU IPe-
obpazoBanusamMu. [IpruBOAATCA OPpUTMHANBHBIE MPWIOKEHN K MPOOIEMaM MHTErPATh-
HOUW TEeOMEeTPUM, TEOPUM TUMNEPOOIUIECKUX OTMEePATOPOB B YACTHHIX MPOU3BOMHBIX,
TEOPUU MOTEHIHUAAA U OOOOMIEHUAM TUIEPTeOMETPUICCKUX (YHKIIAN.
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B wacTHOCTH: 018 QyHKIUA 06BeMa [OKA3AHB MHOTOMEPHBIE 00OOIIEHUA Teope-
MBI HBI0TOHA 0 HEUHTErpUPYEMOCTH TUIOCKAX OBAJOB; [JA TUMEPOOINIECKAX yPaBHE-
HUU B YaCTHBIX NPOUBBOAHBIX AOKazaHa runoresa Aruu-Borra-Topaunra o6 sksu-
BAJEHTHOCTY PE3KOCTH BOJHOBHIX (PPOHTOB M JOKATHHOTO TOMOJOTAIECKOTO YCIOBUA
IMeTpoBCKOTO; B TEOPUU MOTEHIMAIA JOKA3AHA ATTeOPAUIHOCTH MOTEHINAIA TUTIEP-
6oamveckon runepnosepxuoctu crenenn d B R™ npu d = 2 uiu n = 2 1 0OTCyTCTBUE
TAKOU AAreOpauvdHOCTH OPU APYrux d, n; mis OOIUX TUIePreOMeTPUIecKuX QyHK-
mnu [enbdanga-AoMOTO yKA3aHO YMCI0 HE3ABUCUMBIX DEIIEHUU TUIEPTEeOMETPUYIE-
CKUX ypaBHEHUM.

[as cTygeHTOB, aCIMPAHTOB M HAYYHBIX PAOOTHUKOB, CHENUAIUIUPYIOMIUXCA B
06J1aCTH KOMILIEKCHOT'O AHAMU3A, YPABHEHUN MATEMATUIECKOU (PU3UKU,TEOPUU OCO-
OeHHOCTEN, anreGpaniecKon TEeOMETPUN, WHTErPAJBLHON TEeOMETPUU W TOMOJOTHUH.

18. C. Cunrx. Bemmkas Teopema @epma. — 2000. — 288 ¢. — Tupax 5000 sxa.

B kuure Canvana Cunrxa — anramuckoro gusuka, xypuanucra bu-Bu-Cu, B
OONyJAAPHON (OpMe U3JIOKEHA UCTOPUA NOKA3ZATEILCTBA BEJIUKOU TeopeMmbl dDepma.

B kuure npuBegeHo MHOIO UHTEPECHBIX CBEIEHUN U3 ucTOpun MaremaTuku. [lis
IITKOJBLHUKOB, CTYACHTOB, TPENOAABATENEN MATEMATUKY U BCEX WHTEPECYIOUIUXCA UC-
TOpHUEN HAYKH.

19. A.Kuraes, A. [llenn, M. Banei. Knaccudeckne 1 KBaHTOBBIE BBIYHMCICHAA. —
1999. — 192 c¢. — Tupax 1500 sxk3.

OTa KHUTA TPEIHA3HAYEHA A TIEPBOHAYAIBLHONO 3HAKOMCTBA C HOBOU OBICTPO
PA3BUBAIOIIENCA W TOMYJAPHON OOJIACTHIO WCCACAOBAHUM — TEOPUEN KBAHTOBBIX
BBIYUCJACHUN. BHAYAIE IPUBOAUTCA KPATKOE BBEJEHIE B KAACCUIECKYIO TEOPUIO CJAOXK-
HOCTHU BBEIYUCJICHUU. 3aTeM MOAPOOGHO U3JATAITCA OCHOBEI TEOPUN KBAHTOBLIX BHIYUU-
CIeHUN, BKJIIOYAA OTUCAHUE OCHOBHBLIX M3BECTHBIX K HACTOAIIEMY BpeMeHu >ddex-
TUBHBIX KBAHTOBBIX AJITOPUTMOB.

Jast cTy 1eHTOB QUBNKO-MAaTEMATUIECKUX CHENUAIbHOCTEN (HAMUHASL CO BTOPOIrO
roga 00y9eHus), aCIuPAHTOB, HAYYHEIX PAOOTHAKOB: MATEMATAKOB U (DU3UKOB.

20. 3agaum mo matematuke. — llong penakmmen A.Illens. — 2000. — 272 ¢c. —
Tupax 1000 >x3.

Kuura cogep:xkut y4ueOHBIE MATEpUanbl, COCTABAABIINE COAECPKAHUE KypCa Ma-
TEMaTUYeCKOI'0 aHAIU3A B MaTeMaTudeckoM kjaacce 57 mkouasl (Beiryck 2000 roza,
kaacc B). B Hee BKIWOUEHB 3a1a9U BeYEPHEH MATEMATHYIECKOUW IIKOJABI U cobece-
JOBAHWU, 320344 BCEX YeTHIPEX JeT O0yueHus (BKIIOUAs KOHTDPOJIbHEIE PAGOTHL U
SK3aMEHBI), & TAKXKEe CIUCOK TeM JEKIUY, IMTABLIAXCS IIKOJLHUKAM.

21. B.B. Tkauyk. MaremaTtuka — a6urypmenty. — 1999. — 864 c. — Tupax
10000 »x3. 2000. — 892 c. — Tupax 6000 >k3.

Kuura npeacrasisger co6on HauOOIEE TIOJHBIA PENETUTOPCKUAN KYPC SAEMEHTaP-
HOM MaTEeMATWKW s NOATOTOBKA K BCTYIMTEILHBIM 3K3aMEHAM JIOOOr0 ypPOBH:A
CIOXKHOCTH. M31araoTesa yHUKAIBHBIE AATOPUTMBL CAMOIIO AMOTOBKY, YCIEITHO ApPO-
OVPOBAHHLIE B IIUPOKOM IUATIA30HE KPUTEPUEB BEAYIIUX BY30B CTPAHHL.

[laroTcsa KOHKPETHRIE PEKOMEH JAITNH TI0 TICUXOJIOTUY TTOBEEHUA BO BPEMA DK3aMe-
HOB ¥ COBeTHI 10 odopmienuio anewusinuu. OTaeabpHas TIaBa MOCBAMIEHA BADUAHTAM
BCTYIUTETLHBIX DK3AMeHOB Ha Bce daxyapTeTsl MI'Y um. M. B. JlomonocoBRa 3a mo-
caenume 28 ger (1970-1997) ¢ mpuBeeHWEM WCIOJIB30BAHHBIX KPUTEPUEB OIEHOK.
[Ipemaararorcs noAHBIE BAPUAHTHL OWJIETOB YCTHOT'O DK3aMEHA C OTBETAMW. JHAYU-
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TeABLHO 00IervYaeT paboTy Hal KHUMON TPUBOJIUMBIN B OTAEJBHON TVIABE CUCTEMATH-
3UPOBAHHBLIN MEPEUYEHB OCHOBHBIX TMOHATUN U (PAKTOB DJIEMEHTAPHON MATEMATHUKH.

[BYXTOMHUK HO3BOJAET CAMOCTOATENBHO, NPENeJbHO 3MMEKTUBHO U B CKATHIE
CPOKU TMOBTOPUTH IKOJIBHBEIA Kypc MaTeMaTuku. OcoOyio HEHHOCTh KHUI'A PENCTa-
BIAET N7 aOUTYPUEHTOB U3 OTAAJEHHBIX DETMOHOB cTpaHbl. [lonesHa Takxke perme-
TUTOPAM, YIUTEMAM MATEMATUKN, PYKOBONUTEIAM KPYKKOB I (DAKYILTATUBOB, TIPe-
MOJABATEISAM HOANOTOBUTEILHBIX KYPCOB.

ITo Bonpocam npuoGpeTeHnsa S3TUX U MHOTMX APYTHX KHUT 10 MaTeMaTHKe o0pa-
manTech B MaTeMaTH4IecKui GHOIMOKIY6.

Anpec: 121002, Mocksa, B. Baackesckun nep., 11.

Texn.: (095)-241-7285 FAX: (095)-291-6501

E-mail: mbc@mccme.ru  InterNet: http://mbc.mccme.ru

['oTOBATCA K U3JAHUIO CJIEAYIOIIUE KHUTHA:

> C.T'. T'unaukun. Pacckassl o pu3uKax m MaTeMaTHKAX.

B aBemagnaTu riaBax KHUTH PACCKA3AHO O KU3HU U TBOPYECTBE JBEHAALATH
3amevarenbubix MaTeMaTukoB u Gu3ukos (ot XVI xo XX Beka), paGoThl KOTOPHIX B
3HAYUTEIBLHON Mepe OMPEeJeIUIN JUI0 COBPEMEHHON MATEeMATHIECKON HAYKH.

OTO — KHUTA [IJsA BCEX, OT CTAPIIEKJIACCHUKOB 10 B3POCIBIX: YBJIEKATEIHHO U3~
JIOXKEHHBIE OUorpaduu BEIUKUX YUEHBIX 3AUHTEPECYIOT CAMBIE MIUPOKUE KPYTHU HUu-
TATENEN, & TE U3 HUX, KTO UHTEPECYeTCs MAaTEeMATUKOU, HOLYIAT yAOBOJILCTBUE U
MOJB3Y U OT 3HAKOMCTBA, ¢ KOHKPETHBIMU HAYIHBIMU JOCTUKEHUAMU I€POEB KHUTH.

Hacrosmee wznanme xkuurm C. . Tunaukunaa 6onee wem BABOE PACIIUPEHO IO
CPABHEHUWIO C MPEILITYIINM, BHIMEANM B 1985 roay m ycmeBmnM cTaTh OMOIMO-
rpadguiecKkon pegKoCThIO.

Cogepxanue: «Beauxoe Uckyccrsoy (Ixepoaamo Kapgano). Isa pacckasa o a-
aunee. O Xpuctrane [Mourence n gacax ¢ maaTaukoM. Tannsr nukaonasl. Baes Ila-
ckaab. Bricokon reomerpun madata (I. B. Jlen6uun). Jeonapa dunep. 2Kozed Jlyn
Jlarpanx. [Ivep-Cumon Jlamaac. Kopoar maremarukos (K.d.Taycc). Peauxc
Kaenn. Bonme6uwin Mup Aupu Ilyamkape. 3aragka Pavamymxana. Ipunoxkenus:
0 TOJMB3€ KOOPAWHAT W MCKYCCTBE CIEMIATEH TUMEPOOTIOUIB; KOMILIEKCHBIN Mup Po-
mxkepa Ilempoysa.

> B.B.Ocrpuk, M. A. Ilpacman. Anre6pandeckas reoOMeTpus U TEOPUS HCE:
panMoHATbHBIE U JUIUNITHYECKHEe KPUBHIE.

B 6pomtope, npeacrapasiomen co60n BOCLMOU BHILyCK cepun «Bubimorexa ,,Ma-
TEeMaTUIECKOE TTPOCBeIeHre y B JOCTYIHON MKOJILHUKAM (POPME PACCKA3AHO 00 O1-
HOM U3 HamboJee aKTyATbHBIX PA3Jel0B COBPEMEHHON MATEMATUKYN — TaK HA3HIBA-
eMon Iuo)aHTOBOM MEOMETPUM, B KOTOPOU IeOMETPUYECKHe UAeH IPUIAraloTcsa K
3aa49aM O MEJBIX U PANUOHAJBHBEIX YMCIAX.

> M. Brask. YcToM9MBOCTE H JIOKAIM3AIMA B Xa0THYECKOM TUHAMMKE.

DpProauveckas TeOpus NMHAMUYECKUX CUCTEM — O00JaCTh MATEMATUKU, UHTEH-
CUBHO PA3BUBAIOIIAACA B TOCAEIHNIE TECATUIC TS U HAXO TAMAA MHOTOYNCICHHBIE TTPHU-
JIOXKEHUS B PA3IUYHBIX Pa3aenax (pU3nku, TeXHUKU, OMOJOTUY U APYTUX HAyK. B mo-
HOrpaduu 1aeTCA CACTEMATUYECKOE N3JI0KEHNE OIIEPATOPHOrO MOAX01A B TEOPUHT Xa-
OTUYECKUX IUHAMUYIECKUX CHCTEM, OCHOBAHHOIO HA AHANN3E CIEKTPATLHBEIX CBOUCTB
oneparopa Ileppona-Ppobennyca, ONUCHIBAOIIErO JUHAMUKY ILIOTHOCTEU MEP MO
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JENCTBUEM MUHAMMYIECKON cucTeMbl. O THUM M3 [MEHTPATBHBIX BOMPOCOB 31€CH ABJA-
eTCs BONPOC 06 YCTOMIMBOCTY OTHOCUTENBHO MATBIX CIYYANHBIX (KBABUCIYIANHBIX )
BO3MYIIEHUU CTATUCTUYECKUX XAPAKTEPUCTUK JUHAMUKU. [IPOTUBOIONOKHOU CUTY-
anmen, CBA3AHHON C KPAWHEU HEYCTOUIUBOCTHIO AVMHAMUYECKOU CUCTEMEI, ABIACTCA
ABMEHUE JOKAIN3ALNN, KOTOPOE B MOHOTPA(UN TPOCIEKUBASTCA [ CAMBIX DABHBIX
XapaKTEPUCTUK, HAYUHASA CO CTAOUIN3AINN CUHTYISAPHBIX MHBAPUAHTHBIX Mep U KOH-
Yas CHeKTPAJBLHON JoKanu3anuen. [1oapo6HO M3ydueHBl TaKXKe BOMPOCHI YUCJIEHHOTO
MOJEIVPOBAHNA XAOTUICCKON TUHAMUKY, B TACTHOCTH, ATMIPOKCUMAIASA TUHAMUKA
TP MOMOINX KOHEIHBIX MAPKOBCKUX IIETIEN TI0 METONY YJIaMa.

[as cTyaeHTOB, ACOUPAHTOB M HAYYHLIX PAOOTHUKOB B OOJIACTA MATEMATUKUA U
MaTEMATUIECKON (PU3UKU.

> Mnmens [lesa, Mouux Jlopan. T'eomeTpus paspesoB m mMeTpuk (Geometry of
Cuts and Metrics) — Ilep. ¢ aur.

> Y. Tépcren. TpéxmepHble MHOr006pa3us.

> B. IIpacoqor. 3agaum no wiaHEMeTpuu. (UCTIP. U NOIL.)

> Crygendeckue urenns HMY. Bum. 2.

> Benasun A. A. Teopernieckan Ppusmka.
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O cerpuu «BUBJIMOTEKA ,, MATEMATUYECKOE NTIPOCBEIIEHUE»

B 1934 roay ObL1 OPraHU30BaH MEPBLIM MATEMATHICCKUN KPYIKOK A TITKOJbHU-
KOB, CTAJIN PETYJIAPHO IUTATHLCA JEKIIUNA MJIA YIAMNUXCA CTAPIMINX KIACCOB, M HATATH
BBIXOIUTH Oporopku cepun «Ilomyaspuas 6ubamoreka mo maremaTukes. B 1935 ro-
oy cocrosinack nepeas MockoBckas mMaTeMaTwdeckas oamMnuand. Bcé 5To BHECIO
HEOIIEHUMEBIN BKJIA[ B PA3BUTUE MATEMATUKN B HAIIEW CTPAHe.

B uTenuu JeKIUU U HATMCAHWN TOMYJIAPHBIX GPOIIIOP MPUHAIN YIACTHE KPYTI-
wenmue y4uéubie, Takue kak II. C. Anekcangpos, U. M. leavdaung, B. H. Hdesnomne,
A. H. Koamoropog, JI. A. Jliocrepuuk, JI. C. lloutparusn, C. JI. Co6ones, JI. T'. [ITun-
peabMaH U Ipyrue.

IMocae BOMHBL TeKIMK A1 MIKOJABHUKOB, YUTABIIMECA KPYITHBIMU YI6HBIMY U TI€1a-
roramu, Bo3o6HOBWINCH, & B 1950 rogy crana Berxoauts cepus «llonyasprble gexiun
MO0 MATEMATHUKE». DTU JEKIINU U3 IaBATA OCHOBHEIEC U3MATEILCTRA HAMEH CTPAHBI —
cuavana [ocyapcTBeHHOE U3 1aTEIbCTBO TEXHUKO- TEOPETUICCKON JUTEPATYPHI, & 3a-
TeM — cMeHuBIIasA ero [aBuas pegakimsa GU3NKO-MaTEMATUIECKON JUTEPATY PBI U3-
natenbcTBa «Haykay. [lepas xkamxka cepun — «Bo3BpaTHBEIE TIOCTETOBATETHLHOCTI
A. . Mapxkymmesuda — OvL1a u3gaa Tupaxom 10 Teic. sk3eMmaapos. Ho cepusa moas-
30BajIach BCE O0bIMM 1 OOILIIMM CIPOCOM, U KHUXKKU 3TOU CEPUU CTAIM Ie9aTaTh
Tupaxom 100, 150, 250 TeIC. DK3eMIIAPOB.

B mavase 1eBAHOCTHIX TOMOB U3 1aTEIBCTBO «Haykay cTamo ncnbITHIBATE OOJIBIIITE
unaHCOBBIE TPyAHOCTH, U u3nauue «[lonyaspHbe JEKINKM IO MATEMATUKE MPEKPa-
TIIO CBOE cymecTBoBaume. I camu jeknwm mjs mioabHUKOB B MI'Y He dmranuch
y¥Ke C JaBHUX BPEMEH.

Ocennio 1999 roga mo nannmaTuse Magoro MexmMaTa OBLIN BO30OHOBICHHI JEKIINN
[JIs IIKOJIBHAKOB, KOTOPBIE YUTAITCA npodeccopaMu u npenogasarensmu Mockos-
CKOI'0 YHHBEPCUTETA, U3BECTHBIMU y4éHbIMU 1 negaroramu Mockeel. Jlekmuu mpo-
xoaaT mo cybb6oTam ¢ 16 mo 18 wacos B ayamTopum 16—10 rnasuoro spanma MI'Y.
OHU NOCBAINEHB U COBPEMEHHON MATEMATHKE, N MATEeMATUKE TPOIIOT0, HO BCAKUN
pa3 — BBIPABUTENBLHBIM, KDACUBLIM U COJEPXKATEIBLHEIM CIOKETAM.

N3bpanubie JeKIuu MpeamnoaaraeTcsa u3garh B cepun «bubimoreka ,, MaremaTu-
9eCKOe MPOCBEIIeHme .

Xo4y BBIpa3UTH NIYOOKYI HMPU3HATEIBLHOCTH AUPEKTOPY MOCKOBCKOrO HEHTpa
HEIIPEPBIBHOI'0 MaTeMaTu4deckoro obpaszosanus U. B. Amenko 3a oprammsamnuo us-
nauusa Hosou cepum u B. ['ypoeuny, A. Epmadenxo, M. Esgokumvony, P. Kysuemny,
E. Ocbmoron, M. [TaHoBy 3a TIIATEIRHYIO TIOATOTOBKY PYKOTMCEN CEPUU K TEUATH.

Ha pomro mpeabiaymux cepuil TMOMYJAsAPHBIX KHUXKEK [0 MATEMATUKE BBINAIA
cyacTiuBasg Cyab0a: OHU yKPAIIAT OUOJMOTEKM MHOIMX M MHOIHX MATEMAaTHUKOB
PA3HBLIX MOKOJEHUU. JTU KHUTU HE YTPATHIN TIPUBICKATEILHOCTU W [JsA OBIBIIUX
KOALHUKOB 30-X — 50-X I'OIOB U BBI3LIBAIOT UHTEPEC YV UX AETEU U BHYKOB.

Xorenoch Ol MOXKEeNIaTh HOBOU CEPUM TAKOU XKe CYACTINBOU CYIbLOLI.

B. M. Tuzomupos,
[VIABHLIM PEIAKTOP CepUn
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Bom. 1. B. M. Tuxomupos. Benukue MaTeMaTUKy IPOILIOTO U UX BEIUKHE TEO-
PEMBL.

B 6ponmope 10Ka3sbIBaIOTCA 3aMEIATENBHEIE TEOPEMEI BEIMKIX MATEMATUKOB IIPO-
uworo — Apxumega (Teopema 06 o6béme mwapa), Pepma (Teopema o npencraBieHUn
MPOCTHIX YUCET B BUJE CYMMBI IBYX KBaJAPAaTOB Ha-

TypaTBHBIX umcen), Diaepa (paBeHcTBO ™l = —1), %
Jlarpamxka (Teopema o npeacrasieHun 106000 HATY- & -
PATBHOIO YHUCAA B BUAE CYMMBI 9€THIPEX KBAIPATOR

neawx ducen) u Laycca (TeopeMa O TOCTPOCHWU HUPKYJIEM W JIW-
D HEUKOU NPABUILHOIO CEMHANIATUYOJbHIAKA).

—_ Bom. 2. A. A. Boaubpyz. lIpobaemer T'uan6epra (100 xet cmy-

& cTa).

R - SuamenuTsie npobaemel, chopmyaupoBanusie [lasugom [Maib-
6eprom Ha IlapmKckOM MEXITYHAPOOHOM MATEMATUIECKOM KOH-
rpecce 1900-ro roga, okasaan ompeneasiollee BAUSHAE H PA3BUTHE

maremMaTuku XX croserus. O 1Ha U3 1egen 3ToU GPOUIIOPHI — MOKA3ATh, YTO MHOIME
M3BECTHEIE M NOCTATOYHO CIOXKHLIE MATEMATUIECKUE MPOOIEMBI BOZHUKAIOT BIIOJIHE
€CTECTBEHHBIM 00pa30M, TaK 4TO JaKe CTapIIeK-

JIACCHUK MOYXET MOHATH MPUYMHBI MOABJIEHUSA DTUX _\A’
. —
npobaeM u uX GOPMYIUPOBKH.

/

Bem. 3. /. B. Anocos. Barusan na mareMaTuky
7 HEYTO U3 Hee.

B 6pourrope pacckasaHo 0 3ap0xK J€HIN MATEMa-
TUKMN U €€ TeTYKTUBHOM mocTpoenun. PaccMmoTpe-
HBEI IBa mpmMepa — Teopema [ludaropa m 3anatda onucaHus
BCeX NU(paropoBEIX TPOEK.

Bomn. 4. B. B. Ilpacosos. Touku Bpokapa u m30oronanibHoe
COTpsIKEHNE.

M3oromasbuoe COnpsKeHne OTHOCUTEILHO TPEYTONLHUKA
Ay Ay A3 conocrapiaser Touke X TAKylo TOYKY Y, 9TO MpAMAasd
Y A; cumMmerpuana npaMmon X A; OTHOCUTEILHO OUCCEKTPUCEL
yraa A; (i = 1, 2, 3). o npeobpasoBanue 061a436T MHOMAMY
MHTEPECHBEIMEA CBOMCTBaMu. B @acTHOCTH, OHO
TMEPEBOAUT APYT B APYyra ABE 3aMevYaTelbHBIE
TOYKN TPEYTOJbLHUKA — TOYKU Bpokapa.

Boin. 5. H. II. Joabuaun. 2KeMIyKUHBL Te-
OpUU MHOT OT'PAHHUKOB.

B 6poriope, B 9aCTHOCTH, pACcCKA3bIBAETCS
06 OCHOBHBIX T€OPEMAaX TEOPUU BBIILYKJILIX MHO-
TOrPAHHUKOB. DTO — Teopema Komm o equn-
CTBEHHOCTY BBHIMYKJIOTO MHOTOTDAHHUKA C 3aJaHHBIMU TPAHAME W Teopema Ajek-
CAHAPOBA O TOM, M3 KAKUX PAa3BEPTOK MOXKHO CKJIEUTh BBIMYKIBIA MHOTOIPAHHUK.




Hosrie n3ganna

Bum. 6. A. b. Cocunckuti. MbuibHBIE MIEHKI U CIyYadHbIe OJyXKJAHAA.

BzanmuOe BIMAHWE MATEMATUKU U €€ TPUIOKEHUN TIPOUI-
JIOCTPUPOBAHO HA TPHUMeEpEe 3aJa9d O MBLILHOU TIEHKE, 3a-
TATMBAIONIEN IPOBOJOYHLIM KOHTYD. [Ipnbamkénnoe pemenune
STOU 3a1a9M MOXKHO MOIYIUTH OPUTMHAIBHBEIM CIIOCOOOM, KO-
TOPBIN, HA TIEPBHIN B3TVIA[, HUKAK HE CBA3AH C €€ TIOCTAHOBKOMN,
a4 MMEHHO METOAOM MOAEIMPOBAHMA CIyIAWHLIX OJyXKTAHUN.

Beim. 7. 4. M. Iapamonosa. Cumvme-

N TpHUA B MaTEMaTHKE.

B Opomtope pacckaswbBaeTCsa O TOM, UTO HNOHMMAETCS TOJT
CUMMETDPUEN B COBPEMEHHOW MaTeMaTUKe W KAK UJeW, CBA3aH-
HBIE C CUMMETPHUEN, IOMOTal0T PEIIAThL CAMBIE PA3HBIE 331aYH.

B ugactrOCTH, 0OBACHAETCA,
9TO TaKOe rpynna npeodpa-
30BaHUU U €€ MHBAPUAHTEI.

Bum. 8. B. B. Ocmpux, M. A. [Ipacman. An-
re6pamdeckas TeOMeTPAA W TCOPUsA YUCET: PAIN-
OHAIBHBIC W JIMITUYICCKAC KPUBEIE,

Muorue ecTecTBEHHBLIE BONPOCHI U3 TEOPUU
IHCEJa KPACUBO PEIIAIOTCA DeOMETPUICCKUMHU Me-
TOZAMU, TOIHEE TOBOPSA, METOAAMM AATeOpande-
CKOW TEOMETPHUM — OOJACTH MATEMATHKH, W3-

qafomef/i KPUBEBIE, IIOBEPXHOCTU M T. 0., 3adaBa€MbI€ CUCTEMaMWu IIOJMHOMHUAJBHBIX

ypaBHeHu#. B KHUXKe 5TO MOKA3aHO HA IPUMeE-
pPe HECKOJTBKWX KDACUBBLIX 3a7a4 TEOPUU HUCEeT,
cBA3aHHBIX ¢ Teopemon [Tudaropa.

YT OJIBHUKOB.

/@\
i \ Boin. 9. 6. II. I'eiidman. Ilmomanm mHOTO-

Bpomumnopa mocesAmeHa BBIYUCIEHUIO ILIOMIA-
Iler PAMOYTOJBHUKA, TPEYTOTHHUKA, MaPaJIeIo-
rpaMMa, TPANenuu U IPYTUX MHOIOYTOJBHUKOB.
Paccmorpensr pemenms 20 3apgad, Crpymmmpo-

BAHHBIX BOKDYT CJACAVIOIUX BOMPOCOB: PABHOBEIUWKOCTH M PABHOCOCTABJICHHOCTH

MHOT'OYT'ONBHUKOB; MEIUAHA, NEIUT TPEYrOJbHUK HA IBa Tpe-
YrOJbHUKA DPABHOU IUIOMIANN; Pa3pe3aHue TPEyrOJIbHUKA U
BBITYKJIOTO IETHIPEXYTOJLHUKA HA NBE DABHOBEJUKNE HACTH.

Ipusenens 16 3anad (¢ oTBETAMU U YKA3AHUAME) [JA Ca-
MOCTOATETHLHOTO PEIIeHU.

Bremm. 10. A. 5. Cocunckui. Y315l 1 KOCHL

Kpacusbie v Har/is1HbIe TOHATHA Y312 U KOCBL CEUYAC B I€H-
Tpe BHUMAHUA COBPEMEHHON MATEMATUKH U (pusukn. B 6porio-

pe 06CyXK Jal0TCA UX MPOCTENINNE TeOMETPUIECKAE U aNrefpandecKue CBOUCTRA U UX

KOMIBIOTEpHAsA 06paboTKa.
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